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PREFACE TO THE SECOND EDITION 


The past decade has brought forth many important develop- 
ments in instruments and methods used in Geodetic Surveying, 
and these changes have made necessary a thorough revision of 
this book. The principal changes include, 1, new designs for 
theodolites, vertical collimators, signal lamps, observing towers, 
and leveling rods; 2, the use of radio signals for determining 
longitude; 3, the method of standardizing tapes; 4, new programs 
and new standards of accuracy for base-lines, triangulation, and 
leveling; and 5, the addition of Clarke’s formule for geodetic 
positions. Advantage has been taken of this opportunity to 
make numerous improvements and to correct any typographical 
errors known to exist. 

The author desires to acknowledge his indebtedness to the 
Coast and Geodetic Survey for the use of photographs and for 
information; to C. L. Berger & Sons for photographs and cuts; 
and to Dr. William Bowie and Major C. V. Hodgson, of the 
Coast and Geodetic Survey for information and helpful sug- 


gestions. 
(Ox Nhe VSI, 


CAMBRIDGE, Seft:mbcr, 1920. 
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PREBPACES 1OStHEerIRSI, EDITION 


In this volume the author has attempted to produce a text- 
book on Geodesy adapted to a course of moderate length. The 
material has not been limited to what could be actually covered 
in the class, but much has been included for the purpose of giving 
the student a broader outlook and encouraging him to pursue the 
subject farther. Numerous references are given to the standard 
works. 

Throughout the book the aim has been to make the underlying 
principles clear, and to emphasize the theory as well as the details 
of field work. The methods of observing and computing have 
been brought up to date so as to be consistent with the present 
practice of the Coast and Geodetic Survey. 

The chapters on astronomy and least squares are included for 
the sake of completeness but do not pretend to be more than in- 
troductions to the standard works. The student cannot expect 
to master either of these subjects in a short course on geodesy, but 
must make a special study of each. 

The author desires to acknowledge his indebtedness to those 
who have assisted in the preparation of this book, and especially 
to Professor J. W. Howard of the Massachusetts Institute of 
Technology for suggestions and criticism of the manuscript; to 
the Superintendent of the Coast and Geodetic Survey for valuable 
data and for the use of many photographs for illustrations; and to 
Messrs. C. L. Berger & Sons for the use of photographs of the 
pendulum apparatus and several electrotype plates. Tables XII 
to XVII are from electrotype plates from Breed and Hosmer’s 
Principles and Practice of Surveying, Vol. II. 
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GHAPTER 1 


GEODESY AND GEODETIC SURVEYING — 
TRIANGULATION 


1. Geodesy. 

Geodesy is the science which treats of investigations of the 
form and dimensions of the earth’s surface. The methods which 
have been chiefly employed in determining the earth’s figure 
are: — (1) the measurement of the lengths of arcs (meridians, 
parallels, or oblique arcs) on the surface of the earth, combined 
with the determination of the astronomical positions of points 
on these arcs; (2) the measurement of lengths in a network of 
triangles which covers an area, combined with the determination 
of astronomical positions; and (3) the measurement of the varia- 
tion of the force of gravity in different parts of the earth’s surface. 
Methods (1) and (2) give the form and size of the earth. Method 
(3) gives the form but not the absolute dimensions. 

2. Geodetic Surveying. 

Geodetic Surveying is that branch of the art of surveying which 
deals with such great areas that it becomes necessary to make 
systematic allowance for the effect of the earth’s curvature. 
In making an accurate survey of a whole country, for example, 
the methods of plane surveying no longer suffice, and the theory 
of locating points and calculating their positions must be modified 
accordingly. Such surveys require the accurate location of 
widely separated points to control the accuracy of subsequent 
surveys for details, such as those for coast charts and topographic 


maps, or national and state boundaries. The general method 
I 
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employed is that of triangulation, in which the location of points 
is made to depend upon the measurement of horizontal angles, 
the distances being calculated by trigonometry instead of being 
measured directly. 

Although we may make this distinction when defining the 
terms it is not necessary to separate the two in practice, and in 
fact it is not usually possible to do so. It is evident that geodetic 
surveys must be made before accurate dimensions of the earth 
can be computed; and, conversely, it is true that before geodetic 
surveys can be calculated exactly the earth’s dimensions must 
be known. Hence, geodetic surveys are usually conducted with 
a twofold purpose: (1) for collecting the scientific data of geodesy, 
and (2) for mapping large areas; every survey depending upon 
data previously determined, but also adding to or improving the 
data already existing. For this reason the measurements are 
often made with greater refinement than would be necessary for 
practical purposes alone. 

The work of the geodesist is closely associated with various 
branches of other sciences, such as practical astronomy, geology, 
seismology, oceanography, and terrestrial physics. The activi- 
ties of a geodetic survey usually include triangulation, astronom- 
ical observations, and leveling, for the control of surveys, and 
for studies of geodetic problems, topographic and hydrographic 
surveys, tidal and current observations, magnetic observations, 
seismological observations, gravity measurements, and cartog- 
raphy. 

Some of the observations made by the geodesist reveal im- 
portant facts about the internal constitution of the earth, and 
this information in turn is put to practical use in geological work. 
Methods used by the geodesist for studying variations in density 
of the earth’s crust are also used for locating mineral wealth. 
The hydrographic charts are made to aid the navigator; hori- 
zontal and vertical control points and topographic maps are of 
assistance to engineers and others. Seismological studies are an 
aid to engineers and architects in designing structures to resist 
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earthquakes. Thus it is seen that geodesy is in close touch with 
science on the one hand and commerce and industry on the other. 

3. Triangulation. 

A triangulation system consists of a network of triangles the 
vertices of which are marked points (triangulation stations) 
on the earth’s surface. It is essential that the length of one side 
of some triangle should be measured directly, and also that a 
sufficient number of horizontal angles should be measured to 
make possible the calculation of all the remaining triangle sides 
in the net. In addition to the measurements that are absolutely 
necessary for making these calculations it is important to have 
other measurements for the purpose of testing and verifying the 
accuracy of both the calculations and the field work. These 
may consist of check angles, additional base-lines, or observed 
astronomical azimuths. 

It should be understood that after the field measurements of 
a triangulation are completed and computations made which 
reveal the errors in the angles and the distances, the entire system 
of triangulation is ‘‘adjusted”’ by the ‘“‘method of least squares” 
so that all inconsistencies are removed from the final calculated 
results. 

4. Classification of Triangulation. 

There are two ways in which triangulation systems may be 
classified, and names are required for each. When classifying 
with reference to the use to which a system is put and its relation 
to other triangulation in the same system we speak of the larger 
triangles as the ‘‘main scheme” or the “‘principal triangulation,” 
whereas the triangulation of lesser importance is called the “sub- 
sidiary”” triangulation. When classifying according to the degree 
of accuracy finally secured we speak of the “order” of the tri- 
angulation. In 1925 the Board of Surveys and Maps of the 
Federal Government adopted for all branches of the government 
service the following classification: 
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Third order. Fourth order.* 


First order. Second order. 


Average tri- Graphic or 
angle closure | transit angles 
5’’, check on 

base 
1/5000 


Triangu-| Average tri- | Average tri- 
lation | angle closure | angle closure 
1//, check on | 3”, check on 
base base 
1/25,000 1/10,000 


In this table are given the “errors of closure”’ of the triangle 
which may be used as a field test of the accuracy of the work. 
In first-order work the average crror of closure of a triangle in 
the net should not be more than about 1’’, and the maximum error 
of closure should not exceed 3’. The expression “check on 
base”’ is interpreted to mean that when a connection is made with 
a measured base, or with an adjusted line of a previously executed 
triangulation, and after the adjustment has been made for angle 
equations and side equations, the remaining discrepancy between 
the computed and the measured lengths of this base shall not 
exceed one twenty-five thousandth part of the length of the base 
itself. The specifications for second-order and third-order work 
are to be interpreted similarly. 

Formerly the words primary, secondary, and tertiary, were used 
to designate the different classes of triangulation. As these terms 
were used differently by different organizations and since they have 
been officially replaced it is not advisable to continue their use. 

The function of the main scheme of triangulation in a survey 
is ordinarily to furnish the ‘‘control,” that is, to furnish a suffi- 
cient number of accurately located points to make certain that 
the accuracy of the dependent triangulation and traverses does 
not fall below a certain specified amount. The subsidiary tri- 
angulation furnishes the points used immediately for the mapping 
work, or it may serve merely to connect these latter stations with 
stations in the main scheme. 

* A committee of the American Society of Civil Engineers is now at work upon 


specifications for fourth order triangulation and traverse. 
t See Art. 8 and Chapter XII. 
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The government program for horizontal control contemplates 
filling in belts of first-order triangulation about roo miles apart, 
and second-order belts in between until there shall be no con- 
siderable area in the United States which is more than 25 miles 
distant from a triangulation station of the first or the second order. 

4a. Traverses. 

Under ordinary circumstances traverses are not so accurate 
as triangulation. In traversing, it is necessary to pass over the 
intervening ground, which may be extremely rough, and to 
measure distances under unfavorable conditions. Where the 
distance measurements are much inferior in accuracy to the angle 
measurements the traverse is necessarily less accurate than the 
triangulation. Formerly traverses were not regarded as suffi- 
ciently accurate for geodetic work. In recent years, however, 
traverses of the same, or nearly the same, order of accuracy as 
triangulation have been extensively used in flat, wooded country 
where triangulation would have been difficult and expensive. 

The following specifications have been adopted by the Fed- 
eral Board of Surveys and Maps for traverses used in govern- 
ment surveys: 

First order. Measurements to correspond in accuracy with 
first-order triangulation; the check on the position of a point to 
be within one part in 25,000.* Directions to be kept accurate 
by azimuth observations made every io to 15 stations, the 
“probable error’’ to be about o’”.5 of angle. 

Second order. The distance check to be not less than 1/10,000; 
azimuths to be observed every 15 to 20 stations with a probable 
error of 1’’.5. 

Third order. The distance check 1s to be 1/5000; the dis- 
tances must be measured with standardized tapes, using spring 
balance and thermometer; azimuths to be observed every 30 to 
50 stations with a probable error of 5”. 


* That is, the actual error in position must not be more than 1/25,o0oth part 
of the distance traversed, when the closure is made on an adjusted triangulation 
point. 
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Fourth-order traverse is for mapping purposes only and in- 
cludes tape, stadia, or wheel traverse. 

5. Length of Line. 

The length of line which may be used in the main triangulation 
is determined largely by the character of the country to be 
surveyed. In California and Nevada, where the mountains are 


Mt..Shasta 
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Fic. 1. Triangulation in California and Nevada (Davidson Quadrilaterals). 


high and the atmosphere is exceptionally clear, the scheme of 
triangulation. known as the ‘Davidson Quadrilaterals,” (Fig. 1) 
contains lines from 50 miles to nearly 200 miles in length. The 
longest line sighted over was that joining Mt. Shasta and Mt. 
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Helena, a distance of 192 miles. The longest line used in the 
final computations was from Mt. Ellen to Uncompaghre Peak, 
a distance of 182.7 miles. In flat and wooded country the lines 
may be from ro to 25 miles, and in some cases considerably 
shorter than this. 

Although long lines appear to give more rapid progress, they 
are not necessarily the most economical or useful. So far as 
accuracy goes, it makes little difference whether lines are 5 kilo- 
meters or 300 kilometers in length. But points separated by 
such distances as the latter are not suitable for mapping purposes, 
and it would be necessary to locate a very large number of other 
stations before the detail work could begin. Another point to 
consider is that in an atmosphere which is not particularly clear 
the delays in observing over long lines may offset the advantages 
of a reduced number of stations. The decision should rest upon 
the following two considerations: 1. The cost of the work, 
including reconnoissance, signal building, and angle measuring 
should not be excessive, and 2. There should be a sufficient 
number of accessible stations established to serve the immediate 
purpose of the survey and also to leave points which will be useful 
to engineers. In other words, we should use that length of line 
which gives the maximum of usefulness combined with the 
minimum of cost. 

6. Check Bases. 

It has already been stated that at least one line in a system 
must be measured. In order to verify the accuracy of the tri- 
angulation it is customary to introduce additional base-lines 
at intervals varying from 50 to 500 miles. The lengths of these 
bases may be found by calculation of the triangles as well as by 
the direct measurement; this furnishes a most valuable check on 
the accuracy of the field work. In the triangulation of the United 
States Coast and Geodetic Survey the frequency with which 
bases should be measured is determined by the “strength factor” 
described on page 12. If the character of the country is such 
that a base may be measured almost anywhere then the factor 
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DR, between bases should be about 80. This will correspond to 
a chain of from ro to 25 triangles, depending upon the strength 
of the figures secured. If conditions are such that it is difficult 
to measure a base in the desired location 2R: may be allowed to 
approach but not to exceed 110. If, however, the factor is 


bees 
| 


Nantucket 


Fic, 2. Triangulation in New England. 


close to this limit, there is danger that the check on the base 
will not meet the specified requirement and that in consequence 
another intermediate base will have to be measured. 

In the triangulation of New England there are three bases: 
(1) the Fire Island base, about 9 miles long, measured in 1834; 
(2) the Massachusetts base, about 10 miles long, measured about 
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1844; and (3) the Epping base, about 5 miles long, measured in 
1857. (Fig. 2.) The total length of the triangulation between 
the Epping and the Fire Island bases is about 400 miles. The 
accuracy with which the triangulation was executed is indicated 
by a comparison of the computed and measured lengths. The 
length of the Epping base as calculated from the Fire Island 
base is 0.042 meter less than the measured length; the length of 
the Epping base calculated from the Massachusetts base is 0.136 
meter less than the measured length. This triangulation was 
executed long before the ‘‘strength factor” test came into use. 

As another illustration of a belt of triangulation between two 
bases Fig. 2a shows that portion of the Texas-California arc 
which joins the Stanton base (Texas) with the Deming base 
(New Mexico). 

7. Geometric Figures. 

The geometric figure generally recognized as the best one for 
a belt of triangulation is the completed quadrilateral, consisting 
of four stations joined by six lines, thus forming four triangles in 
which there are altogether eight locally independent angles to 
be measured. ‘This figure furnishes a large number of checks as 
compared with the number of angles measured, and gives a strong 
determination of length. The polygon having an interior station 
is also a strong figure; it is particularly well adapted to surveying 
an area rather than a belt. Figures which are more complex 
than these are apt to be expensive and troublesome to adjust, 
while single triangles do not furnish a sufficient number of checks 
and this results in diminished accuracy. In the work of the 
United States Coast and Geodetic Survey the principal triangu- 
lation is made up chiefly of quadrilaterals, and polygons having 
an interior station. In these figures all of the stations are sup- 
posed to be occupied with the triangulation instrument. 

8. Strength of Figure. 

In deciding which of several possible triangulation schemes to 
adopt it is important to inspect the different chains of geometric 
figures with a view to ascertaining which is the strongest, that is, 
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which one will give the calculated length of the final line with the 
least error due to the shape of the triangles and the composition 
of the figure. 

An estimate of the uncertainty in the computed side of any 
triangle is given by its probable error as found by the method 
of least squares. If p is the probable error of the logarithm of 
the side AC of a triangle as calculated from the base BC, then 


pe = 2 7(64? + OAOB + Op’). 


in which 6A and 6B are the differences in the log sines of angles 
A and B corresponding to an angular difference of 1”, and r 
is the average probable error of the adjusted angles. If d is 
the (average) probable error of an adjusted direction,* then 


p? = £d2(642 + b45n + 65%). 


A and B are the only angles used in the calculation of AC from 
BC and are called the distance angles. It is thus seen that the 
error of the computed side depends upon the size of the angles 
occurring in the triangle and that it may be computed from the 
differences for 1’’ as found in a table of log sines. The unit is 
ordinarily taken as one in the sixth decimal place. 

Whenever the geometric figure is composed of several triangles 
connected in such a way that the length of the final line may be 
calculated by more than one route through the triangulation, 
the result obtained from such a figure is more accurate than that 
found by a simple chain of triangles. The greater the number 
of checks the greater the accuracy. In this case the square of 
the probable error of the log of any triangle side is given by the 
approximate formula 


* When the horizontal angles of a triangulation are obtained by use of the 
so-called ‘direction theodolite” the angles are not determined separately as with 
the repeating instrument (or the ordinary transit), but the directions of signals 
are sighted and read in order around the horizon; the angles are obtained from the 
differences in direction. It is customary, therefore, for some purposes, to regard 
the directions of the different lines as observed independently, even though the 
measurements may have been made with a repeating theodolite. For the probable 
error of an observed direction see table on p. 97. 
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We eae : > [a2 + 5465 + 637] 
in which 

D = the number of new directions observed 

C =the number of geometric conditions that must be 
satisfied in the figure 

64 and 6g = the differences for 1” in the log sines of the 
angles A and B in units of 6th decimal place 

d = the probable error of an observed direction* 


> = the sum of all the quantities in brackets. 


In each separate triangle, 64 and 6g must be taken out for the 
two distance angles, whatever their designation may be. 


Tye 
Evidently the factor D 


the figure chosen, and the quantity in brackets depends upon 
the shape of the triangle in question. The product of the two 
(called the strength factor, R) is a measure of the strength of the 
figure and is independent of the precision with which the angles 
themselves are measured. The strength, R, of any figure is 
given by 


depends upon the nature of 


woe 


i D 


Dy [du? + S458 + 65°. 
The smaller the value of R the stronger the figure, that is, the 
smaller the error in the computed length of the final line. 

If the value of this factor be computed for every possible route 
through any one triangulation system there will result a minimum 
value (R,) for the best chain, a second best value (R2), a third 
and a fourth and so on. It will be found that the chain of tri- 
angles having the greatest influence in fixing the final length of 
the line (after adjustment) is that corresponding to Ri, or the 
best chain. The second best (2.) has some influence, and the 
others correspondingly less. In other words, when the system 
is adjusted the angles of the R, chain will receive smaller cor- 


* See page 97. 
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rections than those of the R, chain, andsoon. Hence in choosing 
between two or more possible systems of triangulation which 
join a given line with a given base, that route having the smallest 
R, is to be preferred (so far as accuracy is concerned) unless R, 
proves to be nearly the same for the different routes, in which 
case that chain having the smallest R, would be chosen. 

As an example of the way in which the preceding method would 
be applied, take the case of the quadrilateral shown in Fig. 3. 
Assuming the base AB to be a line already fixed in direction and 
length, the point C is then determined by observing the new 
directions AC and BC. D is fixed by the directions AD and 


Iie, Be 


BD» ain addition to these four, the directions CB, CA, CD, 
DC, DB, DA, are all observed. This gives 10 observed (new) 
directions as the value of D in the formula. In determining the 
number of geometric conditions, C, it is seen that there are four 
triangles, and that in each one the sum of the three angles must 
equal a fixed amount, 180° + the spherical excess of the triangle. 
Tt will be found, however, that if any three of these triangles are 
made to fulfill these conditions, the fourth will necessarily do so, 
and hence is not really independent; in other words there are 
three conditions dependent upon the closure of the triangles. 
In addition to these three angle conditions there is also a distance 
check, that is, the angles must be so related that the computed 
distance CD will come out the same, no matter which triangles 
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are used in making the computation. The angles in each tri- 
angle may in each case add up to the correct amount, and yet 
the figure will not be a perfect quadrilateral unless this last con- 
dition is also fulfilled. There are then, in all, four geometric* 
conditions existing among the angles. (C = 4.) The factor 
for the completed quadrilateral is, therefore, 

DSC rio— 4 

De 


= ©.60. 


In the triangle ACB (Fig. 3) the distance angles for computing 
AC are A = 62° and B = 76°. The difference for 1” for 62° = 
1.12 and for 76° = 0.53, in units of the sixth decimal place. 
The quantity in brackets in the formula is, therefore, 


((z.12)? + 1.12 X 0.53 + (0.53)?) = (1.25 + 0.59 + 0.28) =2.12, 
or 2 to the nearest unit. 


In Table I these numbers are given for all combinations of 
angles which will occur in practice, so that this factor may be 
found at once by entering the table with the two distance angles. 
Ordinarily the smaller angle will be found at the top and the 
larger angle at the side. Accurate interpolation is unnecessary. 
For the triangle DCA the angles are 29° and 120°, the correspond- 
ing number being 11. Therefore, the value of R is 0.60 X (2+11) 
= 7.8. For the triangle ADB the angles are 71° and 71°, and the 
number is 2. For triangle BDC the angles are 38° and 93°, the 
number being 7. The corresponding value of R is 0.60 X (2 + 7) 
= 5.4. For triangles ACB and DCB, R = 15.6; for triangles 
DBA and DCA, R = 30.6. Therefore, we have 


Ri = 5.4 
R, = 7.8 
Rs = 15.6 
Ry = 30.6 


* The above mentioned condition equations are not the only ones that might 
be selected and used for adjusting a quadrilateral. The total number, however, 
is always four. 
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In comparing the strength of this quadrilateral with that of any 
other figure reliance would be placed mainly upon R, = 5.4 and 
partly upon R, = 7.8. 


; —¢ 
Following are the values of D for several figures frequently 


occurring in triangulation: — single triangle, 0.75; completed 
quadrilateral, 0.60; quadrilateral with one station on fixed line 
not occupied, 0.75; quadrilateral with one station not on fixed 
line not occupied, 0.71; triangle with interior station, 0.60; 
triangle with interior station, one station on fixed line not oc- 
cupied, 0.75; triangle with interior station, one station not on 
fixed line not occupied, 0.71; four sided figure with interior sta- 
tion, 0.64; five sided figure with interior station, 0.67; six sided 
figure with interior station, 0.68. For additional cases see U. S. 
Coast and Geodetic Survey special publications 26 and 120. 

From the preceding discussion it will be seen that if a small 
angle occurs opposite the base or the side being computed the 
determination is weak, as indicated by a large R factor. If 
this is Ri, the figure is weak. But if the small angle is not op- 
posite either the base or the advance side, the figure may be 
strong. Also, if the small angle occurs in R; or Ry the figure may 
be strong. 

It should be remembered that the above criterion is a test for 
length only, and not for azimuth or absolute position. 

Another point to be noticed is that a figure may be strong and 
yet advance so slowly in the general direction of the triangulation 
as to make it an uneconomical one to use. 

Figure 4 illustrates a figure that is strong, but gives slow prog- 
ress in the general direction of the triangulation, while Fig. 5 
is weak but advances rapidly. Figure 6, although badly dis- 
torted is fairly strong. Figure 7 is strong. Figure 8 and Fig. 
9 are examples of good expansions from bases. In Fig. 8 the 
ratio of expansion is 2 to 1. The R; factor 5 indicates that this 
is a strong figure. Figure 9 in which R; = 9g is also a good figure 
for expanding a base. 
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ALLOWABLE LIMITS OF R; AND R, 7) 


9. Number of Conditions in a Figure. 

In determining the number of conditions in any figure it is 
well to proceed by plotting the figure, point by point, and writing 
down the conditions as they occur, but it will be of assistance to 
have a check on the results obtained by this process. If  repre- 
sents the total number of (locally independent) angles measured, 
and s the number of stations, then, since it requires two angles to 
locate a third point from the base-line, two more to locate a 
fourth point from any two of these three points, and so on, the 
number of angles required is 2 (s — 2); and since each additional 
angle gives rise to a condition, the number of conditions will 
equal the number of superfluous angles, or 

C =n — 2(s — 2) 
= f= 28 spa 
For example, in a quadrilateral in which one station is unoccu- 
pied there are six angles measured, and 


C=6—8+4 4 = 2. 


The number of conditions may also be found from the equation 
C=21-h-—2s5+5,+4 


where / = the total number of lines 
1, = the number of lines sighted in one direction only 
s = the total number of stations 
Sy, = the total number of unoccupied stations. 


ll 


In the preceding example this equation becomes 
C= 12 3 = 12-1 +4 = 2, 


10. Allowable Limits of R; and R>. 

In triangulation of the first order the value of R for any one 
figure (between base nets) should not exceed 25 in the best chain 
(R;) and 80 in the second best chain (R:); and it is desirable to 
keep the values far below these limits. 

In general a new base should be measured whenever R; amounts 
to 80. This will correspond to a chain of from ro to 25 triangles, 
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according to the strength of the figures chosen. If it is difficult 
to secure a base site at the point indicated (Ri = 80) then 2Ri 
may be as great as 110 but must not exceed this amount. For 
first order accuracy the base check must not exceed one part in 
25,000, so if YR, is allowed to approach the higher limit there is 
danger that a new intermediate base may become necessary. 

11. Reconnoissance 

The work of planning the system is in many respects the most 
important part of the project and demands much experience and 
skill. Upon the proper selection of stations will depend very 
largely the accuracy of the result, as well as the cost of the work. 
No amount of care in the subsequent field-work will fully com- 
pensate for the adoption of an inferior scheme of triangulation. 
Three points in particular will have to be kept in mind in planning 
a survey: (1) the ‘‘strength”’ of the figures adopted; (2) the dis- 
tribution of the points with reference to the requirements of the 
subsequent detail surveys; and (3) the cost of the work. In de- 
ciding which stations to adopt it is desirable to make a prelimi- 
nary examination of all available data, such as maps and known 
elevations. If no map of the region exists, a sketch map must be 
made as the reconnoissance proceeds. While much information 
may be obtained from such maps as are available, the final de- 
cision regarding the adoption of points must rest upon an exami- 
nation made in the field. All lines should be tested to see if the 
two stations are intervisible. This may be done by means of 
field glasses and heliotrope signals. In cases where the points 
are not intervisible, owing to intervening hills or to the curvature 
of the earth’s surface, it will be necessary to determine approxi- 
mately, by means of vertical angles or by the barometer, the 
elevation of the proposed stations and of as many intermediate 
points as may be required, and then to calculate the height to 
which towers will have to be built in order to render the proposed 
stations visible. If the height of the towers is such as to make the 
cost prohibitive, the line must be abandoned and another scheme 
of triangles substituted. 
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12. Calculation of Height of Observing Tower. 

After determining the elevations of the stations and the inter- 
vening hills along a line, as well as the distances between them, 
the height of the tower required may be found by the following 
method: The curvature of the earth’s surface causes all points 
to appear lower than they actually are. A hill appearing to be 
exactly on the level of the observer’s eye is in reality higher above 
sea-level than the observer. The light coming from the hill to 
the observer’s eye does not, however, travel in a straight line, 
but is bent, or refracted, by the atmosphere into a curve which 
is concave downward and is approximately circular. The result 
is that the object appears higher than it would if there were no 
refraction. The amount of the apparent change in height due 
to refraction is found to be only about one-seventh part of the 
apparent depression due to curvature. Since these two correc- 
tions always have opposite signs and have a nearly fixed relation 
to each other, it is sufficient in prac- 
tice to calculate the correction to the 
difference in height due to both cur- 
vature and refraction, and to treat 
the combined correction as though it 
were due to curvature alone, since the 
curvature correction, being the larger, 
always determines which way the total 
correction shall be applied. 

In Fig. 10, A is the position of the 
observer, looking in a horizontal di- 
rection toward point B. BC is the amount by which B appears 
lower than it really is, since A and C are both at the same eleva- 


FIG. tO. 


tion (sea-level). 
By geometry, BC: AB = AB: BD 


Pie 
~ IBID) 


or BC 


Since BC is small compared with BD, the percentage error is 


20 GEODESY AND GEODETIC SURVEYING — TRIANGULATION 


small if we call 4B = AC and BD = the diameter of the earth, 


whence 
a 2 
C (dist.) 


~ diameter (approx.). 


The light from B’ (Fig. 11) follows the dotted curved path 
which is tangent to the sight line at A. The observer therefore 
a) zp sees B’ at B. In order to find the relation 

SS, ' of BB’ to BC it is convenient to employ m, 
C the coefficient of refraction, which is defined 
as the number by which the central angle 
AOB must be multiplied in order to obtain 
the angle BAB’; therefore 


angle of refraction = BAB’ 
=m X AOB 


=m X 2 BAC. 


O 


aul Since these angles are small, distances BB’ 


and BC are nearly proportional to the angles themselves, hence 
BBoaBA=DABe DAC 
and BEe=e ie x BG: 


The net correction (B’C = h) is the difference between the two, 
that is 


k= BC — BB’ 
me (ist) er dist 
~ diam. ” diam. 
(dist.)? 
~ diam. me 


The mean value of m is found to be about 0.070. Substituting 
this, and the value for the earth’s diameter, and reducing h to 
feet, we have 

h (in feet) = K? (in miles) X 0.574, 
or K (in miles) = Vi (in ft.) < 1.32, 
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in which K is the distance in miles. Values of # and K for dis- 
tances up to 60 miles will be found in Table II. 

As an example of how this formula is applied, suppose it is de- 
sired to sight from A to B (Fig. 12), and that a hill C obstructs 
the line. At A draw a horizontal line AD and also a curve AE 


FIG. 12. 


parallel to sea-level. The distance from the tangent to the dotted 
curve at C is ape which for 46 miles is r411.9 ft. Similarly, 


ro 


at B, Teas 4708.0 ft. But since the ray of light from B to A 


is curved, B is seen at B’, or 659.2 ft. nearer to the tangent AD; 
similarly, C appears to be 197.7 ft. nearer the tangent line. 
Therefore, in deciding the question of visibility we may compute 
the combined correction and say at once that the curve at C is 
1214.2 ft. below AD, and at B is 4048.8 {t.* below AD. Adding 
2300 {t. (the elevation of A) to each of these values of h, we ob- 
tain the (vertical) distances from the tangent line down to sea- 
level, namely 3514.2 ft. and 6348.8 ft. at C and B, respectively. 
Subtracting the elevations 0! C and B, we obtain 2464.2 ft. and 

* Since the table extends only to 60 miles, the value of h is first found for half 
the distance (42 mi.), and the result multiplied by 4. 
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4548.8 ft. as the distances of points C and B below the tangent 
line AD. The three points are now referred to a straight line 
(the tangent), and the question of visibility is determined at 
once by similar triangles. In Fig. 13 it will be seen that the 
straight line from B’ to A is ¢¢ X 4548.8 = 2491.0 ft. below the 


A 84 miles i) 
oak 2 
Ss 
o 3 
Be 
IBIgey, 18 


tangent (opposite C), and consequently is 26.8 ft. lower than C. 
Twenty-seven-foot towers would therefore barely make B’ visible 
from A. In order to avoid the atmospheric disturbances near 
the ground at C the towers would really have to be carried up toa 
height of 40 {t. or even more. Of course the line of sight is not 
actually straight between A and B, as shown in the diagram; 
but this method of solving the problem gives the same result as 
though the curvature and refraction were dealt with separately 
and the sight lines all drawn curved. Notice that the two cor- 
rections are never separated in practice, but are used as combined 
in the table like a sincle correction. 

If it were required to find the heights of towers necessary to 
make it possible to sight from A across a water surface to D, we 


if 


FIGs 24) 


should proceed as follows: Suppose the elevation of A above the 
water surface is 20 ft. and that of D is ro ft. From A we may 
draw a line tangent to the water-level at T (Fig. 14). Knowing 
the height of A, we may find the distance AT from Table II. 
Subtracting this distance from AD, we find the distance TD. 
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From this latter distance we may compute the height of the tan- 
gent line above the surface at D, and, finally, knowing the height 
of D, we find the distance of D below the tangent line. Now 
that the points are referred to a straight line, we have at once 
the height of tower required on D alone. If the two towers are 
to be of equal height, we may estimate the required height 
closely and then verify the result by a second computation, add- 
ing the assumed height of the tower to the elevation of A. 

If it is desired to keep the line of sight at least 10 ft. above the 
surface at every point in order to avoid errors due to excessive 
refraction, we may draw a parallel curve ro ft. above the water 
surface and solve the problem as before. The difference in radii 
of the two curves will not have an appreciable effect on the com- 
puted values of / and K. 

13. Method of Marking Stations. 

The importance of permanently marking a trigonometric sta- 
tion and connecting it with other reference marks cannot be 
easily overestimated, since by this means we may avoid the costly 
work of reproducing triangulation points which have been lost. 

When the station is on ledge, the point is best marked by 
making a fairly deep drill hole and setting a copper bolt into it. 
A triangle is chiseled around the hole as an aid in identifying the 
point. Other drill and chisel marks should be made in the 
vicinity, and their distances and directions from the center mark 
determined; these will serve as an aid in recovering the position 
of the center mark in case it is lost. 

If the station is on gravel or other soft material, the station 
mark on the surface is usually a stone or concrete post, set deep 
enough to be unaffected by frost action and having a drill hole 
or other distinguishing mark on top. ‘There is usually also a sub- 
surface mark, such as a second stone post, a bottle or a circular 
piece of earthenware, placed some distance below the surface 
mark, to preserve the location in case the latter is lost. The 
Coast and Geodetic Survey and the United States Geological 
Survey use cast bronze discs provided with a shaft ready to place 


24 GEODESY AND GEODETIC SURVEYING — TRIANGULATION 


Fic. 15. Triangulation Station Mark. (Coast and Geodetic Survey.) 


Fic. 16, Reference Mark. (Coast and Geodetic Survey.) 
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in concrete, and bearing an inscription giving the name of the 
organization and other information. (See Figs. rs and 16.) 

The following description and sketch are given to illustrate a 
description of a triangulation station. 


ones 


ee & TQ 
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Fic. 17. Sketch of Triangulation Station. 


Triangulation Station ‘‘ Beacon Rock.” 


aitheRsta tonsiselne the mtOw lO een nnn =e Oniray Lill on the 
property of John Smith situated on the north side of the road from Bourne to 
Canterbury. It is reached by a trail which leaves the road at a point about 
250 meters west of Smith’s house. It is about 225 meters by trail to the 
station. The point is marked by a one-inch copper bolt set in a drill hole 
in the ledge and with a triangle chiseled around it, and by witness marks as 
shown in the accompanying sketch and table. The hill is somewhat wooded 
to the north and west, but there is a clear view in all other directions. 
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DISTANCES AND AZIMUTHS FROM CENTER 


Station. Azimuth. Dist. to drill hole. 
Holder. c388 sanycseaars donee eran Di” sey Gio ai 
Bear Hil Gna okie ae tecoesca rete niet eee eee eee meee T2016” 4r.om. 
Witness: Mark... pce ctetaccyorre aoneceasre eieretere serene TiS” G{Oy 21.47m 
Day tons aes: ate nee eee eee een oe 259° 10’ Ior.2m 
Witness Marky ia ayccerunaeljor acts aerate 283° 05" 78.34 m 
Sheep Ld s4 aces Sirona ee 325 oAO 2 mn Meret. 


14. Signals, Tripods. 
In order that the exact position of the station may be visible 
to the observer when measuring the angles, a signal of some sort 


Fic. 18. Tripod Signal. 


than about 1o miles, the tripod signal is often sufficient. (See 
Fig. 18.) It is not expensive to build, saves the cost of a man to 
attend signal lights (as is necessary with heliotropes or electric 
lights), and permits setting the instrument over the station with- 
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out removing the signal. It usually consists of a mast of 4” & 4” 
spruce, with legs of about the same size. Three horizontal braces 
of smaller dimensions (2’” x 3””) tie the mast to the legs, and 
three longer horizontal braces are nailed to the legs. If the 
signal is very large, additional sets of braces may be put on, to 
give greater stiffness. The size of the mast may be increased by 
nailing on one-inch boards, giving a mast 6” x 6”. 

The objection to such a signal for precise work is that there is 
almost always some error due to “phase,” that is, stronger 
illumination on one side than on the other. It is nearly always 
possible for the observer to see two sides of the squared pole, and 
one side is usually better illuminated than the other, so that the 
pointings with the theodolite are not directed toward the center 
of the pole, but toward the center of the part that is distinctly 
visible. This error may be avoided, if it is not necessary to 
point at the signal from more than one station at one time, by 
using for a target a board facing exactly toward the observer and 
centered exactly over the station mark. Even the small error 
due to thickness of the board may be avoided by bevelling the 
edges. This must be shifted each time it is sighted on from a 
new station. 

15. Heliotropes. 

When sighting over longer lines it is necessary to use heliotrope 
signals if observing by day, and electric lights if observing by 
night. The heliotrope is simply a plane mirror with some device 
for pointing it so that reflected sunlight will reach the distant 
station. The two more common heliotropes are (1) the one in 
which the light is directed through two circular rings of slightly 
different diameters (Fig. 19), and (2) that known as the Steinheil 
heliotrope (Fig. 20). 

The ring heliotrope consists essentially of two circular metal 
rings, of slightly different diameters, mounted on a frame, and a 
mirror mounted in line with the two rings in such a manner that 
it can be moved about two axes at right angles to each other. 
For convenience in observing distant stations these two rings and 
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the mirror are often mounted on the barrel of a telescope. The 
rings should be so mounted that the line between the centers of 
the rings may be adjusted parallel to the line of sight of the 
telescope. In using the heliotrope the axis of the rings is pointed 
by means of threads which mark the center of the openings, or by 
means of the telescope itself after the axis of rings and the line of 
sight of the telescope have been made parallel. Since the sun’s 


Fic. 19. Ring Heliotrope. 


apparent diameter is about o° 32’, the angle of the cone of rays 
reflected from the mirror is also o° 32’. It is not necessary, 
therefore, to point the beam of light with great precision. If the 
central ray is nearly a quarter of a degree to one side of the 
station, there will still be some light visible to the observer at the 
distant station. On account of the rapidity of the sun’s motion 
it is necessary to reset the heliotrope mirror at intervals of one 
minute or less. 

The Steinheil heliotrope consists of a mirror with both faces 
ground plane and exactly parallel and so mounted that it can be 
moved about two axes at right angles to each other. One of 
these axes is coincident with that of a cylindrical tube which 
contains a small biconvex lens and a white surface (usually 
plaster of Paris) for reflecting light. This tube may be moved 
about two other axes at right angles to each other. A small 
circular portion of the glass in the center of the mirror is left 
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Fic. 20. Steizheil Heliotrope. 


eye 


To Station 


Tc. 21. Showing Optical Principle of the Steinheil Heliotrope. 
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unsilvered, so that light may pass through the glass plate down 
into the tube. 

In pointing the Steinheil heliotrope the cylindrical tube con- 
taining the lens must be pointed toward the sun, so that the light 
which passes through the hole in the mirror will pass through the 
lens, and, after reflection from the plaster surface, will again pass 


Fic. 22. Box Heliotrope. (Coast and Geodetic Survey.) 


through the lens to the back surface of the mirror, there to be 
partly reflected and partly transmitted through the glass. 
Keeping the tube in this position, the mirror itself must be so 
turned that the spot of light made visible by this last reflection 
will appear to cover the hill or station to which the light is to be 
sent. 

One form of heliotrope, in use by the Coast Survey, called a 
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box heliotrope, consists of a pair of rings with a mirror mounted 
behind them, and with sights above the rings for pointing. A 
telescope is sometimes mounted to one side of and parallel to 
the heliotrope. The various parts remain in position in the 
box when in use. (Fig. 22.) Some of these heliotropes have 
no telescope. 

The size of mirror used in any heliotrope must be regulated 
according to the length of line and the atmospheric conditions. 
Most heliotropes are provided with some arrangement for varying 
the size of the opening through which the light passes. If the 
exposed portion of the mirror subtends an angle of about 0’’.2 
the amount of light will be sufficient for average conditions. 
Different atmospheric conditions will require different openings. 
This matter is of less importance on long lines than it is on short 
lines. 

All heliotropes are provided with a second mirror, usually 
larger than the first, called the back mirror; this is to be used 
whenever the angle between the sun and the station is too great 
to permit sending the ray by a single reflection. The back 
mirror is set so as to throw light onto the first mirror and the 
heliotrope is then adjusted to the reflection of the sun as it 
appears in the back mirror. 

16. Lights for Triangulation. 

Since 1902 triangulation has been systematically carried on 
at night as well as during the day. Triangulation at night was 
found to be somewhat more economical than day observations, 
because there is almost no delay due to clouds, as is so frequently 
the case when using heliotropes. Night observations are also 
more accurate than day observations. ‘The systematic twist in 
azimuth, which is apt to characterize observations made in 
sunlight, is absent in the results of night observations. 

Acetylene lamps were formerly used for night observations; 
these have now been superseded by incandescent electric lights. 
These new signal lamps have a large reflector and are lighted by 
ordinary dry cells. They are light in weight and easily portable. 
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Sometimes an ordinary bulb is used, but the best form consists 
of one having a special filament much reduced in size, so that the 
light virtually radiates from a point. Some signal lamps are of 
the automatic type, that is, a clock mechanism switches the 
light on each night at the hour set for beginning observations 
and switches it off again at the hour fixed for ending the work for 


Fic. 23. Signal Lamps for Triangulation. (Coast and Geodetic Survey.) 


the night. As these clocks will run for several days without 
winding, one person can attend to several stations; this results 
in a great saving over the older methods, which required the 
presence of a light keeper on each station during the entire 
period of observation. These electric lights are found to be 
entirely satisfactory on all ordinary triangulation. 

17. Observing Towers. 

Where a line is obstructed by hills or woods, or where the 
curvature of the earth is sufficient to make the station invisible, 
it becomes necessary to construct observing towers. If there 
is much heavy timber about the station, placing the instrument 
on the ground may necessitate so much cutting that it will be 
more economical to erect a tower than to cut the timber. 
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Observing towers are sometimes made of wood, sometimes of 
steel. The form of wooden tower which has been used by the 
United States Coast and Geodetic Survey for many years is very 
light and slender as compared with the older ones. This kind 
of tower (Fig. 24) admits of more rapid construction and can 
be built at a lower cost; it is sufficiently rigid to withstand all 


Fic. 24. Eighty-foot Wooden Tower. (Coast and Geodetic Survey.) 


ordinary storms. The manner of framing the tower is shown in 

Fig. 25. When the ties are nailed on, the legs are sprung slightly 

into a bow, thus giving additional stiffness to the structure. 
One side of the inner tripod, which is to support the instrument, 
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Fic. 25. Framing Plan of 60-foot Wooden Tower. (Coast and Geodetic Survey.) 
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is first framed on the ground. This side and the third leg of the 
tripod are raised into position by a fall and tackle and a derrick, 
which may be a tree or a section of one of the legs of the outer 
scaffold. The derrick should be at least two-thirds the height 


Fic. 26. Forty-foot Wooden Tower. 


of the piece to be raised. After the tripod is raised and all braces 
nailed on, it is itself used as a derrick for hoisting the two opposite 
frames of the outer scaffold into position. The ties and braces 
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of the other two sides are then nailed in place. It should be 
observed that the inner and outer structures are entirely separate, 
so that the movement of the observer on the platform of the 
scaffold will not disturb the instrument. The legs of the tripod 


Fic. 27. Fifty-three foot Tower built of poles. 


and the scaffold are anchored by nailing them to foot pieces set 
underground. The outer tower is guyed with wire as a protec- 
tion against collapse in high winds. 
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This kind of signal saves lumber, transportation, and cost of 
construction; it has a small area exposed to the action of the 
wind; the short ties have the effect of reducing the vibration due 
to wind, which is troublesome in large towers; the light keeper 
is placed above the observer (ro ft. or so) and can operate his 
lights without interfering with the observations. Another ad- 
vantage of these towers is that the amount of twisting due to the 
sun’s heating is found to be exceedingly small. (For further 
details consult Coast Survey Report for 1903, p. 829.) 

In 1927 the Coast Survey tried out a new tower designed by 
Mr. J. S. Bilby, in charge of signal building on that survey. 
It is built of steel and is similar in its construction to those used 
for windmills. Both the inner and the outer towers are tripods. 
The surface exposed to wind is very small, and the tower is 
found to be quite steady. As soon as observations are com- 
pleted at a station the tower may be taken down and shipped to 
another station, and thus used over and over. This tower can 
be erected or taken down in a surprisingly short time. The 
tower is built by placing each rod separately in position and 
bolting it, instead of hoisting completed frames as in case of 
the wooden tower. 

The United States Lake Survey uses a tower constructed 
entirely of gas pipe, which has proved to be more economical 
than timber. It is put together in sections and hoisted as it is 
built. The upper part of the structure is built first and is then 
hoisted from the ground by means of tackles; the next section 
is then added on, all the work being done from the ground. 
This kind of tower is easy to construct, and the materials port- 
able; the area exposed to wind is very small. 

18. Reconnoissance for Base-Line. 

With the invar tape apparatus, to be described in detail in 
Chapter II, base-lines can now be measured over much rougher 
ground than was formerly possible where bar apparatus had to 
be used. So far as accuracy goes it is possible to measure a 
base-line on any grade up to about 1o per cent. Gulleys and 
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Fic. 27a. Bilby Steel Tower. (U.S. Coast and Geodetic Survey.) 
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ravines which are not wider than the length of the tape (50 
meters) can be spanned without special difficulty. The length 
of base in first-order triangulation should not be less than 4 
kilometers. In the network of triangles connecting the base 
with the main triangles great care should be used to secure as 
good geometric conditions as possible; this net should not be 
longer than two ordinary figures in the triangulation. The 
strength should be tested in the same manner as for other tri- 
angulation. While it is desirable that the base be located on 
smooth ground, it is always better to place the base on rough 
ground in order to secure a well-shaped base net, rather than 
to adopt weak triangles in order to place the base on level ground. 
In the base net it is permissible to sight over additional lines in 
order to strengthen the figure. But this should not be carried 
so far as to make the adjustment difficult and expensive. 

Figure 27b shows the base nets on several different belts of 
triangulation. In some instances it has been found practicable 
to use the side of one of the main triangles as a base. For 
example, in the triangulation between Texas and California the 
Stanton base, which was one of the main lines, (8 miles long) 
was measured directly with the tape. (Fig. 2a.) 


PROBLEMS 


Problem 1. What is the strength of the quadrilateral having all the angles equal 
to 45°? In case one station on the base is not occupied with the instrument, what 
is the strength? If one station not on the base is unoccupied, what is the strength? 
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Problem 2. Compare the strength of the three figures given in Fig. 28. 

Problem 3. Compute R, and R, in Fig. 29; (1) when the interior station is 
occupied; (2) when the interior station is not occupied. 

Problem 4. Three hills A, B, and C are in a straight line. 
The distance from A to B is ro miles and the distance from B to 
Cis 15 miles. The elevations are A = 600 ft., B = 550 ft., and 
C = 650 ft. respectively. Compute the height of a tower to be 
built on C the top of which will just be visible from A. 

Problem 5. Four hills A, B, C, and D are in a straight line. 
The elevations are A = 810 it., B = 775 1t., GC = 1030 it., D = 
1300 ft. respectively. The distances of B, C,and D from A are 
8 miles, 28 miles, and 38 miles. Find the height of towers on 
A and D to sight over B and C witha 1o-ft. clearance. The two 
towers are to be of the same height. 

Problem 6. What angle is subtended by a six-inch mast at a distance of twelve 
miles? 

Problem 7. Jf a fourteen-inch mirror is used on a heliotrope at a distance of 150 
miles, what is the apparent angular diameter of the light? 

Problem 8. A heliotrope is sighted accurately on a station 20 miles away. How 
far would one have to go either to the right or to the left of that station before the 
light from the heliotrope would disappear? 


CHAPTER IT 
BASE-LINES 


19. Bar Apparatus for Measuring Bases. 

In nearly all the earlier base-line measurements (up to about 
1885) the apparatus employed consisted of some arrangement of 
metal bars. Such apparatus was capable of yielding accurate 
results, but was slow and cumbersome to use, making the base- 
line a comparatively expensive part of the survey. An account 
of the development of base-measuring apparatus will be found 
in Clarke’s Geodesy and in Jordan’s Vermessungskunde, Vol. III; 
descriptions of numerous forms used in this country will be 
found in the annual reports of the superintendent of the Coast 
and Geodetic Survey. 

20. Steel Tapes. 

Experiments with the use of steel tapes for base-line measure- 
ments were made by Jaderin at Stockholm in 1885, by the 
Missouri River Commission in 1886, and by Woodward on the 
Coast and Geodetic Survey base at Holton, Indiana, in 18or. 
The use of steel tapes for this purpose was attended with such 
success that for twenty years they were very generally used, and 
by 1900 they had almost wholly superseded the bar apparatus 
in this country. 

The greatest practical difficulty encountered in the use of steel 
tapes for precise measurement is that of determining the true 
temperature of the steel when making the measurements in sun- 
light. The air temperature, as indicated by ordinary mercurial 
thermometers, is seldom the correct temperature for the tape, 
except during rainy weather or at night. For this reason it was 
found necessary to make all measurements of base-lines at night 
in order to secure the required accuracy. 

42 
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21. Invar Tapes. 

In 1906 the Coast and Geodetic Survey conducted a series 
of tests on the use of tapes made of the alloy called invar. This 
alloy was discovered by Dr. C. E. Guillaume, Director of the 
International Bureau of Weights and Measures at Sévres, near 


Fic. 30. Invar Tape on Reel. 


Paris. It contains about 35 per cent of nickel and 65 per cent 
of steel, and is given a special heat treatment; this produces 
a metal having a very low coefficient of expansion. The tem- 
perature of a tape during a measurement does not have to be 
determined so closely as when using steel. Invar is softer than 
steel and is more easily bent; it must be wound on a reel of not 
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less than 16 inches diameter to prevent changes in length due to 
bends, and it must be handled carefully at all times. 

Invar tapes were found to give results of the required accu- 
racy for base-lines even when used under the most unfavorable 
conditions as regards temperature. They have the advantages 
that the work may proceed in daylight and that it is unneces- 
sary to standardize the tapes in the field, as was done with steel 
tapes, but the comparison may be made at Washington at the 
beginning and at the end of the season. Invar tapes proved to 
be so satisfactory that they have been almost exclusively used 
for base measurement ever since their introduction. 

The coefficients of the earlier tapes were about 0.000 000 3 
to 0.000 000 4 per degree centigrade. Tapes were afterward 
produced having coefficients near to zero, or even negative in 
sign. Unfortunately the metal in such tapes proved to be un- 
stable, and they are subject to changes in length which are 
much greater than the changes in the earlier tapes. Efforts are 
now being made to produce a stable alloy which still has a very 
low coefficient. 

22. Description of Apparatus. 

Invar tapes are about 53 meters long with the end graduations 
50 meters apart. Intermediate graduations such as every Io 
meters or at the 25 meter 
point, are added if desired. 
Some tapes have a decimeter 
at each end sub-divided into 
millimeters. In section the 
tape is about 6 mm. by 0.5 
mm., and weighs about 25 
grams permeter. While in use 
the tape is supported at three 
Fic. 31. Apparatus for Setting Zero points, at five points, or full 

of Tape length, according to circum- 
stances. An apparatus for setting and holding the zero mark 
in position is shown in Fig. 31. The bar is set firmly into 
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sion Apparatus. 


Ten 
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the ground and takes the full tension. The ratchet wheel for 
quick changes in position and the slow-motion screw for the 
fine adjustment enable the operator to set the zero quickly and 
accurately against the mark. Such an apparatus is a trifle 
slower to use than direct setting but permits of great accuracy. 
The Coast and Geodetic Survey uses a simple bar, the point of 
which is set into the ground, the setting being made directly by 
moving the top of the bar. The slow motion adjustment is 
made by the man who attends to the rear contact; he takes hold 
of the tape and flexes it sufficiently to bring the zero to the mark. 


Fic. 33. Pulley for Testing Spring Balance. (Bureau of Standards.) 


This arrangement permits greater speed than the first and in the 
hands of trained men yields all the accuracy required. The ten- 
sion is applied by means of a spring balance the smallest reading of 
whichis sograms. The ordinary working tensionis 15 kilograms. 
The stretching apparatus is similar to that shown in Fig. 32. 
The point of the steel bar is pressed into the ground and 
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the upper end moved right or left so as to bring the tape 
over the measuring stake. The balance can be raised or 
lowered, and clamped in any position by means of a set screw. 
The reading of the spring balance for a true tension of 15 kilo- 
grams is found by means of a standard 15-kilogram weight and a 
frictionless pulley. (Fig. 33.) The reading of the balance is 
subject to changes due to temperature; it should be tested at 
the beginning and at the end of each day’s work, and also when- 
ever the load has (accidentally) been released suddenly so as to 
jar the mechanism of the balance. The thermometers used with 
this apparatus are graduated to degrees or half degrees and are 
provided with metal spring clips for fastening them to the tape. 
It is a good plan to fasten the thermometers to the tape with a 
piece of adhesive tape, which prevents their changing position 
or becoming lost. The thermometers are placed one meter in- 
side the end graduations, exactly as they are when the tape is 
tested in the Comparator. It is important that the thermome- 
ters used in the field work should weigh-the same and be in the 
same position as those used in the standardization. 

23. Marking the Terminal Points of the Base. 

The ends of the base-line are marked in the same manner as 
triangulation stations. On modern bases the end points are 
marked by bronze castings set into concrete or into rock. On 
the older bases they were often marked by copper bolts in drill 
holes in stone monuments. The points are tied in by reference 
measurements to aid in the recovery of the station if lost. There 
is often a sub-surface mark (see Art. 13) to aid in recovering 
the station if the surface mark is lost or disturbed. Interme- 
diate points on a base are sometimes marked in a similar manner. 

24. Preparation for the Measurement. 

Before the measuring* can begin the line must be run out and 
all obstructions removed. This may involve cutting timber, 
brush, or grass, and leveling off small irregularities in the ground. 


* For the methods of the U. S. Coast & Geodetic Survey see Special Publication 
No. 120, by Major C. V. Hodgson. 
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Where there are gullies crossing the line, or high obstructions 
which cannot be leveled off, it may be necessary to build meas- 
uring platforms for the observers. Next the measuring stakes, 
4 in. X 4 in., are set in position accurately on line and one tape 
length apart. This must be done accurately enough so that the 
end marks of the tape will come on top of the stakes. An old 
(spliced) invar tape, not suitable for the final measurement, 


Fic. 33a. Setting the Measuring Stakes. 


may be used to advantage in this preliminary work. The 
stakes must be set firmly and if necessary braced laterally by 
I in. X 4 in. pieces driven into the ground and nailed to the 
stakes. The stakes must be high enough so that the tape will 
not touch the ground or bushes at any point. The line is marked 
in pencil on top of the posts. Before the measurement is begun, 
strips of zinc or copper are tacked on top of the post so that one 
edge is exactly on line. All of this line work may be done with 
an ordinary engineer’s transit of good quality. The slope of 
each tape length as well as the actual elevation of each stake is 
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then determined by direct leveling on top of the stakes. The 
absolute elevation is needed for calculating the reduction to 
sea-level, but this need not be known with great precision. 
The difference in elevation, however, must be obtained very 
accurately for the purpose of calculating the grade correction, 
especially when the grade is steep, say near 10 per cent. Some- 
times a clinometer is used for taking the slope when it is impor- 
tant to save time. It is placed either at the middle of the tape 
or at the middle of one of the loops. The stake for the middle 
support may be set in advance, like the end stakes, or it may be 
lined in by eye for both line and grade, when the measurement 
is made. If the wind is blowing hard it may be necessary to 
introduce two additional supports at the 12.5 meter and the 37.5 
meter marks. When the base-line is on a highway or when- 
ever the use of stakes would be impracticable, iron tripods with 
small measuring tables on top are used instead of the regular 
stakes. These tripods have two ball and socket joints for ad- 
justing the height and the position and for leveling the top. 
If the measuring is done along a railway line the tape is laid on 
top of a rail. In this case it is advisable to place small rollers 
under the tape to avoid errors due to friction. Friction on the 
tops of measuring stakes is a fruitful source of error. 

From 3 to 5 kilometers of line can be prepared in a day by a 
party of 5 men under average conditions. 

25. Measuring the Base. 

A base may be conveniently measured by a party of six men, 
the front contact man, rear contact man, front stretcher man, 
rear stretcher man, middle man, and recorder. The actual 
measurement is begun by stretching the tape between the ter- 
minal point and the first measuring stake. The zero mark of the 
tape is set over the end mark of the base either by means of a 
plumb bob or a transit set off line on the perpendicular from the 
terminal point. The tape must be high enough to clear all 
obstructions, which may require setting a tripod over the end 
mark or building a small measuring table. Its height above the 
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end mark must be measured. The middle support may be lined 
in by eye with sufficient accuracy, both vertically and_hori- 
zontally. Square pieces of white cardboard with one corner 
held at the tape will facilitate lining in the middle point. The 
rear stretcher man plants his staff in the ground and with the 
top of his staff behind his shoulder adjusts for height, line and 
grade, so that the zero mark will fall over the end mark. The 
forward stretcher man applies the tension gradually until 15 
kilograms is reached. Care should be taken not to injure the 
balance by jerking it or by releasing the tension too suddenly. 
When the zero is in position and the tension is correct the for- 
ward contact man marks with an awl on the copper strip the 
point opposite the 50-meter mark. The end of the graduation 
which was used in the comparison is indicated in the certificate; 
this same end should be used in the field measurements, and the 
zinc or copper strips must be placed accordingly. The tape 
should be on top of the stake with its edge in contact with the 
metal strip, so that their upper surfaces are at the same level. 
The tape should not drag on top of the stake but should be a 
millimeter or so above it, so that the contact men have to place 
a finger on the tape to bring it down in contact with the stake. 
The thermometers are read as soon as the mark at the 50-meter 
point is made, and the two temperatures and the distance are 
recorded. The front contact man reads the front thermometer 
and the rear contact man reads the rear thermometer. If the 
readings of tape and temperature are satisfactory, the tape is 
unhooked from the spring balance and carried forward by the 
front contact man, the middle man, and the rear stretcher man. 
It should be held high above the ground so that it will not drag 
and so that no kinks or twists will occur. Care should be taken 
not to injure the thermometers. Upon arrival at the next stake 
the front stretcher man checks by eye. the alignment and grade 
of stakes to see that none has been accidentally moved. The 
tape is placed in position and the same routine is repeated. 
The rear contact man attends to setting the zero line on the 
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scratch already made, using an ordinary reading lens for this 
purpose. The front contact man is usually in the best position 
to judge when all conditions are satisfactory for making the 
readings, and he usually acts as chief of party. 

Any short distance, at the end of a base, for example, may be 
measured with a section of the invar tape or with a metric steel 
tape. Whenever the spacing of the stakes is such that the 
50-meter mark will not fall on top of the stake a ‘‘set-up”’ or 
a ‘“‘set-back” may be made on the preceding stake. This con- 
sists in measuring forward or backward a few centimeters and 
making a new scratch from which to measure. Careful record 
should be made so that no mistake will occur in computing the 
final length. The metal strips are usually preserved as a part 
of the record. 

By the process just described a base-line can be measured 
at the rate of about 2 kilometers an hour by a party of six men. 

It has been found that when measurements are made in a 
rain or in a heavy fog the weight of the water which adheres to 
the tape is sufficient to introduce more error than can be toler- 
ated in the best grade of base measurement. Therefore no 
measurements of a first-order base should be made when it is 
evident that an error will enter from this source. 

26. Accuracy Required. 

The base-line is divided into sections about 1 kilometer in 
length; it is also divided into 3 divisions, the end of a division 
coinciding with the end of a section. At least 3 different tapes 
are used in the measurement of the same base, and these are 
used in such a way as to give an intercomparison of the tapes 
and detect any possible change of length. A different pairing 
of tapes is used on each section of the three divisions. Each 
tape will be run forward on one division and backward on the 
other. Only two measurements of any section are made unless 
the discrepancy in millimeters between the two measurements 
exceeds 10 VK (K being the length of the section in kilometers), 
in which case additional measurements are made until two meas- 
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urements do agree within this limit. The two complete meas- 
urements of the base should give an accuracy for the result 
represented by a probable error not greater than one in one 
million. The actual errors due to poor alignment, marking the 
tape lengths, and errors due to grade, tension, and tempera- 
ture should not individually exceed one part in half a million. 

27. Computation of Probable Error of Base. 

In the Report of the Superintendent of the U. S. Coast and 
Geodetic Survey for 1gro there is given a method for calculating 
the probable error (p.e.) of a base. Three causes of error were 
considered: 1. the uncertainty in the lengths of the tape; 
2. the error in the temperature coefficient, and 3. the errors of 
measurement. In computing the p.e. of each section the error 
in length was taken as the number of lengths in the section (7) 
times 4 Vey + e”, where e; and e are the errors of the two tapes 
used in the measurement. The error due to temperature co- 
efficient was taken as m (t) — f) X } Vo? + 2, in which x is the 
number of tape lengths, fo the standardization temperature, f 
the observed temperature, and c; and c. the p.e.’s of the coeff- 
cients of the two tapes. The p.e. of a section due to errors of 
UF 
n’ (n’ — 1) 
and 2’ is the number of measures of a section. The final p.e. 
of a section is the square root of the sum of the squares of these 
three errors. The p.e. of the entire base is the square root of 
the sum of the squares of the probable errors of the sections. 

It is often considered that the errors of standardization and 
determination of coefficient are included in or are masked by 
discrepancies in the measured lengths of the sections. The 
probable error of each section is therefore computed by the 
equation 


measurement is 79 = .6745 in which v is a residual, 


DAU? 


[Ses 0.6745 n(n — 1) 


where v is a residual and 2 the number of measures of this 
section. Where a section is measured but twice the p.e. will 
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be 0.6745 times one-half the difference between the two measured 
lengths. The p.e. of the whole base is the square root of the 
sum of the squares of the probable errors of the sections. 

28. Corrections to Base-Line Measurements. — Correction 
for Grade. 

Where the slope is determined by direct leveling, the most 
convenient formula for computing the horizontal distance is one 
involving the difference in elevation of the ends of the tape. 
In Fig. 34, let 4 be the difference in elevation of the end points 


B 
ave h 


d 
FIG. 34. 


A and B, and let / be the length and d the required horizontal 
distance. Then 


= a jh? 
Corr. for grade = C, =1—d=1 VP—he=l—1 ier 
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Sega See [1] 


If the slope has been found in terms of the vertical angle a, the 
correction may be computed by the expression 


C=. 2) sin? 4 a= | versa. [2] 


In good base-line work the errors in length due to errors in 
determining the grade should never exceed one part in half a 


million. 
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29. Correction for Alignment. 

The errors in aligning a base-line can easily be kept so small 
as to be negligible. If any point is found, however, to be out of 
line by an amount sufficient to affect the length, the correction 
may be computed by formula [1]. 

30. Correction for Temperature. 

The temperature correction may be computed if we know the 
coefficient of expansion, the actual temperature of the tape and 
the standard temperature, and the measured length of line. If 
k is the coefficient, f the observed temperature, f the standard 
temperature, and L the measured length, then 


Temperature correction = +kL(t — t). [4] 


The temperature correction is often expressed as a term in the 
tape equation, as shown in the following article. 

30a. Correction for Absolute Length. 

The length of the tape is often expressed in the form of an 
equation, such as 


Tue = 50” + (12.382 + 0.016”) 
+.(0.0178"" deio.Coa7™e) (P= 25 a Ga), [s] 


meaning that tape number 516 is 12.382”” 


at a temperature of 25°.8 C., and that 0.016”” is the uncertainty 
of this determination. The quantity 0.0178 is the change in 
length of the 50” tape for a change in temperature of 1°, and 0.0007 
is the uncertainty in this number. (The temperature coefficient 
for this tape is 0.000,000,356.) 

According to the present practice, tapes are standardized at 
the Bureau of Standards, Washington, under exactly the same 
conditions, in regard to tension, temperature determination, and 
manner of support, as those which are to govern the field meas- 
urements. By this means all uncertainty in the absolute length 
and in the tension correction is kept within narrow limits. 

31. Reduction of Base to Sea-Level. 

In order that all triangulation lines may be referred to the 


more than 50” long 
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same surface it is customary to employ the length of the line at 
sea-level between the verticals through the stations. 

In Fig. 35 let B represent the measured base at elevation 
above sea-level (supposed spherical), and 6 the length of base 
reduced to sea-level, R, being the radius of curvature of the 
surface (see Art. 97 and Table XI). 
Then, since the arcs are proportional 
to their radii, 


bie 
BS eRe), 
and 
ib 
b= B ni 
I+ R. 
h h? 
— —_ _- -—— eT et tw) . . * 
=B (: R. + R2 » 
Therefore the reduction to sea-level is 


h hh 0 
ee era ge pe Fic. 35. 


Each section is ordinarily reduced separately, unless the whole 
base is at nearly the same elevation. The elevation used is 
the means of the elevations of the ends of the sections. 

Question. Is it necessary to reduce each triangulation line separately to sea- 
level? 

32. Correction for Sag. 

Between any two consecutive points of support the tape hangs 
in a curve known as the catenary, its form depending upon the 
weight of the tape, the tension applied, and the distance between 
the points of support. 

In Fig. 36 let / be the horizontal distance between the supports, 
the two being supposed at the same level; let 2 be the number of 
such spans in the tape-length, ¢ the tension, and w the weight 
of a piece of tape of unit length. Also let » equal the (vertical) 


* See formula at foot of page 406. 
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sag of the middle point of the tape below the points of support. 
Since the curve is really quite flat under the tension actually 
employed in field-work, the length of the catenary will be sen- 
sibly equal to that of a parabola whose axis is vertical and which 


A B 


if 
Fic. 36. 


passes through the points A, B, and C. The equation of this 
[2 
parabola is «? = nay y, and the length of curve, found by the 


8v? 
+..+-++ The 
31 


difference, 2s — 1, between the length of curve AB and the 
chord* AB is approximately 


usual method of the calculus, is 2s =/+ 


ow 
2s—l= x he [a] 
If we consider the forces acting on the tape at the point C, and 
take moments about the point of support A, we have 


wet 
— KS Dt 
ed. 
wl? 
Therefore nae, [0] 


Substituting in [a] the value of v found in [8], we find that the 
shortening of this section of tape due to sag is 


piel tts * (=) lL fwiv? 
2 1\ St aera 


For 7 sections, we have nl = L, whence 
: L {wis 
Correction for sag = C, = (*") : [7] 
24\ t 


* Tf we assume that the curve is circular the same length is obtained if we drop 
terms of the 5th power in the series. 
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33. Tension. 

The modulus of elasticity of the tape due to the tension applied 
equals the stress divided by the strain. If @ = the elongation 
and L the length, and if ¢ equals the tension and SS the area of the 
cross-section, then the modulus of elasticity E is given by 


The elongation is 
it 
a= C= 8] 
where C; is the correction for the increase in length due to tension. 
Evidently the difference in length due to a change from tension 


; ; IL 
tp to tension ¢ is a = SE (t — fo). 


The value of E must be found by trial, applying known ten- 
sions and observing a directly. 

To allow for slight variations in tension, such as those due to 
the failure of the spring balance to give the desired reading the 
instant the scale of the tape is read, the correction may be de- 
rived as follows: 

Since the effective length of the tape depends both upon the 
elongation due to tension and upon the shortening due to sag, 
and since these both involve ¢, the variation may be found by 
differentiating the expression 


lel Cp Cs 
ibot, Ao HIG 
“i+ sp a7): 


regarding ¢ as the independent variable. The differentiation 


if, 1. TIN OD 
a= Bare. (F)-F [ol 


gives 
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This is the correction due to small variations in¢. This quantity 
may be found more satisfactorily by actual tests, varying ¢t by 
known amounts and observing the change in length directlye 

It was once the practice to compare the tape with the standard 
when it was supported its entire length, and to calculate the sag 
arid tension corrections to obtain the effective length when sup- 
ported at a few points. The present practice of comparing 
the tape under the same conditions that are to exist in the 
field-work eliminates all uncertainty in these computed cor- 
rections. 

33a. Change in Weight or Position of Thermometers. 

If the thermometers used are of different weight from those 
used in the standardization, or if placed in a different position 
on the tape it is possible to compute the effect on the length by 
means of a formula given by Dr. W. D. Lambert of the Coast 
and Geodetic Survey. If s is the length of the curve (catenary) 
with the thermometer attached, so is the length without the 
thermometer, @ is half the distance between supports, / is the 
distance from the center of the curve to the thermometer, 
c = T + m, where T is the tension and m the weight of tape per 
unit of length, and / = p + m where pf is the weight of the 
thermometer, then 


This gives the change in length for a single loop. If the tape 
is supported in the middle the result should be doubled. If we 
assume a 50-meter tape weighing 25 grams per meter, supported 
at the middle, having two thermometers each weighing 25 
grams attached one meter from the ends, and under a tension of 
15 kilograms, then s — 5) = 0.000 0347 meter. If we change 
p to 45 grams then s — sy) = 0.000 0643 meter. Therefore a 
change in the weight of the thermometers from 25 to 45 grams 
changes the length of the tape 0.000 0592 meter, or more than 
I part in 1 million. 
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34. Standardization of Tape. 

The standard of length for the United States is the meter 
deposited with the International Bureau of Weights and Meas- 
ures at Sévres, near Paris. This is a platinum-iridium bar with 
three fine lines at each end. The distance between the middle 
lines of the two groups, when the bar is at temperature 0° C., 
and is supported at the neutral points 28.5 cm. each side of the 
center, is one meter by definition. Two copies of this bar (called 
prototype meters) Numbers 27 and 21 are in possession of the 
United States and are deposited with the U. S. Bureau of Stand- 
ards at Washington.* 

These were received from the International Bureau of Weights 
and Measures in 1889. These meters are composed of an alloy 
of go per cent platinum and 1o per cent iridium, and are X- 
shaped in cross-section. 

Bar M 27 is the standard of length in the United States. 
Its length equation is 


No. 27 = 1m — 1.6 p + 8.657 ut + 0.00100 pl? 


where rt micron (u) = 0.000,001 meter and ¢ is the temperature 
in centigrade degrees of the international hydrogen thermometer. 
This bar was compared with the Paris meter in 1904 and again 
in 1922. No appreciable change was detected. 

The probable error of the comparison of the national proto- 
types with the international meter was found to be + 0.04 u. 
It is estimated that the uncertainty in the lengths at tempera- 
tures between 20° and 25° lies between +0.1 w and + 0.2 y. 

Bar M 27 is preserved in a fireproof vault at the Bureau of 
Standards and is used only for comparison with No. 21 and other 
platinum-iridium bars. No. 21 is used for comparison with 
secondary standards, and for testing tapes for geodetic work. 

When a s50-meter invar tape is to be tested, the first step is to 


* For details see Circular No. 332, Bureau of Standards, 1927. p 
+ See “Creation du Bureau International de Poids et Mesures.” — by Ch.- Ed. 
Guillaume, Director of the Bureau. Paris, 1927. 
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test the 5o-meter base in the tape testing tunnel. This distance 
is marked by means of two spheres set into concrete posts so 
that the tops of the spheres are at the level of the floor. The 
measurement from the end sphere to the first microscope (also 
on a concrete post) is made by the use of what is known as 
the “cut-off cylinder.” (Fig. 37.) This consists of a vertical 
tube having at the lower end a conical hole, the axis of which 
coincides with the axis of the cylinder. When the cylinder is 
placed over the sphere the center of the sphere is always ex- 
actly in the axis of the cylinder. A spirit level is provided for 
making the axis of the cylinder truly vertical. On top of the 
cylinder is a millimeter scale on which readings can be taken 
with the microscope. 

At every 5 meters* in the tunnel is a post for supporting 
a microscope. Between the 8th and gth posts are additional 
posts set every meter. The 50-meter distance is tested by 
means of a steel: 5-meter bar known as the Woodward bar, or 
“Bry.” (Fig. 38.) This steel bar is compared with No. 21 
at intervals by means of the microscopes set 1 meter apart. 
When in use B 177 is packed in melting ice in a Y-shaped trough 
to control the temperature. 

The complete test of the tape consists in measuring first a 
5-meter distance between microscopes by means of M 21, then 
a 50-meter distance between the spheres by means of B 17, and 
finally a comparison of the tape with the 5o-meter distance, the 
tape being supported in the same manner and under the same 
tension that it is in the field measurements. 

The error in laying off the 5-meter distance has been estimated 
as 1.1, or about 1 in 5 000 ooo, and that of laying off the 
5o-meter distance (in terms of 10 times the length of B 17) as 
o.o15 mm. The error of comparing the tape with the base is 


* See Circular No. 328, Bureau of Standards, 1927, by Dr. Lewis V. Judson 
associate physicist. ; 

} See Appendix 8, U. S. Coast and Geodetic Survey Report for 1892, P- 339. 
On p. 480 of the same report will be found an article on the theory of tapes, 
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Fic. 37. The Cut-off Cylinder. (Bureau of Standards.) 
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Fic. 38. Tape Testing Tunnel at Bureau of Standards. (Showing 5-meter steel 
bar in Y-shaped Trough.) 
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LVJ:JPM 
II-1 DEPARTMENT OF COMMERCE 


Bureau of Standards 
CERTIFICATE 
Bureau File Reference: 
FOR II-1, Test No. Twl 51015 


50-METER INVAR TAPE 
B.S. No. 4705 


Maker: Wo. S.I.P. 215 


SUBMITTED BY 


Mass. Institute of Technology, 
Cambridge, Mass. 


THIS CERTIFIES that the above-described tape has been compared with 
the standards of the United States and found to have the length given below 
when under a horizontal tension of 15 kilograms and when supported at the 
0, 25, and 50 meter points: 

(0 to 50 meters) = 40.99639 meters, at 21.4 °C. 


When supported at the 0, 12.5, 25.0, 37.5, and 50 meter points: 
(0 to 50 meters) = 49.99908 meters, at 21.4 °C. 


When supported on a horizontal surface, throughout its entire length: (value 
computed from observations taken on the tape when supported at 3 and at 5 points). 


(0 to 50 meters) = 50.00004 meters, at 21.4 °C. 


For the first and second of the above conditions thermometers weighing 45 
grams each were attached at the points 1 meter inside the terminal marks 
during the test. 

The above comparisons were made on the section of the lines near the 
end on the edge of the tape farthest away from the observer when the zero is at his 
left. 

The above values are correct within 1 part in 300,000; the probable error 
does not exceed 1 part in 1,000,000. 

The thermal expansion coefficient of this tape was found to be (t° — 21.4°C.) 
(0.017 mm. + 0.001 mm.) per 50 meters. 

The weight per meter of this tape was found to be 24.7 grams. 

Test completed, February 11, 1925 
L. J. Briccs, Acting Director 
GeEorGE K. BurceEss, Director. 
Washington, D. C. 
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from 1 in 10 000 000 to 1 in 5 000 cco. It is believed that the 
absolute error of the determination of the tape length does not 
exceed one part in one million. The certificates furnished with 
the tapes state that the probable error of the length given does 
not exceed one part in 1,500,000 and that the absolute error does 
not exceed 1 in 500,000. The principal source of error in the 
determination of the tape length is apparently the uncertainty 
in the length of the 1-meter bar itself, although this error is so 
small that it cannot affect the tape standardizations appreciably. 
In other words, the least accurate determination in the stand- 
ardization process is more accurate than is ever required for 
geodetic work. 


PROBLEMS 


Problem 1. Derive the equation of the parabola mentioned in Art. 32. Com- 
pute the length of the parabola between the points of support A and B. 

Problem 2. The difference in elevation of the ends of a 50-meter tape is 7.22 
ft., obtained by leveling. What is the correction (in meters) to reduce the slope 
distance to horizontal distance? 

Problem 3. The length of a base-line is 17486”.5800, measured at an (average) 
elevation of 34.16 meters above sea-level. The latitude of the middle point is 
38° 36’. The azimuth of the base is 16° 54’. What is the length of the base re- 
duced to sea-level? 
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FIELD-WORK OF TRIANGULATION — MEASURE- 
MENT OF HORIZONTAL ANGLES 


35. Instruments Used in measuring Horizontal Angles. 

Instruments intended for triangulation work are of two 
kinds: the direction instrument, first designed in England by 
Ramsden in 1787; and the repeating instrument, first used in 
France about 1790. The former is the one chiefly used at the 
present time for triangulation of the highest order; the repeat- 
ing instrument, on account of its comparative lightness and 
simplicity, is much used on triangulation of less importance. 

Triangulation instruments are larger than ordinary surveying 
transits, the diameter of the horizontal circles varying from 30 
inches in very old instruments to about 8 inches in modern 
instruments. It has been found by experience that small 
circles can be graduated so accurately that nothing is gained by 
using very large circles, the accuracy of results depending more 
upon the accuracy of the dividing engine than upon the size of 
the graduated circle itself. Furthermore, the smaller circles 
are less affected by flexure than the larger circles and are much 
easier to transport. All triangulation instruments are designed 
with three leveling screws; this produces a much more stable 
instrument than the four-screw transit. The instrument is 
usually mounted on a solid support, such as a concrete pier, a 
wooden stand, or on the tripod of an observing tower. Such 
instruments are not used on ordinary tripods for precise work. 

36. The Repeating Instrument. 

The repeating instrument has an upper and a lower plate 
arranged exactly as in the surveyor’s transit, and the gradu- 


ated circle is read by two or more verniers graduated to 10” 
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or to 5”. Verniers reading finer than 5’ are not practicable, 
and dependence must be placed upon the repetition principle 


ama 
net 


Fic. 39. Dividing Engine for Graduating Circles. (C. L. Berger & Sons.) 


for securing greater precision. Figure 40 shows a repeating 
instrument having an 8-inch circle which is read by two opposite 
verniers to ro seconds. The telescope of this instrument has 
an aperture of 13 inches and a magnifying power of 30. Since 
an instrument of this kind is likely to be used in sighting on pole 
signals, the cross-hairs are usually arranged in the form of an 


FIG. 40. 


THE REPEATING INSTRUMENT 


Repeating Instrument. (C. L. Berger & Sons.) 
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X, the pole being made to bisect the angle between the hairs 
when the pointing is made. Single vertical hairs would not be 
practicable except on very short lines and wide signals, as the 
width of the ordinary hair is so great that it would completely 
obscure the pole on long distances. 

37. The Direction Instrument. 

The direction instrument has but one horizontal circle, read 
by two or more micrometer microscopes instead of verniers. 
The circle can be turned freely about the vertical axis so as to 
make any desired setting in the microscopes. In some instru- 
ments the circle is clamped in position, while in others it is held 
by friction alone. The peculiarity of the direction instrument 
is that the motion of the alidade, that is, the upper part carry- 
ing the telescope and the microscopes, is entirely independent 
of the motion of the circle itself; the latter can be shifted while 
the upper part remains clamped. This would be impossible, of 
course, with an ordinary transit. It is evident that a repeater 
could be used as a direction instrument, but that a direction 
instrument could not be used for measuring angles by the repe- 
tition method. 

The circle of the direction instrument is usually graduated 
into 5’ spaces. The direction of the line of sight of the telescope, 
referred to the direction of the o° graduation, is read by first 
noting the degrees and 5’ spaces in the microscope chosen as the 
index microscope, and then accurately measuring with each 
microscope the fractional part of the 5’ space which lies between 
the zero point of that microscope and the last preceding gradua- 
tion. The micrometers can usually be read to seconds directly, 
and to tenths of seconds by estimation. The mean of the re- 
sults from all the microscopes added to the reading of the de- 
grees and 5’ spaces is taken as the direction of the line of sight 
of the telescope. 

The telescope of the 12-inch Coast Survey theodolite (Fig. 41) 
has an aperture of 2.4 inches, a focal length of 29 inches, and 
magnifying powers of 30, 45 and 60. The circle is graduated to 


FIG. 41. 


THE DIRECTION INSTRUMENT 


Twelve-inch Theodolite. 


(Coast and Geodetic Survey.) 
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5’ and is read to single seconds by means of three microscopes. 
A small index microscope is provided for reading the degrees 
and s’ spaces. A camel’s-hair brush (inside the cover plate) 


Fic. 42. Hildebrand Theodolite. 


sweeps over the graduations. The base is made very heavy, 
and the bearing surfaces of the centers are glass hard. The 
centers on this instrument are very long. The upper parts of 
the instrument are made chiefly of aluminum, in order to dimin- 


THE MICROMETER MICROSCOPE ae 


ish the weight bearing upon the centers and thus reduce wear. 
This design produces an instrument of exceptional stability. 
In some of these instruments the micrometers are provided with 
two sets of parallel hairs set about 4’ apart. When a setting is 
made on a graduation to the left the left-hand pair is used; 
when setting on the next graduation to the right the right-hand 
pair is used. (See Art. 39.) This saves turning the screw 
through five whole revolutions each time the microscope is read. 

In some instruments the microscopes are vertical and are 
read by means of angle prisms. This makes the whole instru- 
ment more compact. 

The Hildebrand theodolite (Fig. 42) has a circle about 21 
centimeters in diameter and is read by two microscopes which 
read directly to single seconds. The focal length is 380 mm. 
and the magnifying powers are 42 and 56. The microscopes 
are marked A and B; the A microscope is ordinarily used as the 
index microscope, i.e., to read the whole degrees and the 5’ 
divisions. 

Direction instruments are used chiefly on long lines and in 
connection with heliotropes or electric lights. The cross-hairs 
usually consist of two vertical hairs, set so as to subtend an angle 
of about 25” to 40’’, and two horizontal hairs, set much farther 
apart and used merely to limit the portion of the vertical hairs 
to be used in pointing. 

Tn order to steady the theodolite on its support it is sometimes 
held in position by means of cords or wires which pass over the 
base near the leveling screws and which are attached to heavy 
spiral springs. This is equivalent to hanging heavy weights 
on the base. 

38. The Micrometer Microscope. 

The construction of the micrometer is shown in Fig. 43. The 
graduated drum attached to the head of the screw is divided 
into 60 divisions corresponding to seconds of angle. As the 
screw head is turned the slide carrying the two parallel hairs in 
the field of view is moved in a direction perpendicular to the 


72 FIELD-WORK OF TRIANGULATION 


Fic. 42a. First-order Theodolite. (Coast and Geodetic Survey.) 
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Fic. 42b. Second-order Theodolite. (Coast and Geodetic Survey.) 
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lines of graduation. The hairs are spaced just far enough apart 
so that a graduation does not quite fill this space but leaves a 
small white strip on each side of the line when it is centered 
accurately between the hairs. The pitch of the screw and the 
focal length of the microscope are so related that one turn of 
the screw corresponds to one minute. (In the Hildebrand 
theodolite it is two minutes.) Thus 5 whole turns (or 23 turns) 
will carry the hairs from one graduation to the next. The 
number of minutes or turns passed over may be counted on a 


Fic. 43. Micrometer Microscope. 


notched (comb) scale placed in the upper portion of the field of 
view of the microscope. The fraction of a 5’ space which is to 
be measured is that lying between the zero point of the micro- 
scope (indicated by a deep notch in the comb scale and a zero 
reading of the drum) and the graduated line lying to the ap- 
parent left of the zero point. So if we start with the microme- 
ter at zero and turn until the preceding graduation is between 
the hairs the reading of the comb scale and drum will give this 
angle directly. It is not necessary that the hairs should actually 
be set at the zero position before passing to the graduated line; 
the same reading would be obtained regardless of the position 
of the hairs before making the setting. It may be easier, how- 
ever, to understand the operation if it is described as though the 
hairs really started from the zero position. It should be re- 
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membered that the microscope inverts the image of the gradu- 
ations, so that the readings appear to increase from left to right 
in the field of view of the microscope. The readings on the 


ui 
ea! 


Fic. 44. Showing Micrometer Lines set (a) at zero, and (b) at the 
forward reading 2’ 10”, 


screw head increase as the screw is turned left-handed, and the 
hairs move back toward the graduation last passed over. 

To measure the space between the zero of the microscope and 
the last line passed over, it is only necessary to turn the screw 
until the graduation in question bisects the space between the 
hairs, and then to read the comb 
scale and the drum. This read- 
ing is to be added to the num- 
ber of the graduation to obtain the 
direction as shown by this micro- 
scope. For example, if the screw 
is turned two revolutions and 10 
divisions in order to center the 
47° 05’ line between the hairs (Fig. Tete Siiter ee 
44), the reading of the microscope fines set at back reading 2’ 10”. 
ism fos +2 10" ="47 07 10". 

Since this gives a direct measure of the direction of the line of 
sight it is called the “forward” reading. 

It should be noticed that since the screw is supposed to make 
a whole number of turns in passing from one line to the next, 
the reading on the drum should be exactly the same if the hairs 
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were set on the 10’ line. If the micrometer screw shown in 
Fig. 44 is turned 5 times in the right-handed direction, the 
micrometer hairs will be in the position shown in Fig. 45. This 
is called the “back reading.”’ 

39. The Run of the Micrometer. 

If the microscope is perfectly adjusted with respect to the 
graduated circle, and if the latter is perfectly plane, then 5 
whole turns of the screw should carry the hairs from one line to 
the next and the reading of the screw should be the same on all 
lines. Since this condition is rarely fulfilled, there is ordinarily 
a small difference between the forward and the back readings, 
called the error of run of the micrometer. 

The forward reading F is taken when the threads are set on 
the graduation last passed over (25’ in Fig. 46). The back 


Fic. 46. Forward Reading 1’ 26’".2. Fic. 47. Back Reading 1’ 24’’.2. 


reading B is taken when the threads are set on the next following 
graduation. (30’ in Fig. 47.) Suppose the forward reading to 
be 1’ 26’’.2 (on the 201° 25’ line); the direction as obtained from 
the forward reading would then be 201° 26’ 26’’.2._ If the screw 
is now turned to the right so as to carry the hairs to the position 
shown in Fig. 47, the readings on the screw drum decrease. 
Suppose that the back reading is 1’ 24’".2._ This means that the 
screw has actually made more than 5 turns, that is, it has passed 
the reading 26’’.2 and gone 2 divisions farther. The direction 
as derived from the back reading would be 201° 26’ 24.2. The 
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true reading, as obtained from a perfectly adjusted microscope, 
is somewhere between these two results. 

Without assuming anything with regard to the actual value 
of 1 turn of the micrometer screw or 1 division of the drum, 
the true value may be computed by dividing the angular space 
between divisions (assuming the graduation to be perfect) 
by the number of divisions recorded in passing from one gradu- 
ation to the next. If D is the true angular value of one division, 
then 


ut ” 


Ste fe = sosets7 


where 7 is the run of the micrometer in seconds divisions, as 
indicated by the difference between the forward and back 
readings; it is + if F is greater than B. The true reading is 
found by multiplying the number of divisions in F by the true 
angular value of one division, that is, 


300” 


300 +r 


True reading = F XK 


For the set of readings shown in Figs. 46 and 47 the true reading 
is 

a 
200.42 


86.2 * = 85'".620 


i’ 25.020 
If it is desired to compute a correction to the forward reading 
F, we have 
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In the preceding example this gives 
2 
True reading = 86.2 — 86.2 X cOSie 86.2 — 0.7575 
85.625 + 
= 1 a0” 625+ 


Another formula which is sometimes used is derived as follows: 
if the back reading is also corrected for run the result is 


Lip = = 300 
300 (300 — B) (= ft .) 


B 
= 300” —(300 = B—r +3 + ey 3) 
BID ae es (0) 


The mean of (a) and (0) is 
See UID se 


2 2 D 300 
F+B . : 
If 4 = m, then the correction to m, the mean, is 
r r 
== 7 ——* 
2 300 


In the example on page 77 this gives 
2 
EOn— 105 2a ees 
300 
[.0) = «50S =1.432. 


Corrected reading = 1’ 25’’.2 + .432 = 1’ 25”".632. 

It should be observed that when m is less than 150” (the 
middle of the 5’ space) the correction is positive (for a positive 
value of r); when m is more than 150” the correction is negative. 
For any two readings which are equidistant from the middle 
point of the space the two corrections cancel each other. By a 
proper distribution of the settings in a complete set of observa- 
tions it is possible to make the net correction for this microscope 
equal to zero. This makes the mean for all the microscopes 


DESIGN OF CENTERS 79 


nearly zero and makes it unnecessary to calculate corrections 
to each microscope reading. This is done in the program of 
observations given on page gt. 

The discrepancy between the two readings (forward and back) 
is not only due to run, but also in part to errors in setting the 
hairs and in reading the drum scale. Sometimes the readings 
are treated as though these latter errors absorbed -the effect of 
run, and the mean of F and B is taken as the final reading, the 
effect of run being disregarded entirely. 

40. Design of Centers. 

The design of the centers of a theodolite has much to do with 
the accuracy of the final results. In most instruments the 


Fic. 48. Center hav- Fic. 49. Center having Two 
ing Single Conical Bear- Conical Bearings. 


ing. 


centers have a conical bearing like that shown in Fig. 48, with 
a small thrust bearing at the bottom. With such an instrument, 
provision must be made for raising or lowering the center to 
allow for extreme temperature changes; otherwise, the: center 
will sometimes be too tight or too loose. A center designed in 
the Instrument Division of the U. S. Coast & Geodetic Survey* 


* Designed by Mr. D. L. Parkhurst. See Jour. Franklin Inst., Vol. 206, No. 5. 
Nov., 1928, p. 623. 
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has a two-cone bearing, the apexes being coincident. (Fig. 49.) 
This bearing tends to wear itself in. If there is more friction 
on the upper cone than on the lower one, it tends to wear until 
the pressure on the lower cone is increased. If the upper bearing 
is too’ loose, the lower cone wears until the center lowers and 
increases the pressure on the upper bearing. Other features 
of this theodolite are: 

t. A nine-inch horizontal circle (not beveled) read by vertical 
microscopes, provided with reflecting (angle) prisms for con- 
venience in reading. This makes the instrument more compact. 
2. An internal focusing system. A negative lens between the 
objective and the ocular can be moved so as to bring the image 
into the plane of the cross-hairs. Therefore, the telescope is 
short and is tight and dustproof. 3. There is no clamp on the 
horizontal circle. 4. The center is of steel, turning in a cast- 
iron socket of the same coefficient of expansion. 5. An im- 
proved form of tangent screw. 6. The drums of the microme- 
ters are of frosted glass with a small electric bulb inside for night 
reading. 7. A new design of vertical circle which is dustproof. 
8. The runner of the micrometer is mounted on ball bearings 
and is practically frictionless. 9. The cross wires are of fine 
glass fibres; these reflect the light and appear as dark lines in 
the field of view. 

41. Adjustments of the Theodolite. 

The adjustment of the levels attached to the alidade is made 
by means of reversals about the vertical axis of the instrument, 
exactly as with the engineer’s transit. 

The adjustment of the stride level is tested by placing it on the 
horizontal axis, reading both ends of the bubble, and then re- 
versing the level and reading again. The adjusting screws of 
the stride level should be turned so that the bubble moves half- 
way back from the second position to the first. When the 
stride level is so adjusted that it reads the same in either position, 
it is in correct adjustment, and the horizontal rotation axis may 
then be leveled by moving the adjustable end of the axis until 
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the bubble is in the center of its tube. Of course the two adjust- 
ments may be made simultaneously. If desired, the stride level 
may be used also to make the vertical axis truly vertical instead 
of using the plate levels. 

The adjustment of the line of sight in a plane perpendicular 
to the horizontal axis may be made by reversals about the hori- 
zontal axis as in testing an engineer’s transit; or it may be made 
by sighting an object, lifting the telescope out of its bearings, and, 
after reversing the axis, replacing it in the bearings. If the 
object first sighted is no longer in the line of sight, the reticle is 
brought halfway back from the second position toward the first 
by means of the adjusting screws. 

The test of the adjustment of the microscopes is made by 
measuring the run of each micrometer, taking first a forward 
reading and then a back reading. This should be repeated 
several times on the same pair of 
graduations so as to eliminate acci- 
dental errors of setting and reading. 
The test should also be made in sev- 
eral equidistant parts of the circle. 
If the run is more than 3’, the mi- 
croscopes should be adjusted. The 
short tube carrying the objective of 
the microscope can be moved in or 
out of the main tube and the entire 
microscope can be raised or lowered 
in its supports. If the image of a 
circle space is too large, that is, 
greater than 5 turns of the screw, the 
objective should be moved away from 
the circle so as to decrease the angle 
at the optical center subtended by the 
two graduations. This is done by pushing the objective tube 
into the microscope. Doing this causes the image of the gradua- 
tions to fall in a plane below the micrometer lines. In order to 
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bring this image again into the plane of the micrometer lines, the 
whole microscope must be lowered. The result of this second 
adjustment is to decrease slightly the effect of the first adjust- 
ment. It is advisable, therefore, to overcorrect a little when 
pushing the objective tube into the microscope tube. It will re- 
quire several repetitions of this operation to perfect the adjust- 
ment for the run of the micrometer. 

The adjustment of the drum so that it will read zero when the 
hairs are in the zero notch may be made by holding the drum 
firmly with one hand so that it reads zero and turning the screw 
with the other hand until the hairs are centered in the zero 
notch. The drum is ordinarily held merely by friction so that 
this adjustment is easily made. If there is a set screw holding 
the drum it must be loosened first. 

To adjust the B microscope so that it is exactly 180° from the 
A microscope set the A micrometer to read zero and then move 
the alidade until a graduation is between the hairs of the micro- 
scope. Then set the hairs of microscope B on the opposite 
graduation and, holding the screw in this position, turn the 
drum until it reads zero. If the position of the comb scale is 
out of adjustment it will be necessary to correct this first. 
This adjustment can usually be made by means of a screw in 
the end of the micrometer box which shifts laterally the frame 
carrying the comb scale. 

42. Effect of Errors of Adjustment on Horizontal Angles. 

The effect of errors due to the inclination of the horizontal axis 
to the horizon, and those due to the imperfect adjustment for 
collimation (line of sight), are not independent of each other. 
These errors are usually so small, however, that it is permissible 
to compute their effect separately, as though only one existed at 
one time. In Fig. 51, Z is the true zenith and Z’ the point where 
the vertical axis of the instrument prolonged pierces the celestial 
sphere. S is a point whose altitude is #. Assuming that the 
horizontal axis makes an angle 7 with the horizon, and that all 
other errors are zero, then from the figure it will be seen that we 
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may write 
sine Z ae site L/S) 
sing sin Z’S’ 
or, with sufficient accuracy, 
Le) tay. [rr] 


where / is the angular altitude of the point sighted. 

It appears, then, that for each point sighted there should be a 
correction to the circle reading equal to i tan h. Triangulation 
points are usually so nearly on the horizon, and by careful atten- 
tion to the leveling the error 7 may easily be kept so small, that 


HI 


Fic. 51. Error in Horizontal Axis. 


there is seldom any necessity for applying the correction for in- 
clination except for such observations as those on a circumpolar 
star for azimuth. 

In the preceding paragraph it is assumed that the vertical axis 
is truly vertical, the graduated circle being horizontal, while the 
horizontal axis is not horizontal. If the two axes are at right 
angles to each other, but the vertical axis is inclined to the true 
vertical by a small angle 7, owing to imperfect leveling, it may be 
shown, by a diagram similar to Fig. 51, that the same correction 
applies to this case also. 

The error of a horizontal direction due to an error of collima- 
tion may be computed as follows: Let the error in the sight line 
be represented by c; then, when the axis of collimation (Fig. 52) 
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traces out the great circle ZN, the line of sight traces out the 
parallel circle SA, which is ¢ seconds from ZN. If.S be any point 
toward which the cross-hair is pointing, and if arc SN be drawn 
perpendicular to ZN, then the error in direction, or the angle at 
Z, is found from the equation 


sin Z sin ¢ 
. => a ? 
sin Vsti Z.5: 


Orremce ZN a=1007, Z = eseck. [12] 
Each direction should therefore be corrected by the quantity 


Z 


Z 


aces) 


Fic. 52. Collimation Errors. 


c sec h. On account of the small value of ¢ in a well-adjusted 
instrument this correction is necessarily small; furthermore, it is 
usually eliminated from the final result by the method employed 
in making the observations. 

43. Errors of Graduation. 

The errors in the positions of the graduations on the circle 
may be either periodic or accidental. In a good instrument 
these errors should not be more than about 1”, or in any case 
2”. Since the total angular space about the center is a fixed 
amount, positive periodic errors in one part of the circle must be 
balanced by negative periodic errors in another part of the circle. 
If, when measuring directions or angles, the circle is shifted 
between sets of observations so that the readings on any signal 
are distributed uniformly around the circle, the errors must 
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balance to a large extent; the greater the number of such read- 
ings the more nearly will the final mean be free from errors of 
graduation. The accidental errors follow no law except that 
of the theory of probability. Their effect on the final angle is 
diminished as the number of readings is increased, that is, as 
the number of lines used is increased. 

44. Errors of Eccentricity of Circles. 

Errors of this kind are due to the fact that the center of the 
alidade does not coincide with the center of the graduated circle. 
The effect of this error on the readings is periodic as will be seen 


yet 


270° 


B! d! 


Fic. 53. Showing Errors due to Eccentricity of Circles. 


by Fig. 53. If C is the center of the graduated circle and A 
is the center about which the alidade revolves, then the distance 
CA is interpreted as an arc bd in seconds on the graduated 
scale and is called the eccentricity. LL’ is the line of centers. 
If a vernier or a microscope is at L it reads the same as it would 
if there were no error of eccentricity; whereas at 0 it is in error 
by e = bd, the full amount of the eccentricity, CA. In inter- 
mediate positions the error of reading will be found to equal 
e sin 6, 6 being the angle LCe. 

A microscope supposedly at 6 will actually be at d and will 
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READINGS OF MICROSCOPE ‘‘A” 
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Fic. 54. Test of a Theo- 
dolite. 


read too much by the amount +e. The 
opposite microscope will be at d’ instead of 
b’ and will read too small by —e. The 
mean of the two readings is free from this 
errore. A microscope at e reads an amount 
corresponding to f, which is too large by 
the amount +e sin 6; the opposite micro- 
scope reads f’, which is too small by the 
amount —esin 6. The mean of the two 
microscopes is therefore free from errors 
of eccentricity. That is, if we take the 
mean of the readings of opposite micro- 
scopes, the result is the same as though 
there were no eccentricity of the circle. 

It may be shown that the mean of three 
microscopes 120° apart, or any number of 
microscopes equally spaced around the 
circle is free from the effects of eccentricity. 

In general each microscope reading re- 
quires the correction 


+e” sin (g + £) 


where z is the microscope reading and E£ 
is the angle between o° and the line of 
centers. 

44a. Test of Theodolite. 

When a new theodolite is being used it is 
desirable to test the accuracy of its gradu- 
ated circle and the microscopes. This may 
be conveniently done by taking readings 
around the circle at equal intervals as fol- 
lows: Set microscope A at 0° 00’ 00”’ and 
read microscope B. This will differ from 
the A reading by the constant angle (a) 
between the microscopes, the errors of 
graduation, eccentricity and run of mi- 


TEST OF THEODOLITE 87 


crometer. Then set microscope A on 10° and read B; and so 
on until the entire circle has been covered. The differences, 
B— A, may be plotted on codrdinate paper and the resulting 
curve studied to judge the amount of the different errors. It is 
possible to calculate these, but the main thing desired is to know 
in a general way whether the instrument is of good or poor 
quality, so it is doubtful whether it is worth while to calculate 
all of the component errors. 

If the algebraic mean is taken of all the B — A readings the 
result is the constant angle (a) between microscope B and a point 
180° from microscope A, since the eccentricity terms will cancel 
each other. If this amount is subtracted from the values of B—A 
the remainder in each case is composed of errors of eccentricity, 
graduation and run. ‘These may be separated by computation. 
If the plot shows a distinct sine curve, it indicates eccentricity 
combined perhaps with periodic errors of graduation. In a good 
instrument these errors should be small. Variations of points 
from the mean curve shows accidental errors of graduation and 
micrometer errors. If the points show variations from the mean 
curve of more than 1” or 2’’, the graduation of the circle is prob- 
ably of inferior accuracy. Figure 54 shows the results of a test 
of a theodolite. The B microscope is about 3’’.3 less than 180° 
from microscope A. A smooth curve through the points shows 
that there is a small amount of eccentricity, probably combined 
with graduation errors. The variations from the mean are small 
except in one instance, where there appears to be an accidental 
error of more than 1”. 

An approximate value for the amount of eccentricity and the 
approximate position of the line of centers may be computed 
from four equidistant readings,* say 0°, 90°, 180° and 270°. If 
we put B — A = m then each pair of readings gives an equation 
of the form 


n=a-+2esin(z + £). 


* Chauvenet, Spherical and Practical Astronomy, Vol. II, p. 40. 
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Let the four values of 2 be 


MW =~at2esn£ =a+2esnk 
a + 2esin (E + 90°) a+2ecosE 
mM =a+2esin(E+ 180°) =a—2esnEk 
ny =a +2esin (E+ 270°) =a—2ecosE 


= 
I 
I 


Therefore Mm — Mm =aAaesin— 
and m — nm; = 4ecosE 


from which we may compute & and e. The value of a is the 
mean of the four values of 7. 
Take, for example, the following four readings, 


A B B-A 
O° 179° 59’ 57'-5 My = —2".5 
go 209 59 55 -4 tm = —4 6 
180° S50. s 50855 Ny = —4 .2 
270 Som 50uS aes nz = —2 6 
From which we obtain 
aesin E = +1'.7 log 0.2304 
4ecos E = —2’.0 log 0.3010 
= 13038) log tan EF 9.9204 ” 
e1= "6 .00 . log cos E 9.8819 


log 4€ 0.4191 
log 4 0.6021 


loge 9.8170 
Therefore each microscope requires the correction for eccentricity 
+o’.7 sin (g + 139° 38’). 
The value of a is —3”.5. 
45. Method of Measuring Angles. — Repeating Instrument. 


In measuring the angles of a triangulation with the repeating 
instrument, it is common practice to measure the angle six times, 
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beginning with the left-hand signal of a pair and measuring 
toward the right; then, after reversing the telescope, to measure 
six times beginning with the right-hand signal and ending on 
the left-hand signal. In order to eliminate any possible error 
due to drag of the lower plate by the alidade or the center, the 
telescope is always turned in a clockwise direction. In the 
second half of the set of 12 angles the telescope is moved from 
the right-hand signal toward the right through an angle of 
360° — x until it sights the left-hand signal. This brings the 
vernier almost exactly to the same reading that would be ob- 
tained by turning toward the left, but it differs in the mechanical 
action. “ 

The reversal of the telescope is for the purpose of eliminating 
errors due to non-adjustment of the line of sight and of the hori- 
zontal axis. It should be observed that it does not eliminate 
the error due to imperfect leveling of the circle. It is important 
to watch the levels and to keep them adjusted and centered. 
They may be re-leveled without affecting the angles whenever 
the lower clamp is loose. The change in direction of the meas- 
urement of the two half-sets (left to right and right to left) is in- 
tended to eliminate twist of the supporting tower. This is very 
small with the modern towers, but any twist which does occur 
and which takes place at a uniform rate is eliminated by this 
method of observing. 

Errors due to faulty graduation may be eliminated to a large 
extent by changing the initial reading of vernier A in each 
set in such a way as to distribute the readings uniformly around 
the entire circle. If the initial reading is advanced each time 
60° 


by an amount equal to : (where m is the number of sets to be 


mn 
measured, and 7 is the number of verniers) the readings will be 
distributed uniformly about the circle. For example, if 6 sets 
are to be taken with a 2-vernier instrument the reading of vernier 
A should be advanced 30° each time. Errors in the graduation 
of the verniers can be partially eliminated by so arranging the 
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initial settings that the readings are distributed uniformly over 
the smallest space on the graduations. Tor example, if 6 sets 


Fic. 54a. Theodolite mounted on Tower for measuring Horizontal Angles. 


are to be measured and the smallest division is 10’, the initial 
see : fo) / yl fo) / / 

aps of vernier A would be 0° 00’ 00”, 30° o1’ 40’”, 60° 03’ 20”, 

etc. 
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Direction Instrument. 

When the direction theodolite* is used, the telescope is first 
sighted approximately at one of the signals selected as the initial 
for the series, and the circle is then turned so as to bring any 
desired reading under the index microscope. The pointing on 
the initial signal is then perfected and all the microscopes are 
read. The telescope is then pointed on the second signal, (to 
the right), the circle remaining in the same position, and the 
microscopes are again read. This process is continued until the 
last signal has been sighted and the microscopes read. The 
telescope is then inverted, the last signal again sighted, and the 
readings taken. The signals are sighted in order, from right to 
left, until the initial point is again sighted. This completes the 
observations in the first ‘“‘position.”” The number of positions 
to be used depends upon the accuracy desired. For first-order 
triangulation 16 positions are required. 

Just as with the repeating theodolite, the reversal of the 
telescope of the direction instrument eliminates errors due to 
faulty adjustment of the line of sight and the horizontal axis. 
The instrument must be kept accurately leveled as this error is 
not eliminated by reversal. The change in direction from left 
to right and then from right to left eliminates twist. The drag 
is eliminated by bringing the telescope up to the initial point 
from a position a little to the left, so that the drag is taken out 
before the series is begun; on the second half the telescope is 
turned to the last signal in the series from a position a little to 
the right of it. The change in the reading on the initial signal 
and the distribution of the micrometer readings over the smallest 
space of the circle are made in a manner similar to that explained 
in the preceding article. In the following tables will be found 
the initial settings for a 3-micrometer and a 2-micrometer 
theodolite, for 16 positions and 8 positions respectively. When 


* For the methods used by the U. S. Coast & Geodetic Survey see Special 
Publication No. 120, by Major C. V. Hodgson. 
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THEODOLITE SETTINGS WHEN 16 POSITIONS OF THE CIRCLE 


ARE 


USED 


With a 3-micrometer theodolite. With a 2-micrometer theodolite. | 


Pee Gusting: oki Setting. 
°o / vt ° f vr 
I © 00 40 i © 00 40 
2 ESOL 50: 3 II OI 50 
3 30 03 10 z 22 03 10 
4 45 04 20 4 33 04 20 
5 64 00 40 5 45 00 40 
6 79 OI 50 6 56 or 50 
7 94 03 I0 7 67 03 I0 
8 IOQ 04 20 8 78 04 20 
9 128 oo 40 9 go Co 40 
10 I43 OI 50 TO IOI OIF 50 
Ir 158 03 I0 Ta T2023) £0 
12 173 04 20 12 123 04 20 
13 192 00 40 13 135 00 40 
14 207 OI 50 14 146 OT 50 
as 222s Oslo 15 5703) £0 
16 237 04 20 16 168 04 20 


THEODOLITE SETTINGS WHEN 8 POSITIONS OF THE CIRCLE 


ARE USED 
With a 3-micrometer theodolite. With a 2-micrometer theodolite. 
Position : Position. ‘ 

Ne: Setting. No. Setting. 
° , vr ° / tt 
il © 00 40 I © 00 40 
2 TiS cons SO 2 22 OI 50 
$3 39 03 10 S 45 03 I0 
4 5 04 20 4 67 04 20 
5 52 00 40 5 gO 00 40 
6 67 Or 50 6 II2 OI 50 
7, 82 03 10 7 135 03 10 
8 97 04 20 8 I57 04 20 
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the above programs are carried out it is found to be unnecessary 
to apply corrections for run. (See page 78.) 

When making bisections of the signal or when making mi- 
crometer settings, it is advisable to proceed as rapidly as possible 
without making blunders. The observer should make the set- 


Fic. 54b. Triangulation with Direction Instrument. 


ting at once, should decide promptly whether it is correct, and 
then proceed to the next operation. If much time is spent in 
watching signals to see if they remain bisected and in resetting 
micrometers to see if the same reading is obtained several times 
in succession, the result is liable to be less accurate rather than 
more accurate. The reason for this is that the instrument and 
its support are continually in motion owing to temperature 
changes and other causes. The longer the interval between 
pointings the greater these errors are liable to be. The errors 
entering the result from these causes are probably larger than 
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those which are being reduced or eliminated by the perfection 
of settings and pointings. The checks of the microscope read- 
ings are therefore likely to be deceptive. 

Rejecting Observations. The limit for rejecting a single ob- 
served direction (U.S.C. & G.S.) is 4” from the mean. This 
value is found from experience to be a safe one to use and is 
much more readily applied than any of the usual rules based on 
the theory of probability. 

Errors in Azimuth. 

Investigations of the accumulated error in the azimuth of a 
chain of triangles shows that there is a systematic tendency to 
twist in azimuth; this is due to the unequal heating of different 
parts of the theodolite during observations made in daylight. 
On arcs extending north and south the error is greater on the 
eastern side of the chain than on the western side. This is 
apparently due to the fact that the observations were formerly 
made almost wholly in the afternoon, and the instrument on 
the eastern side of the triangulation cannot be so completely 
shielded from the sun as it can be when on the western side of 
the chain. Observations made at night show no such systematic 
difference between the two sides of the triangulation. 

The error in azimuth just mentioned can be much reduced by 
turning the graduated circle 180° between “positions.” This is 
provided for in the program of observations already described. 
At the end of each series of readings the telescope is in the 
opposite position from what it was at the beginning. If it is 
left in this position (instead of turning it back to the normal 
position each time before beginning a new series) it will then be 
necessary to turn the circle nearly 180° in order to bring the next 
initial reading in the list under the index microscope. 

For a method of correcting azimuths for the error of accu- 
mulated twist, see page 259. 

In this connection it is important to notice a source of error 
in azimuth which becomes systematic under some circum- 
stances. Whenever a triangulation line passes close to the side 
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of a hill or mountain there is a bend in the ray of light due to 
horizontal refraction. This is probably because the variation 
in density of the layers of air has a tendency to follow the per- 
pendicular to the surface rather than the true vertical. This 
error of course affects the closure of the triangles containing such 
lines. If a survey is carried along a river the same kind of error 
is likely to occur many times over and thus introduces error of a 
systematic character into the final results. (See Bull. No. 56, 
National Research Council; J. L. Rannie, Geodetic Survey of 
Canada.) 

Time for Measuring Horizontal Angles. 

It was formerly the practice to measure angles only during 
the day time, and only during that part of the day when the 
signals appear steady, that is, during the latter part of the after- 
noon. On the triangulation of the 98th meridian, observers were 
instructed to measure angles whenever the results indicated that 
the required accuracy was being obtained, and not to rely upon 
the appearance of the signals. The results showed that good 
observations can often be made when the appearance of the 
signals would seem to indicate that good results could not be 
obtained. Triangulation at night was also tried in comparison 
with the daylight observations. The results were almost uni- 
formly more accurate than those of day observations; they were 
also obtained more economically because there were fewer delays. 
Observations on heliotropes are often held up for hours and days 
at a time when the sun is obscured by clouds, whereas electric 
lights can be seen under nearly all conditions except in foggy 
weather. The greater part of the first-order triangulation at 
the present time is done at night. This has the additional ad- 
vantage that the observations for astronomical azimuths can be 
combined with the measurement of horizontal angles, which 
results in a considerable saving. 

Forms of Record. 

The following are forms of record which may be used for 
horizontal angles in a triangulation. 
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HORIZONTAL ANGLES. DIRECTION INSTRUMENT 


Station, Corey Hill. Date, May 21, 1907. Observer, A. N. Recorder, 
W.R.N. Instrument No. 31. Position No. 2. 


a Circle. 
Station | ets par Run, | Mean|Co® for] Cor'd 
observed. Seat eee acl ‘ ali) rim secs. 
D.orR. 


Blue Hill] 4 30 | Dir. 


Prospect Iie. 


Que OWA 


HORIZONTAL ANGLES. REPEATING INSTRUMENT. 


Station, Corey Hill. Date, May 21, 1907. Observer, J. N. B. Instr. 
18}, (ee 18}, IN®, egy. 


Station. | Time. | Tel. | Rep. Ver. A. B. Mean. Angle. Mean. 
h m ° / dd uw ” ° 7, ” ° f “aw 
Blue Hill} 3 20 | D ° © 00 00 | 00 | oo 
to 
Prospect | P.M. se |) 3%} PIs) aks) || sy ils 


6 | *20 49 40 | 40 | 4o |r23 28 16.7 


R ° 20 49 40 | 40 40 
6 © 00 IO Io TO |123 28 15.0|123 28 15.8 


* Note. — Since the angle is over 120 degrees the A vernier has passed 360 degrees twice in the 
six repetitions. In computing the mean we divide the 720 degrees by 6 mentally and write down 
12 —, then divide the 20 degrees by 6, add the whole degrees to 120, and then divide the minutes 
and seconds. Observe that when six repetitions are used, the remainder, when dividing the 
degrees by 6, gives the first figure of the minutes, i.e., 20 degrees + 6 = 3 degrees in the mean, 
plus 2 degrees to be carried to the minutes column giving 20 minutes. Similarly in dividing 
the minutes by 6 the remainder is the tens place in the seconds, 
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46. Accuracy Required. 

The accuracy required in the different “orders” of triangu- 
lation has been stated (page 4). After the triangulation has 
been adjusted by least squares, the “probable error of an ob- 
served direction” becomes known. This is in some respects a 
better measure of the precision than the triangle closure, which 
was used in the field to test the accuracy of the results. The 
following brief list, taken from a more extended list in Special 
Publication No. 19, U. S. Coast & Geodetic Survey, will show the 
degree of accuracy actually reached on several different triangu- 
lation arcs. 


Average Maximum 
closing Max. cor. to} closing 
error ofa | direction. | error ofa 
triangle. triangle. 


Probable error 
Section. of an observed 
direction. 


uw , ” 


Nevada — California Eon a5 


New England On : : .02 
Eastern Oblique Arc +o. 3 : 73 
Holton Base net -bo. é : .28 
Atlanta base to Dauphin 

Island-base SE), 1.10 i .69 
Lampasa base to Seguin base. -ko. ok .96 Gi 
Calif. — Washington Arc 153 ii. ; 35 


47. Reduction to Center. 

If some of the lines from a station are obstructed, or if the 
nature of the signal is such that the theodolite cannot be placed 
directly over the center, it becomes necessary to set the instru- 
ment over a point at one side of the center, called an “‘eccentric 
station,” and to measure the angles from this new point. These 
angles are to be measured with the same degree of precision as 
though they were taken at the center; and, in addition, sufh- 
cient measurements must be made to enable the computer to 
find the true central angles. These additional measurements 
include the distance from the center to the eccentric station 
and the angle (at the instrument) between the center and some 
one of the distant signals. 
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It is also necessary to know approximately the lengths of the 
sides of the triangles involved. These can usually be computed 
with sufficient accuracy from a 
known base by means of other 
Distant angles which are not dependent 

upon eccentric stations. 
Rese: cae In“Fig? *55;) @Hisuthe center 
ae 55. Eccentric Station. mark, Lt e the theodolite ee the 
eccentric station, and S is one 
of the distant stations. CE = dis the eccentric distance and may 
be measured with a tape. CS is the triangulation line (=D) 
supposed to be approximately known. Angle CES = @ is the 
direction of S referred to EC as an initial direction. It is meas- 
ured with the theodolite and is always counted toward the right. 
For any other signal it may be computed by combining the 
angle CES with the angle between S and the station in ques- 
tion. Angle ESC = S is the angle of ‘‘swing” and is the cor- 
rection to be applied to the direction ES to obtain the direc- 
tion CS. 

In order to compute the angle S solve the triangle CES 

(law of sines), obtaining 


Angle of ‘‘Swing’’ 
S 


— 
— 
SS 


aS (CIO, 
SI). == Sil 
ES 
d : 
=—-sine 
D 
dsina 
or Ss” = . 
Dearer” 


From the angles between distant stations and the angle con- 
necting one of these with the initial station (C) we may compute 
the direction of every signal sighted, referring these directions 
to the initial station as o°. For convenience in applying the 
corrections, we may retain the seconds and fractions, but this 
is not necessary for the purpose of taking out the log sines, 
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Then for each distant station we compute the correction (S’” ) 
with its appropriate algebraic sign. An examination of the 
direction (w) and the algebraic sign of the correction (S’’) at 
each station will show that if sin a is given the proper algebraic 
sign according to whether a is under or over 180° the resulting 
sign of the correction (S’’) will be that which must be added to 


Smith’s 


AN \ 
Baldwin's 


Fic. 56. Reduction to Center. 


the observed direction to give the true direction from the center. 
After the correction (S’”) has been added (algebraically) to each 
direction the results are the true directions from the center. In 
Fig. 56 these are shown by the dotted lines. If the dotted lines 
are moved parallel to themselves until # coincides with C then 
these dotted lines coincide with the true directions from the center. 
If the true angle between any two stations is desired, it is found 
by taking the difference between the two corrected directions of 
the stations in question. 
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EXAMPLE OF REDUCTION TO CENTER 


Harpers A d = 1™,342 log = 0.12775 
colog sin 1’ = 5.31443 
Eccentric Sta. No. 1. log constant = 5.44218 


-Measured angles: — Center to Smith’s Cupola, 42°14’ 20’; Smith’s 
Cupola to Cotton’s, 62° 33’ 10’’.1; Cotton’s to White Flag, 56° 22’ Bosra 
White Flag to Baldwin's, 43° 59’ 57’’.4.. The directions from the center 
as o° are computed by adding the angles in succession; the results are shown 
in the table. 


Station. Smith’s Cupola. Cotton's. White Flag. Baldwin's. 


Direction (a)| 42° 14’ 20’’.0 | 104° 47’ 30.1] 161° 10’ 06”. 


bo 


2057 LO 0226 


log sin a 9.8275 9.9853 g . 5090 9.6286 1 
colog dist. 6.1052 6.0640 6.2672 6 .0gog 
log const. 5.4422 5.4422 5 -4422 5.4422 
log S” 1.3749 I.4915 1.2184 Heron 7.7 
(Come im, 5” dey +31’’.0 +16''.5 —14'".5 

d fe} fe vt fe} vr ° y, / o f 
ae cue \ AQoaUA Ac a7 TO4 ahAS) (OTT | LOM eel Omoo any Os OG eA Olas: 


Taking the differences between the corrected directions we obtain the 
corrected angles; Smith’s Cupola to Cotton’s, 62° 33’17’’.4; Cotton’s 
to White Flag, 56° 22’ 21.6; White Flag to Baldwin’s, 43° 59’ 26’’.4. 


48. Phase of Signal. 

When sights are taken on poles, either of square or of circular 
sections, the illumination is likely to be stronger on one side 
than on the other. The observer therefore cannot see the whole 
width of the pole, and bisects the part that he can see. Various 
formulas have been worked out for computing the correction 
to the observed direction. If the direction of the sun is meas- 
ured with reference to the line of sight, and if the dimensions of 
the pole are known, it is a matter of simple geometry to calculate 
the error. These are not considered very reliable, however, 
because there are other factors than those mentioned, such as 
the intensity of light and nature of the material. Wherever it is 
possible to do so, a signal without phase should be used. 
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49. Measures of Vertical Angles. 

The method of determining the elevations of triangulation 
points will be discussed in a later chapter, but since the field- 
work of measuring the vertical angles is carried on in connection 
with the measurement of the horizontal angles, it will be briefly 
discussed here. The instrument used for these measurements 
may be a repeating circle or a fixed circle read by microscopes. 
On account of the difficulty of ascertaining the exact effect of 
atmospheric refraction, vertical angles are subject to much 
greater errors than horizontal angles. A relatively small num- 
ber of measures of the vertical angle, half with the instrument 
direct and half with it in the reversed position, is sufficient to de- 
termine the angle as closely as the uncertainty of refraction will 
permit. Owing to diurnal changes in the amount of the re- 
fraction, it is advisable to make the measurements between 
Im A.M. and 4 P.M., because the refraction is nearly stationary 
during these hours. About an hour before sunset the refraction 
is very uncertain. 

If it is necessary to observe vertical angles at night there 
should if possible be some station in which verticals have been 
taken during both day and night in order to furnish a comparison. 
The refraction at night is liable to be erratic. In recording the 
angle it is essential to state exactly the height of the instrument 
above the station mark and also the exact point sighted, so that 
the angle on each line may be reduced to that of the line be- 
tween the two station marks. 

The vertical angles may also be obtained by means of the 
micrometer in the eye-piece of the theodolite, if it is placed so as 
to measure angles in the vertical plane. Micrometer readings 
on the different stations, in connection with readings of the 
spirit level on the alidade, will give the differences in vertical 
angles. If the vertical angle of any one station is known, the 
others may be determined. 
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Fic. 56a. Vertical Circle. (Coast and Geodetic Survey.) 
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50. Vertical Collimator. 

The vertical collimator is an instrument designed and used 
for the special purpose of placing a theodolite (or a tower) 
exactly over the station mark on the ground. The older pattern 
(Fig. 57) was used on the top of the tower and consists of a tele- 


scope mounted in the vertical position and used to sight directly 
at the station mark. It is provided with a spirit level and can 
be turned on its own axis for the purpose of adjustment, similar 
to the manner in which a Wye level is rotated in its bearings for 
the adjustment of the cross-hairs. The telescope may be re- 
moved from its sleeve and a plunger inserted in its place. The 
point of the plunger shows the point on the cap of the tripod 
over which the theodolite should be placed. 

The new pattern of vertical collimator (U.S.C. & GS.) is 
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Fic. 58. Vertical Collimator. (C. L. Berger & Sons.) 
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placed on an ordinary tripod on the grdund and the telescope 
sights vertically upward (Fig. 58). A prism between the ob- 
jective and the eye-piece enables the observer to see the top of 
the tower by looking horizontally through the eye-piece. When 
the instrument is adjusted and is placed over the center mark, 
the theodolite can be placed directly in position so as to cover the 
intersection of the cross-hairs in the vertical collimator. 


PROBLEMS 


Problem t. The circle of an alt-azimuth instrument is graduated into 10-minute 
spaces. The pitch of the micrometer screw is such that two turns are required to 
move the hairs from one graduation to the next. The head of the screw is divided 
into minutes and each minute into ro-second spaces. The forward reading (on the 
260° 10’ line) is 4’ 03’’; the back reading (on the 260° 20’ line) is 3’ 55’’. What is 
the run of this micrometer? What is the correct reading? 

Problem 2. The forward reading in a microscope is 2’ 1o’’.5, on the 70° line; 
the back reading is 2’ 12’’.0 on the 70° 05’ line. What is the correct reading of 
the direction? 

Problem 3. The readings of a striding level on a theodolite show that the hori- 
zontal axis is inclined 1.5 divisions, the left end being higher. What error will this 
cause in the azimuth reading on the pole . 
star, at an altitude of 41° 20’, if the value B 
of one division of the level is 10’’.0? 

Problem 4. If a horizontal angle is 
measured between a mark 12° above the 
horizon and bearing N 45° W, and the 
pole star, 41° altitude, what is the error 
in the angle produced by an error of 8’ 
to the right in the (collimation) adjust- 
ment of the vertical cross-hair. 

Problem 5. The angle between sta- 
tions A and B is measured from station 
Eand found to be 71° 10’ 19’’.5. The 
angle from O, to the right, to station 
Aisi1o° 15’. The distance OE is 7.460 
meters. OA is 17,650 meters and OB is 
24,814 meters. (Fig. 59.) Reduce the 
angle to the center O. 

Problem 6. Theangle from the center 
(6.00 meters away) to signal A (clock- Fic. 59. 
wise) is 31° 10’ 29.0; from A to B is 
61° 59’ 007.0; from B to C is 129° 29’ 17.2. The distances from the center 
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to A, B, and C, are 8000%., gooo”., and g500”., respectively. Reduce these an- 


gles to center. 

Problem 7. Tf the diameter of a graduated circle is 8 inches, and the center about 
which the telescope rotates is one ten-thousandth of an inch from the center of 
the graduated circle what is the maximum error of eccentricity that will affect any 


single microscope reading? 


CHAPTHRELV: 
ASTRONOMICAL OBSERVATIONS 


51. Astronomical Observations — Definitions. 

In every trigonometric survey, whether made for scientific 
purposes or for the purpose of making maps, it is essential that 
some of the triangulation points be located on the earth’s surface 
by means of their astronomical coérdinates. In determining the 
earth’s size and figure by measuring arcs on the surface it is 
essential that the curvature be determined by means of astro- 
nomical observations. If the triangulation is used to control 
the accuracy of a topographical survey, the astronomical work 
furnishes the data necessary for correctly locating and orienting 
the map on the earth’s surface. The astronomical data also 
furnish a means of detecting the accumulated twist of a chain of 
triangulation, and of correcting the azimuth at intervals along 
the line. Astronomical observations are also frequently made in 
order to supply data to be used in other measurements, as, for 
example, when rating chronometers for gravity or magnetic 
observations. These astronomical observations form a distinct 
branch of geodetic work. 

It will be assumed that the student has a general knowledge 
of astronomy, and only such definitions will be given as are 
essential in viewing the subject from the standpoint of the geod- 
esist. The astronomical observations which it is important for 
us to consider include the determination of the following four 
coérdinates: (1) time, (2) longitude, (3) latitude, and (4) azi- 
muth. Before describing the instruments and methods, we will 
define the following terms which are to be employed. 

The vertical at any point on the earth’s surface (OZ, Fig. 60) 


is the direction in which the force of gravity acts at that point. 
107 
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In general it does not perfectly coincide with the normal to the 
spheroidal surface, and hence there is a difference between the 
astronomical codrdinates and the geodetic codrdinates. The 
deflection of the plumb line from the normal at any place is called 
the station error. The point vertically overhead (Z) is called 
the zenith. We may consider that the universe is bounded by a 


Fic. 60. The Celestial Sphere. 


sphere of infinite radius, and that the zenith is the point where 
the vertical pierces that sphere. The horizon (NEHS) is the 
great circle on the celestial sphere which is everywhere 90° from 
the zenith. Its plane passes through the observer and is per- 
pendicular to the vertical line. Any plane which contains the 
vertical line cuts from the sphere a vertical circle (HDZ). 

The earth’s rotation axis, prolonged, pierces the sphere in two 
points, called the north celestial pole (P) and the south celestial 
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pole (P’). The great circle which is everywhere 90° from the 
poles is the celestial equator (QVR). Any plane through the 
axis or parallel to it cuts from the sphere an hour circle (PVP’). 
The vertical circle which passes through the celestial pole is 
called the meridian (SQZ). If the vertical does not intersect the 
earth’s axis, the meridian plane cannot contain the axis but is 
parallel to it. The prime vertical is a vertical circle perpendicular 
to the meridian. The ecliptic is a great circle cut by the plane of 
the orbital motion of the earth (WVZL). That point on the sphere 
where the ecliptic and the equator intersect, and where the sun 
passes (in March) from the southern to the northern hemisphere, 
is called the vernal equinox. 

The altitude (h) of a point is its angular distance above the 
horizon. Its zenith distance (¢) is the complement of the altitude. 
The azimuth (Z) of a point is the horizontal angle between the 
meridian and the point. It is usually reckoned from the south 
point of the horizon, right-handed, from o° to 360°. The dec- 
lination (6) of a point is its angular distance north (+) or south 
(—) of the equator. Its polar distance (p) is the complement of 
the declination. The hour angle (t) of a point is the arc of the 
equator measured from the meridian westward to the hour circle 
through the point. The vight ascension (a) is the arc of the 
equator measured from the vernal equinox eastward to the hour 
circle through the point. 

The astronomical latitude* (¢) of a place is the angular dis- 
tance of the zenith north or south of the equator, or, in other 
words, the declination of the zenith. The longitude (A) of a 
place is the arc of the equator between the observer’s meridian 
and a primary meridian, as Greenwich or Washington. 

52. The Determination of Time. 

The determination of time, practically considered, means the 
determination of the error of a chronometer on the local sidereal 
time at the station. The sidereal time (.S) at any instant is the 
hour angle of the vernal equinox; it is usually expressed in hours, 


* For geodetic latitude see p. 166. 
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minutes, and seconds. From a consideration of the definitions 
of sidereal time, hour angle, and right ascension it is evident that 
the first equals the sum of the other two; that is, 


S=att. [15] 


When the star is on the meridian, ¢ is obviously equal to zero, 
and we have 

Sia [16] 
that is, the right ascension of any star is equal to the sidereal 
time at the instant when that star is passing the meridian. If 
we note the chronometer reading when a certain star is passing 
the meridian, we know that the local sidereal time (or true chro- 
nometer reading) at that instant is the same as the right ascension 
of that star as given for that date in the Ephemeris,* and that the 
error of the chronometer is the difference between the two. The 
determination of time with a transit mounted in the plane of the 
meridian depends upon the foregoing principle. 

53. The Portable Astronomical Transit. 

The instrument chiefly used for determining time and longitude 
in geodetic work is the portable transit. This class of work 
necessitates carrying the instrument to many stations located 
in places which are difficult to reach; hence it should be light 
enough to be easily transported. The small size of the transit, 
however, does not necessarily imply inferior accuracy in the 
results; it is found by experience that comparatively small in- 
struments, when properly handled, give results of great accuracy. 
Indeed, the very fact that the instrument is light is a point in its 
favor, for this makes it easier to reverse, and obviates certain 
difficulties encountered in using large instruments in observa- 
tories, for example, the error due to flexure, or those due to 
temporary strains caused by reversal of the instrument. The 
portable transit is usually mounted on a brick or concrete pier, 
or on a heavy wooden support. 


* The American Ephemeris and Nautical Almanac, published by the Navy 
Department. 
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Fic. 61. Portable Transit (with transit micrometer). (Coast and Geodetic Survey.) 
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The transit instrument itself consists of a telescope with a 
rotation axis rigidly attached at right angles to it; this axis 
terminates in pivots which rest in wye bearings at the upper ends 
of a pair of standards. A stride level is provided for measuring 
the inclination of the rotation axis. The axis of collimation, 
which is a line through the optical center of the objective and 
perpendicular to the rotation axis, rotates in’a vertical plane 
when the horizontal axis is truly level. For the purpose of 
determining the time the instrument may be set in any vertical 
plane, for example, the vertical plane through a close circumpolar 
star; but in this country it is used almost exclusively in the plane 
of the meridian. 

Figure 61 shows a portable astronomical transit used for the 
determination of time and longitude by the Goast and Geodetic 
Survey. The focal length is 94 cm., the aperture 76 mm., and 
the magnifying power 104 diameters. 

54. The Reticle. 

In the old style of transit the reticle consisted of several closely 
spaced vertical spider threads or of lines ruled on glass, and two 


Fie. 62. 


horizontal threads or lines to limit the portion of the vertical 
threads used for observations. A common arrangement of the 
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vertical threads, when the chronograph is to be used for recording 
the observed time, is shown in Fig. 62, the smallest intervals 
corresponding to about 2.5° of time for an equatorial star. 

55. Transit Micrometer. 

The hand-driven transit micrometer has now replaced the old 
style of reticle on the instruments of the United States Coast 
Survey. In this instrument (Fig. 63) a single vertical thread is 
made to traverse the field of the telescope at such a speed that it 
continually bisects the star that is being observed. The record 
on the chronograph of the passage of the star over certain fixed 
points in the field is made automatically by means of an electric 
circuit. An automatic cut-out is so arranged as to keep the 
circuit broken except during four revolutions of the screw in the 
central part of the field. The contact points are placed so as to 
record twenty observations on the star, arranged in four groups. 
The observer has simply to set the thread on the star and follow 
it until it has passed beyond the range of observation. The 
observer does not know exactly when the observations are being 
made; he simply watches the thread and the star and keeps the 
bisection as nearly perfect as he can. It is necessary to use both 
hands in order to give the thread a steady motion. The result 
of these observations is the same as though the observer had 
noted accurately the time of passage of the star over 20 vertical 
threads. The great advantage of the instrument is that the 
large personal error due to estimating times of transit over the 
threads is almost wholly eliminated. A further advantage is 
that 20 observations may be made in about ten seconds, on an 
equatorial star, thus permitting observations on stars culmi- 
nating in quick succession. 

56. Illumination. 

The field of the telescope is illuminated by means of a lamp or 
an electric bulb which sends light through the hollow axis of the 
instrument to a mirror at the center of the telescope, which re- 
flects it down the telescope tube to the reticle. The threads 
appear as black lines against a bright field. 
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56a. The Broken Telescope Transit. 

During the trans-Atlantic longitude determinations of 1916 the 
Bamberg “broken-telescope” transit was used, and with such 
satisfaction that ever since that time this type of transit has 
been the favorite one for this kind of work. The object glass 
has an aperture of 7 cm. and the focal length is 67 cm. The 
eye-piece is mounted at one end of the (hollow) axis of the transit 


Fic. 64. The “Broken-Telescope” Transit. (Coast and Geodetic Survey.) 


and the light passing through the objective is reflected at right 
angles by a prism placed at the center of the instrument. (Fig. 
64.) This instrument is fitted with a micrometer similar to that 
shown in Fig. 63, which records at each one-tenth ofa turn. Two 
additional contacts are placed, one each side of the center, to 
identify the zero mark. 

At the opposite end of the axis from the eye-piece is a small 
electric light which illuminates the field of view. A very small 
prism is cemented to the larger prism on the center line of the 
axis, and with the faces parallel, so that the light passes directly 
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to the eye-piece. A small setting circle (r5 cm. in diameter) 
is placed just back of the micrometer. This carries a vernier 
and level, and reads to 1’. 

A reversing apparatus enables the observer to turn the transit 
quickly from the direct to the reversed position. In using the 
transit for time observations it is customary to reverse the axis 
for each star observed, in the middle of the series of observations, 
thus eliminating the collimation error for each star separately. 
This necessitates two settings of the finder circle for each star. 
The setting is made for the first position of the axis and, before 
the observations are begun, and without disturbing the position 
of the telescope, the setting is made ready for the second position. 

The cross level hangs beneath the horizontal axis instead of 
being placed above it as in the ordinary form of transit. Two 
small cross levels show when the hanging level is in the correct 
position to read. 

The instrument is carefully counterpoised so as to avoid 
flexure of the telescope tube, and a portion of the weight rests 
on springs in the reversing apparatus, thus relieving the pivots 
from undue wear. 

This instrument can also be used for observing latitude by 
the Horrebow-Talcott method. A different micrometer is used 
for this work, and twin levels can be attached when observing 
for latitude. 

57. Chronograph. 

The chronograph is a registering apparatus driven by clock- 
work, and connected electrically with a chronometer and with 
either the transit micrometer or an observing key. The record 
is made on a sheet of paper wound around a drum which revolves 
once per minute. A pen fastened to the armature of an electro- 
magnet is carried by a screw in a direction parallel to the axis 
of the drum. These combined motions cause the pen to draw a 
line spirally around the drum. When the sheet is laid flat, the 
record appears as a series of straight parallel lines. The chro- 
nometer breaks the circuit once per second (or two seconds), 
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and this break allows the armature spring to move the pen to one 
side and make a small notch on the record. The times of passage 
of stars over the threads of the transit are also recorded in a 
similar manner. The character of the two kinds of marks is 
usually dissimilar, and they may easily be distinguished. If any 


Fic. 65. Chronograph. (Coast and Geodetic Survey.) 


one of the chronometer marks on the record sheet is identified, 
then the chronometer time of every mark on the sheet becomes 
known, and the determination of the fraction of a second for 
each observation is simply a matter of scaling off the position 
of the corresponding mark. A convenient way to mark the time 
without disturbing the sheet is to make notches on the sheet by 
means of the observing key, the number of marks so made show- 
ing the number of some minute of the chronometer reading. 
The speed and the diameter of the cylinder are usually such as 
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to make one second of time occupy a space of one centimeter. 
Figures 65 and 66 show chronographs such as are used in longi- 
tude observations. 

Figure 69 shows a portion of a chronograph record. 


Fic. 66. Fillet type of Chronograph. (Coast and Geodetic Survey.) 


58. Circuits. 

The arrangements of circuits for operating the chronograph 
are shown in Figs. 67 and 68. The chronometer is placed in a 
separate circuit having a battery of only one cell, in order to 
avoid injury to the mechanism, and operates the chronograph cir- 
cuit through the points of a relay. The transit micrometer 
operates on the make-circuit, which is converted into breaks by a 
relay. If a key is used, it replaces the micrometer relay and 
breaks the circuit when the key is pressed. 


CIRCUITS 119 


Chronometer Condenser 


Chronograph 


Battery 
Battery — 


Observing Key 


Chronometer Relay 


Sounder Signal Relay 


Telegrapher’s & Signal Key 


Main Line 
Battery 


en 


Fic. 67. Electrical Connections — Time Observations by Key Method. 


Sounder Relay 


Chronograph 


Battery 
Battery — 


Chronometer Relay Relay | Battery 


Transit Micrometer 


Signal Relay 
Sounder 


Telegrapher's & Signal Key 


Main Line 


Sounder Relay 


Battery 1 


Fic. 68. Electrical Connections — Time Observations by Transit Micrometer 
Method. 
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59. Adjustment of the Transit. 

In placing the transit on the supporting pier before adjusting 
it in the meridian, the base of the instrument must be placed so 
nearly in the meridian that all further adjustment in azimuth 
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Fic. 69. Chronograph Record. 


may be made by the adjusting screws provided for this purpose. 
The foot plates should then be cemented to the pier. The tele- 
scope is focused as in an engineer’s transit — first the eye- 
piece, then the objective. A distant terrestrial object may be 
used for the first trial, but the final focusing should be done at 
night on the stars. A difference is usually noticed between the 
focus required by day and that found at night when artificial 
light is used. 

The striding level and the horizontal axis may be adjusted 
simultaneously by placing the level in position, reading both 
ends of the bubble, then reversing it, end for end, and taking 
another set of readings. Half the displacement of the bubble 
may be corrected by adjustment of the level and half by leveling 
the axis. 
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The verticality of the threads or the micrometer line is tested 
by rotating the telescope slightly about its horizontal axis and 
noting whether a fixed object remains continuously on the thread 
as it traverses the field of view. Adjustment is made by rotat- 
ing the diaphragm or the micrometer box until this condition is 
fulfilled. 

The collimation is adjusted by placing the middle line of the 
reticle or the mean position of the micrometer line as nearly as 
possible in the collimation axis. To test this, point the wire on 
some object, reverse the telescope in its supports (axis end 
for end), and see if the object is still sighted. If it is not, 
bring the wire halfway back by means of the lateral adjusting 
screws. 

The finder circles should be tested to see if they read zero when 
the collimation axis is vertical. Point on some object, level the 
bubbie, and read the circle. Reverse the telescope, point on the 
same object, and repeat the readings. The mean reading is the 
true zenith distance, and half the difference between the two 
readings is the error of adjustment. Set the vernier to read the 
true zenith distance, sight the object again, and then center the 
bubble by means of the adjusting screws. 

To place the line of collimation in the meridian, first determine 
a rough chronometer correction by leveling the axis and setting 
the circles for the zenith distance of some star which is near the 
zenith and which is about to culminate. If the (sidereal) 
chronometer is nearly regulated to local sidereal time, the right 
ascension of such a star will be nearly the same as the chronom- 
eter reading. If the chronometer is not regulated at all, it may 
be set approximately right by calculating the sidereal time cor- 
responding to the mean time as indicated by a watch. An 
error of one or two minutes will not cause great inconvenience, 
as all that is necessary is to identify the star and begin observing 
before it has passed. The time at which this star will pass the 
middle vertical thread must necessarily be very close to the true 
sidereal time (right ascension of star), because near the zenith 
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the effect of the azimuth error on the observed time is very small. 
The difference between the right ascension of the star and the 
chronometer reading is an approximate value of the chronometer 
error. Using this value of the chronometer error, calculate the 
chronometer time when some slowly-moving (circumpolar) star 
will pass the meridian. When this calculated time arrives, point 
the middle thread or the micrometer thread on the star, using 
the azimuth adjustment screws. This places the instrument 
nearly in the meridian. A repetition of the whole process (on a 
different pair of stars) will give a still closer approximation. 

It is not necessary or desirable to spend much time in re- 
ducing the errors of azimuth, level, and collimation to very small 
quantities. They should be so small as to cause no inconvenience 
in making the observations and in computing the results, but 
since they must be determined and allowed for in any case, the 
final result is quite as accurate if the errors themselves are not 
extremely small. 

60. Selecting the Stars for Time Observations. 

There are two general methods of selecting the stars to be used 
for a time determination. The older method requires observa- 
tions on ten stars, five with the axis of the telescope in one posi- 
tion (say illumination or clamp east) and five with the axis re- 
versed (illumination or clamp west). In each half-set one of the 
stars is a slow-moving one, that is, one situated near the pole. 
Of the remaining four stars in each half-set two should preferably 
be north of the zenith and two south of the zenith, and in such 
positions that their azimuth errors balance each other, that is, 
their A factors (see Art. 66) should add up to zero. 

In the more modern method, used with the transit micrometer, 
twelve stars are employed, six in each position of the axis. None 
of these is near the pole, but their positions are so chosen as to 
make the algebraic sum of their A factors nearly equal to zero. 

By the older method the error in azimuth adjustment is more 
accurately determined, but with a proper selection of stars the 
value of the azimuth correction need not be determined so ac- 


MAKING THE OBSERVATIONS 123 


curately, because it has a relatively small effect upon the com- 
puted chronometer correction. 

In preparing for observations a list of stars should first be made 
out, giving the name or number of each star, its magnitude, right 
ascension, declination, and zenith distance, together with the 
star factors depending upon its position, as explained later. The 
declination of the stars chosen should be such that the algebraic 
sum of the A factors is less than unity. It is desirable that the 
list contain as many stars per hour as possible, but sufficient 
time must be allowed for reading the stride level, reversing the 
instrument, making records, etc. The telescope should: be re- 
versed before each half-set. In preparing this list the zenith 
distance of a star is computed by the relation 


(=o. —"0, [17] 


where ¢ is the zenith distance (positive if south of the zenith), ¢ 
is the latitude, and 6 is the declination (positive for stars north 
of the equator). 

61. Making the Observations. 

In beginning the observations, set the vernier of the finding 
circle at the zenith distance of the first star and bring the bubble 
to the center of its scale by moving the whole telescope. The 
clamp had better not be used if the telescope can be relied upon 
to remain in position when unclamped. When the star appears 
in the field, bring it between the two horizontal hairs by tapping 
the telescope with the finger. Set the micrometer line on the 
star and keep it bisected until the observations (4 turns of screw) 
are completed. If the instrument is not provided with a mi- 
crometer, the observer simply presses the observing key as the 
star passes each of the vertical threads. When the observations 
are made by the key method, the observer attempts to press the 
key as soon as possible after the star is actually bisected by the 
wire. In doing this he makes an error which tends to become 
constant as the observer gains in experience. This is known as 
his personal equation. Since the personal equation depends 
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chiefly upon the rapidity and uniformity with which the observer 
is able to record his observations, rather than upon his ability to 
bisect the star’s image, the use of the transit micrometer very 
nearly eliminates this error. 

After half the stars in one set have been observed, the axis 
should be reversed, end for end, in the supports. The striding 
level should be read one or more times during each half-set. If 
the pivots are not truly circular in section, the average inclina- 
tion of the axis may be found by taking level readings with the 
telescope set at different zenith distances, both north and 
south. 

The striding level should be used with great care, because the 
level corrections may be relatively large and cannot be eliminated 
by the method of observing, as in case of the collimation error 
and, to some extent also, the azimuth error. 

Following is a record of a set of observations as read from the 
chronograph sheet, together with the readings of the striding 
level. (See United States Coast and Geodetic Survey Special 
Publication No. 14, p. 21.) 

62. The Corrections. 

The corrections that have to be applied to the mean of the 
observed times, to reduce it to the time corresponding to the 
meridian passage are those for (1) level, (2) collimation, (3) 
azimuth, (4) rate, and (5) diurnal aberration. 

63. Level Correction. 

The level correction to any observed time, Bd, is made up of 
the constant 6, depending upon the level readings, and a factor 
B, depending upon the position of the star and upon the observer’s 
latitude. If w and e are the readings of the west and east end 
of the level bubble in one position, and w’ and e’ the readings for 
the second position, then for the first position, the inclination of 
the axis of the level in terms of scale divisions is } (w — e); for 
the second position it is } (w’ — e’). The mean of the two is the 
inclination of the transit axis, free from errors of adjustment of 
the level. If d represents the inclination, then 


Station, Key West. 


with transit micrometer. 
Chronometer, Sidereal 1824. 
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Date, Feb. 14, 1907. 
Observer, J. S. Hill. 
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Instrument, transit No. 2, 
Recorder, J. S. Hill. 


Star: S. Monocer.| 5 Aurigae 18 Monocer. | ¢ Geminor. ¢ Geminor. 63 Aurigae 
Clamp: W W W W W W 
Level: 
W E W E W E 
d d d d d d 
N 62.0 20.0 S 61.2 19.4 N 61.5 19.5 
ih es wy eo Wich BSG 
+144. 3) 39-5 +43.5 —40.2 +43.8 —40.2 
+4.8 +173:3 +3.6 
d 
Computation of level constant: Mean N + 4.20 
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+ 3.75 X 0.039 =+ 0.146 = b,, 
hm hm hm hm hm hm 
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a n (op) n a a 
32.0] 41.4] 73.4 |4I.3]54.0] 95.3]41.5]50.5] 92.0]19.5/30.4] 49.9/16.2/26.0] 42.2 |55.3/67.0] 122.3 
32.4] 41.1] 0.5 |41.8]53.5| 0©.3/41.9]50.2| 0.1/20.0/30.1] 50.1/16.5125.5| 2.0 |55.6]66.5 0.1 
33.1] 40.4] 0.5 |42.8]52.6] 0.4/42.5]49.7| 0.2/20.6/29.4) 0.0/17.2/24.8] 2.0 |56.4165.8 0.2 
33.6] 39.8] 0.4 |43.5|51.9] ©.4]43.1|/49.1] 0.2/21.3]28.7) ©.0|17.7/24.3] 2.0 |57.1]65.1 O22 
33-9] 39.5] 0.4 143.9/51.4] 0.3]/43.3/48.8] 0.1/21.7/28.3] 0.0|/18.0/23.9] 1.9 |57.5/64.6 @pu 
34.6] 38.8] 0.4 |44.7|50.6] 0.3]44.0]48.1] 0.1/22.3]27.6] 49.9/18.8]23.1] 1.9 |58.4|63.9] 06.3 
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Sum 734.6 Sum 953.6 Sum 921.0 Sum 499.8 Sum 420.3 Sum 1221.9 
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R* 
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* R, correction for rate, is negligible in this time set. 
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b= 4[3(w — ce) +3 (w’ — e’)] 
=r (Gee ner et: 


If d is the value of one division of the level scale expressed in 
seconds of arc, then 0 in seconds of time is 


b= A [wt+w)— (+e), [13] 


in which the scale divisions are supposed to be numbered each 
way from zero; 0 is positive if the west end of the axis is too high. 
If, however, the divisions of the level are numbered continuously 
from one end of the tube to the other, the equation is 


b= AI — w) +(e -%), (19) 


in which the primed letters refer to that position of the level in 
which the zero of the scale is west. 

64. Pivot Inequality. 

If the pivots are found to be unequal in diameter, then the 
apparent inclination as found from the level readings must be 
corrected by a quantity p, which is the inequality as found by a 
special set of readings of the level. If 8, and B, are the inclina- 
tions as derived from the level readings, and 6, and 6b, the true 
inclinations for the two positions of the axis, 


Be — Bw 
then Se 
7 p fia. 
also be = Be — 
eel hee ; for “clamp west.” [20] 


To determine the effect of this inclination error on the observed 
time of transit of any star, let S (Fig. 70) be the star observed, 
and let HS' be the path of the vertical thread, inclined to the true 
vertical at an angle 6. In the triangle PHS the angle at P is the 
error which is to be computed. The angle at H is b; PS is the 
polar distance, or go° — 6; HS is the altitude (nearly), or go° — 
¢. From the triangle PHS, 
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Sing ae SLO ELS, 
sinH~ sin PS’ 
or P = bcos ¢ sec 6 (approx.) 
=e .B. [or] 


The factor B may be taken from Table III when the zenith 
distance and the declination of the star are known. 


Fic. 70. 


65. Collimation Correction. 
The correction to the observed time is cC, c being the constant 
angle between the collimation axis and the mean thread, expressed 


J7 96, 


- 
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Cc 
iGe 7ae 


in seconds of time, and C the collimation factor, varying with the 
position of the star. The collimation constant ¢ may be found 
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by special observations, but is usually computed from the time 
observations themselves, as explained later; it is considered 
positive if the line of sight is east of the true position when 
the clamp is east. 

In Fig. 71, P is the pole, S the star, PN the meridian, and SL 
the trace of the thread all points of which are at the same dis- 
tance (c) from PN. The error is the angle P. Since the angle 
N is go’, 

sin SV since 
~ sin PS cos 6 


or P = ¢sec6.= cC. [22] 


sin? 


The collimation factor C will be found in Table III. 

66. Azimuth Correction. 

The error of setting the instrument in the meridian is measured 
by the constant a, the azimuth of the axis of collimation expressed 


N 


sg 
FIG. 72. 


in seconds of time. This constant is derived from the varia- 
tions in the observations themselves. In Fig. 72, P is the pole, 
Z the zenith, and S the star. In the triangle PZS, P is the re- 
quired correction, and S’ZS is a, the azimuth error. Applying 
the law of sines, 
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sin P sin ¢ 
sin S’ZS cosé 
or Pera sinvGsec 6 
0) Sh. [23] 


The azimuth factor A may be taken from Table III. The con- 
stant a is positive when the plane of the axis of collimation is east 
of south. A is positive for all stars except those between the 
zenith and the pole. 

67. Rate Correction. 

In order to compute these corrections it is necessary to reduce 
all observations of the chronometer correction to some definite 
epoch, for example, the mean of all the observed times, so that 
variations in the chronometer correction itself will not affect the 
determination of the transit errors. This is done by applying 
the correction 

Bees ear 1; [24] 


where ¢ is the chronometer time of transit, 
T, is the mean epoch of the set, 


and 7, is the hourly rate of the chronometer, positive if losing, 
negative if gaining. 

68. Diurnal Aberration. 

The motion of the observer due to the diurnal motion of the 
earth makes all stars appear farther east than they actually are; 
in other words it apparently increases their right ascensions. The 
amount of the correction is expressed by the equation 


kK = 0°.021 cos ¢ sec 6. [25] 


This formula may be derived as follows: the velocity of a point 
on the earth’s equator (toward the east) is 0.288 mile per second. 
For any other latitude the velocity is 0.288 cos ¢ mile per second. 
The velocity of light is 186,000 miles per second, and the angular 
displacement (x’) of the star toward the east point of the horizon 
0.288 cos d 


The effect on the ob- 
186,000 


is therefore equal to tan 
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served time is the angle « at the pole, Fig. 73. Hence 


sinx _ sin x’ 

sin 90° cos 6 
or K=O 210 COS p Sec 6 
= 0°.021 cos ¢ sec 6. 


Values of this correction will be found in Table IV. 


Pole 


Equator 


Fic. 73. 


69. Formula for the Chronometer Correction. 

The true sidereal time, or right ascension of the star, is given 
by the equation 

a=t+AT+«+R+4+Aa+ Bb+Ce, [26] 

in which ¢ is the mean of the observed transits and AT is the 
chronometer correction. Since the corrections for aberration, 
rate, and inclination may be found directly, they are applied to 
tat once. If we call 4 the value of ¢ thus corrected, then 


a —t = AT + Aa + Ge, 
or AT = (a — hh) — Aa — Ce. [27] 
70. Method of Deriving Constants a and c, and the Chro- 
nometer Correction, AT. 


The method shown in the following table is the one used when 
the observations are made with the transit micrometer and 


METHOD OF DERIVING CONSTANTS 131 


when the latitude is less than 50°. For greater latitudes the 
observations are reduced by the method of least squares. 


COMPUTATION OF TIME SET. 


[Station, Key West, Florida. 


Date, Feb. 14, 1907. Set, 2. Observer, J.'S. 


Hill Computor, JS) Hilt] 
AT = 
Aa. | (a—t)— v. 
Ce—Aa. 
Ss s 5 
1. S Monocer...... W = |+15.00] 0.00] +12.02] +0.26} +0.27} +0.02} +14.71 | +0.02 
2. p> Aurigae...... W  |+15.08] ++-0.08] +1.38] —o.45] +0.36] —o.03] +14.75 | —o.02 
3- 18 Monocer..... W = |+15.04) +-0.04] +1.01] 40.37] +0.26] +0.03} +14.75 | —o.02 
4. @Geminor....) W  |+15.03] +0.03] +1.21] —o.20] +0.32] —o.o1| +14.72 | +0.0r 
5. ¢ Geminor.....| W  |+135.00] 0.00] +1.07| +0.07| +0.28] 0.00] +14.72 | +0.01 
6. 63 Aurigae...... Ws |-+15.02] +0.02] +1.30] —o.3}] +0.34] —o.02] +14.70 | +0.03 
7. ve Geminor..... E +14.43| —0.57| —1.13] —o.07/ —o.30] 0.00] +14.73 0.00 
8. 6 Can. Min-..- E +14.45| —0.55| —1.02| +0.28} —o.27| +0o.o1] +14.71 | +0.02 
9. a@ Can. Min.... gE +14.45}| —0.55] —I.o1| +0.33] —o.26] +0.01] +14.70 | +0.03 
Io. § Geminor..... L +14.41] —0o.59| —1I.13} —o.08] —o.30} 0.00] +14.71 | +0.02 
DE Geminorea... LE |+14.42| —0.58] —1.21| —o.19) —0.32) —0.01| +14.75 | —0.02 
12. ¢Geminor.....] E +14.47| —0.53| —I.12| —0,05| —0.29| 0.00] +14.76 | —0.03 


Mean AT = + 14.727 


H 


aN we 


ee 


Sea ase ie 


12. 


3.00 6¢-+ 3.104 0.70 dyy— 0.04 =0 
. 3.00 6t ++ 3.89 c—0.99 dey — 0.13 =0 
2.12 6+ 2.75 € — 0.70 dgy— 0.09 =0 
5.12 6b+5.85¢ —0.13=0 
. 4.71 6t+5.38¢ —o.1I2=0 
9.53 ot +2.61=0 


(2) X 0.707 

(a) + (5) 

(6) X 0.920 S 

(8) + (9) Il. 6f = — 0.274 from (io) 
Ss 


AT =+15.00— 0.274 = + 14.726 


3.00 6 —3.15¢+0.56 ap + 1.63 =0 
3.00 6t — 3.47 €— 0.34 dg +1.74 =0 
1.82 6¢ —1.91 C+ 0.34 dg +0.99 =0 
4.82 6t —5.38¢ +2.73=0 
—1.32 —5.38 ¢ +2.73=0 
0552) 130), 021-0, 0910 77-1013 —10 
—o,82 —0.83 +0.564y% +1.63=0 


(3) X 0.607 
(4) + (7) s 
from (8) 13. ¢=-+0.262 from (12) 


I5. dy=+0.071 
17. dy = +0.036 


The serial numbers in the lower part of the table show the 
order of the different steps of the computation. Equation 1 is 
obtained by taking the terms corresponding to the three southern- 
most stars (that is, Nos. 1, 3, and 5), substituting the sums of 
these numbers in the equation AT + Cc + Aa — (a — h) = 9, 
and treating this result as though it were the equation for a single 
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star. Equations 2, 3, and 4 are found ina similar manner. This 
gives four equations for the twelve stars, two for each half-set. 
Since there are now as many equations as there are unknowns, 
the quantities c, aw, az, and AT may be found by solving these 
equations simultaneously. Notice that in this solution 15° has 
been dropped from AT, and that 6¢ is the small correction which 
must be added to 15° to obtain AT. 

The following method of deriving the constants and the 
chronometer correction without employing least squares is 
applicable when the two groups of stars have A factors which are 
not so nearly balanced, or where the list of observed stars con- 
sists of one slowly-moving (azimuth) star and several time stars 
in each half-set. This method gives, by a series of approxima- 
tions, very nearly the same result that would be obtained by the 
method of least squares. The various steps in the computation 
are shown in tabular form in Fig. 74. 

The formulas on which the method is based are as follows: 
For each star we may write an equation of the form 


a—t = AP Ae Ce. [28] 
Then for the east and west groups we have 


(a — h)w = AT =F Away =o Cwe, | (a) 


(a = ti) = NIE + Arar + (SRC i 
Assuming at first that ag and aw are equal, we find an approxi- 
mate value of c by subtracting the second equation from the 
first. Solving for c, we find 


fom (a — tw — (a — he 
Cy — Cz 


In the above example, 


19.25 — 19.17 
C= = 2 
1.42 + 1.34 Ban 


Using this approximate value of c, the last terms in Equations (a) 
are computed and subtracted from (a — f;) in each case, leaving 
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the equations in the form 
(a —  — C,) = AT + Away. 
Taking each half-set separately, and also grouping the azimuth 


star and the time stars separately, we have for the next group 


(a —& —C,) = AT + (Apay) az, 
(a — th = G;) AT -+ (Awa) time, 


and a similar pair of equations for the second position of the axis. 
From Equations (b) we derive 
(a = = Cae. > (a Shi = Gas 
ay = . 
Ane — A time 


In the example, 


(0) 


9:08 = 10:25 5 2 
Sl 0 lg6r= ONES Sule 
20-74 = 10-21 
and dy = an aes ise 0.70. 


Employing these approximate values of ag and ay, the Aa cor- 
rections are computed and subtracted, giving the value in the 
column headed a — tt; —C, — Aa. For the time stars these 
values are 19.23 and 19.19. Since these values do not agree for 
the two positions of the instrument, the value of ¢ is evidently in 
error. A second approximation must be made by treating the 
difference of these numbers (0.04) as an error in c and obtaining 
a correction to c by the same process that was used in finding c in 
the first instance, that is, 


; EG) O) = OZ 
Correction to ¢ = he ME ae = —0.014. 
Hence c = +0.03 — 0.014 = +0.016. 


With this improved value of c new values of az and dw are com- 
puted as before. The second values are dg = —o0.768 and ay = 
—o.772. Using these values, the chronometer corrections are 
found to agree, and hence no further approximation is necessary. 
The azimuth and collimation corrections are now found for each 
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star, as shown in the upper part of the table. The mean of the 
AT’s for all the stars is the chronometer correction for the mean 
of the observed times. The residuals (v) are computed by sub- 
tracting AT for each star from the mean of the A7”s for that 
group. These should add up nearly to zero. 

Whenever the most accurate results are desired, the computa- 
tion may be made by the method of least squares. For the 
details of this method see Coast and Geodetic Survey Special 
Publication No. 14, page 41. 

71. Accuracy of Results. 

The error in the computed value of AT due to accidental 
errors may easily be kept within a few hundredths of a second. 
Observations made by the key method may be subject to a large 
constant error, the observer’s personal equation, which may be 
several times as large as the accidental error. Observations made 
with the transit micrometer are nearly free from personal errors. 

72. Determination of Differences in Longitude. 

The determination of the difference in longitude of two sta- 
tions consists in measuring the difference between the local 
sidereal times at the two places, usually determined by transits 
of stars over the meridian. Previous to 1922 the method almost 
exclusively used in this country for accurate longitudes in places 
where a telegraph line was available was that in which the local 
sidereal times are compared by electric signals sent over the 
telegraph line. 

According to the usual program each observer, provided with 
a transit, chronometer, and chronograph, determines the local 
sidereal time by the method previously described; then the 
two chronometers are directly compared by means of arbitrary 
signals, which are sent over the telegraph line and recorded 
simultaneously on the two chronographs; and finally, each 
observer again determines the local time by star transits. 

According to the Coast Survey instructions (Special Publica- 
tion No. 14) each half-set should consist of observations on 
from 5 to 7 stars (preferably 6), all of which are time stars, no 
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azimuth star being used in this method. The algebraic sum of 
the azimuth factors (A) should be less than unity. Four half- 
sets are observed during an evening, and the telescope axis is 
reversed before each half-set. The observers do not exchange 
places, during the occupancy of the stations, as was formerly 
the practice, since the transit micrometers eliminate most of the 
personal error. Observations on three or four sights usually 
give the required accuracy. 

Figure 75 shows the switch-board and the arrangement of the 
electrical circuits required in longitude observations. When the 
observer is making observations for time the circuit is arranged 
as shown in Fig. 68. Figure 76 shows the circuits as arranged 
during the exchange of arbitrary signals. These signals are 
made by tapping the signal key in the main-line circuit. Half 
of these signals are sent by the eastern observer, and half by the 
western observer; the error due to the transmission time is 
eliminated by taking the mean. The chronometers mark the 
record sheets while the signals are being sent, so that the time 
of each signal may be read from each chronograph sheet. These 
chronometer times are reduced to true local sidereal times by 
applying the interpolated chronometer corrections. ‘The differ- 
ence in longitude is the difference between the true sidereal times. 

73. Observations by Key Method. 

If the transit micrometer is not used, the selection of stars 
must be modified so as to allow more time between observations. 
Since the observed times will be subject to the personal errors of 
the observers, it is important that the observers exchange places 
at the middle of the series, so that their relative personal equa- 
tion will enter the latter half of the observations with its alge- 
braic sign changed. The arrangement of the circuits is shown 
in Figs. 67 and 77, in which an observing key replaces the relay 
and circuit of the transit micrometer. 

73a. Longitude by Radio Time Signals. 

Since 1922 the difference of longitude has been determined by 
recording on the chronograph of the observing station the 1o P.M. 
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Chronograph 
Battery 


Battery — 


Transit Micrometer 


Signal Relay 
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Telegrapher’s & Signal Key 
Main Line 


Sounder Relay 


Battery iL 


Fic. 76. Electrical Connections — Exchange of Signals — Transit 
Micrometer Method. 
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Fic. 77. Electrical Connections — Exchange of Signals — Key Method. 
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time signal (Eastern Time) sent out by the U. S. Naval Observa- 
tory at Washington, either over NSS (Annapolis) or NAA 
(Arlington). It is therefore unnecessary to occupy two longitude 
stations, as was formerly done, because in all cases the Naval 
Observatory replaces one of them. The receiving apparatus 
used for recording this signal was developed at the U. S. Bureau 
of Standards for the U. S. Coast and Geodetic Survey in 1921. 
The radio apparatus consists of a three-stage radio amplifier 
and a radio recorder. The latter has a high resistance radio 
relay which operates the circuit of the chronograph. Figure 78 
shows the wiring diagram of the hook up for longitude work. 
The original apparatus is described in Special Publication No. 
109, by George D. Cowie, Geodetic Engineer, Coast and Geo- 
detic Survey, and E. A. Eckhardt, Physicist, Bureau of Standards. 

The star list used and the method of making the observations 
are nearly the same as those previously given. The lag of the 
signal, which includes that of the local circuits, must be deter- 
mined for any apparatus, but once determined appears to be very 
nearly constant. The time signal gives the instant of 22° 
Eastern Standard Time. This is reduced to Sidereal time at the 
center of the clock house of the Naval Observatory, longitude 
5" 08” 15°.784. All time signals are received at the observatory 
so that any error in the time of sending the signal is measured 
and recorded. The effect of this error may be included in the 
computation of the longitude. About 4o radio signals are used 
in comparing the local time with Washington time. The accu- 
racy required can be obtained from about 3 or 4 nights observa- 
tions. 

This method eliminates one observing station and is therefore 
less expensive than the older method. The observer is inde- 
pendent of the location of telegraph lines and may determine a 
longitude at any place to which the instruments can be trans- 
ported. The total time required is materially less than with 
the older method. Another advantage of this method is that 
since all stations are compared directly with Washington errors 
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cannot accumulate from station to station. The accuracy of 
the results appears to be quite as high as with the older methods. 

In all longitude determinations one of the largest errors is 
the uncertainty in the chronometer correction. This is liable 
to vary irregularly, and even during the short interval between 
the two sets of time observations it may appreciably affect the 
time signals between the longitude stations. It has been pro- 
posed to use a half-seconds invariable pendulum to control the 
chronometer error. (See Chapter IX.) The variations in the 
period of these pendulums is found to be very much smaller than 
the variations in the running of a chronometer and this method 
promises to increase greatly the accuracy of longitude deter- 
minations. The chronometer can be compared with the pen- 
dulum by the method of coincidences, so it is possible to obtain 
a complete record of the variations in the chronometer rate 
during the longitude observations. 

74. Correction for Variation of the Pole. 

The periodic variation of the position of the pole affects all 
observations for longitude and must be ailowed for by applying 
the corrections for the date of the observation. (See Art. 81, 
p. 149.) 

74a. Accuracy of Results. 

The accuracy of longitude determinations has been greatly 
increased by the introduction of the transit micrometer. As an 
example of results obtained with the broken telescope transit 
equipped with transit micrometer we may quote the results 
obtained in r916* in connection with the trans-Atlantic longi- 
tudes, which are as follows: 


Probable error of | 


Longitude differences. : : 
determination. | 


Inehe INGWIRAR Gly — ASIII, 5.6 5.5ancccce.8 caneconccn =E05.0028 
Camibridze Washi )OL eit =E0S.0024 
(Cevaal)oveielgs —— IP ehe IRCA. soo cad sano aconueoonsvons ~ =b05,0031 


* U. S. Coast and Geodetic Survey Special Publication No. 35. Observations 
by Fremont Morse and O. B. French. 
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The longitudes of stations in the United States as determined 
from Europe through cables previous to 1900 were subject to 
errors of some 0°.05. Subsequent improvements in the methods 
and instruments gave results showing errors of only about one- 
tenth of this amount. 

The accuracy of longitudes determined by radio signals 
appears to be about as high as that of the telegraphic determina- 
tions. The uncertain factor in these radio determinations is 
the amount of lag in the mechanical parts of the apparatus. 
The amount of this lag has been determined and it is considered 
that radio longitudes are sufficiently accurate for geodetic 
purposes. 

75. Determination of Latitude. 

The method which has been chiefly used in this country for 
determining astronomical latitudes for geodetic purposes is that 
known as Talcott’s (or the Harrebow-Talcott) Method. The 
instrument employed is the zenith telescope, illustrated in Fig. 
79. The principle involved is that of measuring, not the absolute 
zenith distances of stars, as is done with the meridian circle, but 
the small difference between the zenith distances of two stars 
which are on opposite sides of the zenith. By a proper selection 
of stars this difference in zenith distance may be made so small 
that the whole angular distance to be measured comes within 
the range of the eye-piece micrometer, which for most instru- 
ments is about half a degree. A sensitive spirit level attached 
to the telescope serves to measure any slight change in the in- 
clination of the vertical axis of the instrument between the two 
observations on a pair of stars. The accuracy of the results 
obtained by this method is superior to that of every other field 
method, and compares favorably with the results obtained with 
the largest instruments. 

The horizontal axis of the telescope is very short as compared 
with that of the transit instrument; small errors in the inclina- 
tion of the axis, however, have very little effect upon the results; 
a close adjustment is therefore unnecessary. Since the instru- 
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ment is used in the plane of the meridian and must be quickly 
turned from the north side to the south, or vice versa, the hori- 
zontal circle is provided with stops which are adjustable, so that 
the telescope may be quickly changed from one side of the zenith 
to the other. The micrometer, placed in the focal plane of the 
eye-piece, is set so as to permit of measuring small angles in the 
vertical plane. The head of the screw is graduated to read to 
about 0.5 directly and to 0’’.05 by estimation. The spirit level 
has an angular value of one (2””) division equal to about 1”’.s. 

76. Adjustments of the Zenith Telescope. 

When the instrument is in perfect adjustment, the plate 
levels should be central in all azimuths as the telescope is turned 
about the vertical axis. The leveling may be perfected by use 
of the more sensitive latitude level. The horizontal axis must 
be at right angles to the vertical axis. The movable micrometer 
threads must be truly horizontal. They may be adjusted by a 
method similar to that used in adjusting the engineer’s level — 
by swinging the telescope horizontally through a small angle and 
observing whether the thread remains on a fixed point. The 
collimation adjustment should be made in the same manner as in 
a transit, but is not of so great importance. Allowance must be 
made for the eccentricity of the telescope when making the colli- 
mation adjustment. The value of one turn of the micrometer 
may be determined approximately by observations upon a close 
circumpolar star near its elongation. The most satisfactory way, 
however, is to derive the value of one turn from the latitude 
observations themselves, by the method of least squares. The 
value of one division of the latitude level may be determined by 
means of a level trier, or it may be found by varying the inclina- 
tion of the telescope and employing the eye-piece micrometer to 
determine the amount of this inclination by observations on a 
terrestrial mark. 

When in use the instrument is mounted on a wooden or concrete 
pier. It is usually protected by a tent or other temporary shelter. 

In order to make the observations, it is necessary to have a 
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chronometer regulated to local sidereal time with an error not 
exceeding one second of time. 

77. Selecting Stars. 

The list of stars in the American Ephemeris will not ordinarily 
be sufficient for latitude observations, on account of the exacting 
nature of the conditions. It will be necessary to consult such 
star catalogues as Boss’s Preliminary General Catalogue of 6188 
stars for the Epoch rgoo, or one of the Greenwich catalogues. In 
order to keep the zenith distances within the required limits, it 
will often be necessary to observe on stars which are much fainter 
than those used for time observations. The pairs of stars selected 
should, if possible, differ by less than 20” in their right ascension 
and by less than 20’ in their declinations. The actual zenith 
distance of a star should not exceed 45°. Following is a speci- 
men star list for zenith telescope observations. 


OBSERVING LIST (FORM 1). 


[St. Anne, Ill., June 25, 1908. Zenith telescope No. 4. ¢ = 41° o1’.3. 
Search factor = 2¢ = 82° 03’,] 


C) 1 ey es nin 
ae ie : oe | Be. | esl ate heed he 
sas | a Ze 3:3 EeRo Noe | «3 le |S) Sesatey 
a s a A ae AS N | 28 |aS| Bs 

h m S ° ‘ ° , ° / , ° 

ZO) || thats | ley iy ee || ee N 12 
Met) || M0) || iy wie Bs | =o 82 32 | 8x 50 |—13] —17| S AI 16 | 28 
AWWISE | Gee | any Gis} sigh || RS) DS} S) ae) 
AAQA, 05.3: | L742 O47) 53, 50: 25522) 682.28 iro ool IN iia aa Ro 
462 For |) wd wp a 64 22 N 24 
4651 | 5.4 | 18 18 45 | 17 47 | 46 35 | 82 of |+ 6 + 81S 23 16) | 26 
4669 | 5.9 | 18 26 | 29 47 S) 20 
AIM VSS) | LON STs S25) 052) L722 30) 62. OFT celeste or melanie: Cn 


* a@ = number of turns of the micrometer screw in one minute of are = 1.34. The value of 
one turn of the micrometer screw = 44/.650. 


78. Making the Observations. 
In observing on a pair the finder circle is set for the mean of the 
two zenith distances, and the level is brought nearly to the center 
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of the tube. If the northerly star of the pair culminates first, 
the telescope is set on the north side of the meridian by means 
of the azimuth stop. When the star enters the field, the observer 
bisects it with the micrometer line. If a pair of lines is used, the 
star is centered in the space between the two. When the star is 
on the meridian, as shown by the chronometer reading, the bi- 
section of the star is perfected; the latitude level is read im- 
mediately, and then the scale of the micrometer screw. As soon 
as these readings are recorded, the telescope is turned to the 
south side of the meridian and the bubble is brought to the center, 
if necessary, by moving the whole telescope. In leveling the 
bubble the tangent screw of the setting circle must not be dis- 
turbed in any case, because the accuracy of the method depends 
upon preserving a fixed relation between the direction of the 
zero micrometer reading and the axis of the latitude level. The 
slightest change in the angle between these two during the ob- 
servations on a pair will render the observations worthless. 
When the southern star appears in the field the pointing and the 
readings are made exactly as for the northern star. 


St Bn 


S N 
Fic. 80. 
79. Formula for the Latitude. 
The principle involved in this method may be seen in Fig. 80. 
The latitude, EZ, as derived from the southern star, is 
EZ = ES, +'S;Z, 
or = 65 + $s, 
and from the northern star it is 
Ze, 1454, 
or od = On — Sn 
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The mean of the two values of ¢ is 


6; + On Ger San 
a a 29] 
If we let 
n; and s, = the level readings for the southerly star, 
Ny and s, = the level readings for the northerly star, 
d = the angular value of one division of the level, 
ry, and r, = the refraction corrections, 
M, and M,, = the micrometer readings, 
and R = the value of one turn of the micrometer, 


then the latitude is determined by the equation 


d 
s 5 (6s cle ay) += (M, Ter +2 {(n, Pn) = (eel 
+2(,-—1)- [el 


This formula applies when the zero of the level scale is in the 
center of the tube. If the zero is at the objective end of the 
tube, the level correction is 


+Ol(n — Mn) + (Ss; — pt 


If for any reason the observations are not made when the star is 
exactly on the meridian, another term must be added to the above 
formula; this will be of the form +3 (m; + m,) when m, and m, 
are the reductions of the measured zenith distances to the true 
zenith distances. (See Special Publication No. 14, p. 119.) For 
the application of least squares to the computation of latitude see 
Chauvenet, Spherical and Practical Astronomy; Hayford, Geodetic 
Astronomy; and Coast and Geodetic Survey Special Publication 
No. 14. 

80. Calculation of the Declinations. 

When the stars selected are not found in the Ephemeris, it 
will be necessary to calculate the apparent declinations for the 
date of the observation. Formule and tables for making these 
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reductions will be found in Part II of the Ephemeris. See also 
Coast and Geodetic Survey Special Publication No. 14, DarELOs 
81. Correction for Variation of the Pole. 
The observed latitude may be in error by several tenths of a 
second, owing to the fact that the observed value necessarily 


— 0720 


—0/10 


+ 0/10 


+0.’20 


+0./30 


ab 
Scale of Feet 
0 10 20 30 


Fic. 81. Showing Changes in Position of North Pole between 1912 and 1920. 


refers to the position of the pole at the date of the observation, 
whereas the fixed value of the latitude of a place is that referred 
to the mean position of the pole. Figure 81 shows the plotted 
positions of the pole for every o.1 year during the period 1912.0 
to 1920.0. The coordinates of the instantaneous pole and data 
for correcting observed values were formerly published by the 
International Geodetic Association. They are now (1929) 
published by Prof. H. Kimura in the Proceedings of the (Jap- 
anese) Imperial Academy. 
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82. Reduction of the Latitude to Sea-Level. 

In order that all latitudes may refer to the same level surface, 
they are all reduced to their values at sea-level. If we suppose a 
lake surface, in the northern hemisphere, to be at a great height 
above sea-level, then it may be shown that the northern end of 
this lake surface is actually nearer to the surface of the sea than 
is the southern end of the lake surface. If we imagine a series 
of such surfaces at varying heights above sea-level, it is obvious 
that the vertical is a curved line, since it must at every point be 
normal to the level surface passing through that point. Evi- 
dently this curved line is concave toward the earth’s rotation 
axis. To correct an observed latitude at elevation / to the cor- 
responding latitude at sea-level, it is necessary to apply the 
correction 

Ag = —0’’.052 h sin 2 ¢, [31] 
where / is in thousands of feet. If / is expressed in meters, the 
formula becomes 

Ag = —o.00o1r71 /sin 2 ¢. [32] 


(See Art. 170, p. 325.) Values of this correction will be found 
in Table VII. Below is an example of the form of record and 
computation of latitude from Special Publication No. 14. 


RECORD OF LATITUDE OBSERVATION. 


[Station, St. Anne. Date, June 25, 1908. - Chronometer, 2637. Observer, 
W. Bowie.] 


Chro- 


Micrometer. Level. mois Chro- Meri- 
No. of |number| N or eter momever dian Re- 
pair. | Boss time of Pa ee dis- | marks. 
cat. Turns. | Div's. | North. | South. | culmi- e — * | tance 


nation. 


* These columns used only when star is observed off the meridian. 
{ This is the continuous sum, up to this pair, of the south minus the north micrometer turns. 
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LATITUDE COMPUTATION 


Micrometer. 


Date. 


Reading. | Diff. Z. D. 


1908. 
June 25/4623] N 


is 
24 88.2 09.2] 42.6 
—8 22,2] 71.6/103.8 
42.2) 08.7/—1.05 
OR Al] Fal 0) 


16 66.0 


4651| S 


Corrections. 
Sum and half 


ten Latitude. Remarks. 
4 Refrac- Ben 
Micrometer. Level. : Meridian. 
tion. 
° NA uw , Mt Mu ut wt ° , wt 
82 08 48.15 
At oa 24.081 6 3 03.56 | —o.39| —0.06 4I OI 20.07 


Value of one division of latitude level: Upper —1’’.600 
Lower —1.364 
Mean —1. 482 
Value of one turn of micrometer = 44/’.650 


83. Accuracy of the Observed Latitude. 

The latitude may be determined by this method with a prob- 
able error of from o’’.3 to o’’.4 from one pair of stars. The final 
value for the latitude of the station determined from as many 
pairs of stars as can be observed on one night may be found with 
an error of from 0’’.05 to o’’.10 (or 5 to 10 feet). It is not consid- 
ered advisable to observe the same pair of stars on several 
nights, as was formerly the practice, owing to the comparatively 
large errors in the declinations themselves. The present practice 
is to observe each pair but once and to observe such a number 
of pairs that the uncertainty of the final latitude is not greater 
tian 10: 

In view of the fact that nearly every latitude is affected by a 
station error which may amount to several seconds, and that the 
real object of the observation is to determine this station error, 
it is better to determine a large number of latitudes with the 
degree of accuracy above mentioned than to attempt to diminish 
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the error of observation and occupy but a small number of 
stations. This results in the practice of occupying stations but 
one night, unless for some reason it is apparent that the required 
accuracy will not be reached without additional observations. 

84. Determination of Azimuth. 

When determining an azimuth for the purpose of orienting a 
triangulation system, the observer usually has a choice of several 
methods, all of them capable of yielding the required accuracy, 
for example, (1) measuring the angles between a circumpolar 
star and the triangulation lines by means of the direction in- 
strument, (2) measuring from a triangulation station to a cir- 
cumpolar star with the repeating instrument, or (3) measuring 
from a circumpolar star to an azimuth mark with the micrometer 
of a transit instrument. In all determinations of azimuth it is 
necessary to know the local time in order to compute the azimuth 
of the star. This must be found by special observations, unless, 
as is often the case, the longitude is being determined at the same > 
time and the chronometer correction is already known. For the 
purpose of orienting the primary triangulation it is necessary to 
determine the azimuth with an error not exceeding 0.50. At 
Laplace stations (coincident triangulation, longitude, and _ azi- 
muth stations), where the accumulated twist of the chain of tri- 
angles is to be determined, it is desirable to determine the azi- 
muth within 0’’.30 or less. It is also desirable that the instru- 
ment station and the azimuth mark should both be triangulation 
stations. When horizontal angles are being measured at night, 
the azimuth observation is made a part of the same program by 
including pointings on a circumpolar star with the regular series 
of pointings on lights at the triangulation stations. An azimuth 
found by this method is more accurate than one determined by 
means of an auxiliary point and subsequently connected with 
ihe triangulation by means of a horizontal angle measured by 
daylight. 

On account of the slow apparent motions of stars near the pole, 
nearly all accurate azimuth observations are made on close cir- 
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cumpolars, since errors of the latitude and the time have less 
effect on the result than for stars farther from the pole. The 


stars ordinarily used for azimuth observations are shown in 
Fig. 82. 


* /51 Cephes, 


| Bradley 1672 


xi” 


Fic. 82. Circumpolar Stars. 


85. Formula for Azimuth. 

In general all these methods consist in calculating the azimuth 
of the star at the instant of observation and combining this 
azimuth with the measured horizontal angle from the star to the 
station. The azimuth of a circumpolar star is found by the 
formula : 

sin ¢ 


tan Z [33] 


cos @ tan 6 — sin ¢ cos i 


where Z is the azimuth measured from the north toward the east, 
and ¢ is the hour angle. 
If Equa. [33] be divided by cos ¢ tan 6, then 


cot 6 sec ¢ sin ¢ 
1 — cot 6 tan ¢@ cost 


; I 
—cot 6 sec ¢sint (. = .). [34] 


iin Zo 
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I 


Tf values of are tabulated,* this formula will be found more 


I1—@ 
convenient than Equa. [33]. 

86. Curvature Correction. 

In computing the azimuth of the star it would evidently be 
inconvenient to apply the formula to each separate pointing on 
the star, on account of the large amount of computation. It is 
simpler and sufficiently accurate to calculate the azimuth of the 
star at the mean of the observed times of pointing, and then to 
correct the computed azimuth for the small difference between 
this azimuth and the mean of all the azimuths. The correction 
for this difference is 


eT 
sina — 


[35] 


; I 
Curvature Correction = —tan Z — >; —_? 
n sin 1 
in which x = the number of pointings 
and + = the interval of time between the observed time 
and the mean. 


I 


The sign of the correction is such that it always decreases the 
angle between the star and the pole. For the derivation of this 
formula see Hayford’s Geodetic Astronomy, p. 213. The correc- 


tion may also be written in the form —tan Z [6.73672] =p, 7. 


(See Doolittle’s Practical Astronomy, p. 537.) 

87. Correction for Diurnal Aberration. 

On account of the motion of the observer, due to the earth’s 
rotation, the star is apparently displaced toward the east. The 
correction to the computed azimuth for the effect of this apparent 
displacement is given by the expression 


¥ f cos Z cos 
Corr. for Aberra. = 0’’.22 Se 


>) 


[36] 


we 


cos h 
This correction is always positive for an azimuth counted clock- 


E 


* For a table of values of log see Special Pub. No. 14. 


La 
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wise. For the derivation of this formula see Doolittle’s Practical 
Astronomy, p. 530. 

88. Level Correction. 

If the horizontal axis is not level when a pointing is made on 
the star, the observed direction must be corrected by the follow- 
ing quantity: 


Lev. Corr. = 


d 
7 Uw + w’) — (e + e’)] tan he. [37] 
For proof of this formula see pp. 83 and 126. If the level is 
graduated from one end to the other 


d 
Ley, Corr. = re —w’) + (e — e’)| tan h, [38] 


where w and e¢ are read before, and w’ and e’ are read after, the 
reversal of the striding level. If the azimuth mark is not near 
the horizon, it is necessary to apply a similar correction to the 
observed direction of the mark. The correction is to be added 
algebraically to readings which increase in a clockwise direction. 

89. The Direction Method. 

In observing for azimuth by this method the measurements are 
carried out very nearly as they are for triangulation, except that 
the chronometer is read whenever the star is sighted and that 
level readings are taken to determine the inclination of the axis 
and altitude readings of the star are taken. 

The observations should be taken in several positions of the 
circle. In each position of the circle the observations will include 
(1) a pointing on the mark, with readings of the microscope, 
(2) a pointing on the star, with reading of chronometer, striding 
level and microscopes, (3), after reversal of the telescope, a 
pointing on the star with readings of the chronometer, striding 
level and microscopes, and (4) a pointing on the mark with 
readings of the microscopes. If the different steps are taken 
in the following order it will be found to economize time and yet 
give the bubble of the striding level time to settle and also give 
the recorder ample time to read the chronometer and record the 
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time. After completing the pointing and reading on the mark 
sight the telescope approximately on the star, and call for the 
recorder to be ready. Place the striding level in position, point 
accurately on the star and call “tip” to the recorder when the 
pointing is made. Read the two ends of the bubble, but do not 
give them to the recorder until his time record has been made. 
Reverse the striding level, and prepare to read the first microme- 
ter. As soon as the recorder calls ‘‘ready”’ the first level read- 
ings are given to him, and then the micrometer readings, in 
their proper order. The second (reversed) readings of the striding 
level are taken and called off to the recorder. This completes 
half the set for this position of the circle. Remove the striding 
level, reverse the telescope, bring the star to the center of the 
field, call for the recorder to be ready, place the striding level in 
position, then perfect the pointing on the star, etc. Complete 
the readings exactly as for the first half. Finally make a second 
pointing on the mark. The altitude of the star should be read 
to the nearest minute after each pointing, or at least twice during 
the observations. 

If the azimuth mark is far above or below the horizon, level 
readings should be taken when the mark is sighted. 

If the azimuth observation is being taken as a part of the pro- 
gram of triangulation at night the above directions should be 
modified accordingly. The signals should be sighted in order 
around the horizon, the star being sighted in its turn; after 
reversing the telescope the signals should be sighted in the re- 
verse order, the star being sighted again inits turn. The details 
of the sight on the star would be the same as already described. 

On pp. 157 and 158 is an example of the form of record and 
computation of an azimuth by the method of directions. 


[Station, Sears, Tex. (Triangulation Station). 
strument, Theodolite 168. 


Objects 
observed. 


| Position. 


t |Morrison. . 


Buzzard... 


Polaris.... 
hm s 
I 48 35.5 
I 51 06.0 


I 49 50.8 


THE DIRECTION METHOD 


HORIZONTAL DIRECTIONS 


Observer, W. Bowie. 


Date, Dec. 22, 1908.] 


157 


In- 


A 9 . fake . AY 4 
ow] 4 
on g Backward. é 5 § Se) |S 5 Remarks. 
og Be} 
ao B = s§ Qe 
hm ° id uw” ” i 
Bee Rey Only PO "35.35 1 dlivision of the 
B 4u} 41 striding level 
C 35 | 34 | 37 = 4''.194 
R Al ax80 | oo 36, 35 
B || xu 
Cc Som eet 33-8 .3504) | 09-0 
D A| 53| 30] 43] 42 
B Ai || 42 
Cc 2 || 8.1) 
R A | 233 30! so) 37 
B SH 32 
C Hp) 33 | 36 37.8 | 02.4 
D A | r70 14 61 62 
B 57 | 55 
Cc (oy |) fe) | Sioke 
R A | 350 14 50 4) 
B 63 | 69 
Cc 53 | 53 | 54.7 | 57.0 | 21.6 
D/ | A | 252) of | 54] 53 W 
B 54] 53 9.3 
| C af || ie || ae 27.7 
18.4 — 0.5 
R A 72 ol 09 (ors) 24.9 
B 02 ol 13.0 
C Io | 08 | 06. 29.6 fa 
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COMPUTATION OF AZIMUTH, DIRECTION METHOD. 
(Station, Sears, Tex. Chronometer, sidereal 1769. ¢ = 32° ae pall 


Instrument, theodolite 168. 


Observer, W. Bowie.] 


Datey i908, position. neeererr eee Dec. 22, I 2 3 4 
Chronometer reading.............. E 49° 50.8" 2 sol $3310 )|! 2: 16) 38-0) 92) 4372878 
Chronometer correction........... =) 3705) | =) 4d B75 | Bie) 4 37-3 
Sidereal time. ...scccatic owes as osc TE ASM 132s le 50m 55.51) eel ees: Ome Comm ES 
@ OL POlATIS: 52... cacowinaauncamnateiaree T2608 8 AEO) i) or 2ONy ACO led com Antsy eae 2O Aes 
tot Polaris (Gime) co.cc es seer see O28) 31-4 | (0 30° 53.6 | O45) “EES | a2 0977) 
Hot Polants) (arc) aaseern eee Ao ar Re TAO! ||| 67°33 424 LAO) ||| Leow 7157 ueO nl hEO Oz aaa as 
OO POATIS shires saree clneiteroreteiearerereter= 88 49 27.4 
VORICOE Oi crac anes ole ornse ee erase eco alepraicnss 8.31224 8.31224 8.31224 8.31224 
Wg CATUD ee eccrine tase =m meses te oko lore eres 9.80517 9.80517 9.80517 9.80517 
MOE COS Es Wie cuccersecns ele ortistexeimeevarststerade et 9.99858 9.99621 Q. 99150 9.97811 
logia to tive places) asa. sree eee 8.11599 8.11362 8.10891 8.09552 
LOR COE! Oistsi<iavs;aretan ropaererae aoe easiete erste 8.312243 8.312243 8.312243 8.312243 
log SEG! pintth.istaesanctreenine ener civics 0.074254 0.074254 0.074254 0.074254 
dogSimth ao kiec aps sever teem emtte soe 8.907064 9.118948 Q.292105 9.490924 
NO Qi RS econo eetdee Ghe eee 0.005710 0.005677) 0.005618 0.005445 
I-@ 
log (—tan A) (to 6 places)......... 7.299271 | 7.511124 7.684220 7.882866 
A= Azimuth of Polaris,from north*| o 06 50.8! 0 If 09.2| o 16 36.9 ]0 26 15.0 
Difference in time between D.|m _ s lm s m s mi os 
ae RAs cy. cies peas reer a 2 30 2 00 3 18 I 38 
Curvature correction SOBRE Detth dios Q fe} fe) fe) 
° fA a ° 4 au” ° s au ° Yd ur 
Altitude of Polaris —#.)..0......5.- 33 46 133 46 33). 40) 33 46 
d 
=tan k= levelifactor.osusacaces coe 0. 70L 0.701 @. 701 0.701 
4 
Inclination scceee or eemeceae ee —7.0 —7.2 —7.0 —1.8 
Level correction... i. ocr enees nea cs —4.9 —5.0 —4.9 -1.3 
Circlereads'on) Polarisiz........0-5 252 or 29.6 86 58 I1.2/281 54 27.0|116 45 48.6 
Corrected reading on Polaris...... 252 OI 24.7| 86 58 06.2/28r 54 22.1/116 45 47.3 
Circle readsion marke wees eens 170 I4 57.0] 5 I5 58.2/200 17 42.4] 35 18 45.4 
Difference, mark — Polaris........ 278 13 32.3 278 17 52.0|/278 23 20.3/278 32 58.1 
Corrected azimuth of Polaris, from 
botoynel sears AAC BAe ho Geo onee ° 06 50.8) o II 09.2] 0 16 36.9] o 2615.0 
180 00 00.0|180 00 00.0/I180 00 00.0/I180 00 00.0 
Azim it hsotAllentanieureeiisseenar 98 06 41.5| 98 06 42.8] 98 06 43:4] 98 06 43-1 
(Clockwise from South) 


To the mean result from the above computation must be applied corrections for diurnal aberra- 


tion and eccentricity if any) of 


Mark. 


Carry times and angles to tenths of seconds only. 


* Minus, if west of north. 


t The values shown in this line are actually four times the inclination of the horizontal axis 


in terms of level divisions. 
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90. Method of Repetition. 

In observing by the repetition method the program given on 
p. 89 is followed, with the addition of readings of the chronom- 
eter and the stride level, taken when the telescope is pointing at 
the star. The altitude of the star should be measured, if possible, 
but may be computed from the known time if necessary. The 
verniers are read only at the beginning and end of a half-set, as 
when measuring the angles of a triangulation. 

Following is an example of the form of record and computation 
of an azimuth by the method of repetition. 


RECORD — AZIMUTH BY REPETITIONS. 


[Station, Kahatchee A. State, Alabama, Date, June 6, 1898. Observer, 
O. B. F. Instrument, ro-inch Gambey No. 63. Star, Polaris.] 
[One division striding level = 2.’’67.] 


Slee. 2 5 evel reads Circle reacings. 
Objects. a ee ° Be ings. 5 Angle. 
Pree ee I. Ebel alice 3g 
alee a 
aS Pee w 
IMI WE 6 5.5.5 D 178| 03/22.5| 20/21 .2 
S Gait ere 14 46 30 i |) Ag ide). 7 
9-2 5.9 
49 08 2 
Be i ID |, 2 | O68 x6 
a Is) 8) 
56 ro IR | Ap jmts Ase 
oe “Fbafh 
Set No. 5..|14 59 12 5 
sy ne Sis IR | @ || a9 WG |lwerey) ailG}| Xe) || ZO)! Ae) HO Hop Helse 
Ea aod 
UA SAL if 68.2 53.6 
+ 14.6 
SUE og dbd Te oy Fide || Re || ae freee) a 
8.5 6.8 
07 18 2 
a) GL IRS |g |) ys) ee 
i Alem 
Set No. 6.. 14 15 ID) |) | Gere Wet 
5.9 9.6 
16 14 5 
15 15924 G | Ge) Cl6 
@ ou (6), 
Mian: Kerereetr D 177| 27|00 joo joo |72 51 46.7 
D5 to 2 69.4 53-1 
+16.3 
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COMPUTATION — AZIMUTH BY REPETITIONS 
[Kahatchee, Ala. ¢ = 33° 13’ 40’’.33.] 


| 
Dates 1808.Setin. ace ree ae aoe June 6 5 June 6 6 
Chronometer readin eer TA SA. 077 ig anim ASR 
Chronometer correction: ee =—31.1 —31.1 
Sidereailetitn Care ces ie eae eet ™4 53 46.6 cry athe t/t 
Ol Polaristeecme coe oe ee i Din ~2oE,® iv he Apsoiss) 
Olle OlamiSu(uiin 6) seers 13, 32 26 .3 13. 49 56 8 
t of Polaris (arc) ZOSMOOMG Ges 20720) 52./-0 
CcOMPOlAEIS tS eee ents oe eee 88 45 46.9 
1OSICOL One eee o eee eee 8.33430 8.33430 
log tan Gare ee ee eer eres 9.81629 g .81629 
LOPtCOSs: Mees Sot ree eee 9.96367” 9.94798” 
NGS Ge CHO SOS JOVENCES)) = os co cu eee: 8.114260 8.098570 
lOe COPS crete ate eon oa as nee 8.334305 8.334305 
TOS: SCC Pincstiea teense oa | 0.077535 ©.077535 
LOS SI EEE amiempercetecieroe tk ee 9 .593830n 9g .664211” 
log : = Fe ne eo ax | 9.994387 9.994584 
log (—tan A) (to 6 places)........ 8.00005 70 8.070635” 
A = Azimuth of Polaris, from 
Ort hi te eg tate ere Ay one 0° 24/ 227 8 on 4o' 26) = 8 
m Ss mr m Ss La 
7 47.7 11933 7.04.2 98.1 
; SROOE Imes 26 4 30.2 39.8 
2 sin? 37 EelOSGe wat et 54 ee 
7 and Sing’ ctr eee ae te Sans 
4 54.3 47.2 4 25.8 38.5 
i 31-3) 214-0 6 35.8 85.4 
Leia or, SANTA Umm TRS ones a ae 343.8 280.7 
Mean...... cig gittttttrrsseeesee Bios! 46.8 
if 2sin?3T 
log — Fe Cheah, See 1.758 1.670 
looa(Cuinatuce: corny) see ee: 9.758 9.741 
GurvystirerconreciOnnee a= aan —=0.0 = 6) 
Altitude of Polaris=h........... sao" 
: taniioe— levellifactotea. cee sueeue ©.419 ©.419 
lbavolbheehulollatyc pac.ocooe Soe aus oc ce sald) +4.1 
Vevelicorrectionh et se —r1"' 5 —1".7 
BENEN SG Ue Kg ee TCTs ae 7257) | SOne Fe He NG, 
Cormectedrang Cae eae ean 72 O57 AS oF 72) st 4s. 
Correctediazimuth Of stars sen © 34 22.2 Op 4c. 26ee 
Azimuth of mark EB of N......... 730 SOE 1OL0 Pee Gk Rew 
180 00 00.0 180 00 00.0 
Azimuth Of Marketa nok meet AK GY MOG) DE Ry) 
(Clockwise from south) 


_ To the mean result from the above computation must be applied corrections for diurnal aberra- 
tion and eccentricity (if any) of Mark. Carry times and angles to tenths of seconds only. 
* Minus if west of north. 
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91. Micrometric Method. 

In employing this method it is necessary to place a mark nearly 
in the same vertical plane with the star at the time of the obser- 
vation. For greatest accuracy, as well as for convenience, the 
star should be observed when near its greatest elongation. Near 
culmination the star’s motion will carry it beyond the range of 
the micrometer in a comparatively short time. The small 
difference in azimuth between the star and the mark is to be 
measured with the micrometer in the eye-piece of a transit in- 
strument. The instrument is clamped in azimuth, and the read- 
ings are taken in the following order: take five pointings on the 
mark; point toward the star and place the stride level in position; 
take three pointings on the star with their corresponding chro- 
nometer times; read and reverse the stride level; take two more 
pointings on the star, noting the times; read the stride level; 
reverse the horizontal axis of the instrument in the bearings, 
point the telescope at the star, and place the level in position; 
take three pointings on the star, with chronometer times; read 
the level and reverse it; take two more pointings on the star and 
the times; read the level; finally, take five pointings on the mark. 
Three such sets will be found to require from thirty to fifty 
minutes’ time. Either the altitude or the zenith distance of the 
star should be read twice during the set, in order that an altitude 
for use in calculating the azimuth may be interpolated. 

The angle given by the micrometer readings is in the plane of 
the line of collimation and the horizontal axis. To reduce this 
angle to the horizontal plane, multiply it by the secant of the 
altitude. Each half-set may be reduced separately. The alti- 
tude for the middle of each half-set may be used for reducing to 
horizontal. The value of one turn of the micrometer screw may 
be found by observing a circumpolar star near culmination, or, 
better still, by measuring a small angle by means of a theodolite 
and then measuring this angle with the micrometer. 

Following is an example of record and computation. 
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RECORD AND COMPUTATION — AZIMUTH BY MICROMETRIC 
METHOD 


[Station No. 10, Mexican Boundary. Date, Oct. 13, 1892. 
Repeating Theodolite, No. 725 (10 in.). 


Level readings. 


Micrometer read- 


Observer, J. F. H. Instrument, Fauth 
Star, Polaris near eastern elongation.] 


(Ce Chronom- 2sin? 37 eS ae 
cle W E eter time. 3 sin 1’ 
On star. | On mark. 
(ie 8 es #3 
E 8.0 9.9 9 06 38.0 | 3 58.6 31.05 18*.379 | 18¢.310 | \ = 2” 12™ W of 
Io. 3 07 32.0 | 3 04.6 18.59 0.388 0.315 Washington 
¢ = 31° 19! 35’” 
+18.0 —17.2 O8OSN 5am zag E 12.45 0.400 0.315 1 div. of level 
+o 8 09 13.0 I 23.6 3.82 0.424 0.311 = 37.68 
E 09 48.0 | 0 48.6 1.29 0.430 0.316 | 1 turn of mic. 
= = 123/".73 
18.4042 18.3134 | Means 
W 9.0 9.0 9) 12) or. Bul! T2592 3.96 18.100 18.290 
7.01 On9 T2247 le AS ae 6.37 0.100 0.275 
+16.0 —19.9 £2) A823) een 7) 9.46 0.090 0.279 
=3).9 13 36.3 59.7 17.61 0.086 0.281 
W Mean 14,55 13) Sonn eo 20n5: 22.14 0.080 0.279 
9 10 36.6 12.67 18. 0gI2 18.2808 | Means 


¢ ofstar at middle of first half of set = 58° 48’. 
¢ of star at middle of second half of set = 58° 46’. 


a = 1" 20m 078.4. 


Collimation axis reads 3 (18.3134 + 18.2808) * 

* In this instrument increased readings of the micrometer correspond to a movement of the 
line of sight toward the east when the vertical circle is to the east, and toward the west when the 
vertical circle is to the west. 

Mark east of collimation axis 18.3134 — 18.2971 

Circle E., star E of collimation axis (18.4042 — 18.2971) (1.1691) 

Circle W., star E of collimation axis (18.2971 — 18.0912) (1.1695) 


Mean, star E of collimation axis 


Mark west of star 


Level correction (1.55) (0.92) (0.606) 
Mark west of star, corrected 


Mean chronometer time of observation 
Chronometer correction 


log cot 6 
log tan @ 
log cos t 


log (—tan A) 
A 


log. 12.67 
log. curv: 


ature corr. 


Sidereal time 
Qa 


cosec ¢ = 1.1601. 
cosec £ = 1.1695. 


5 = 88° 44’ 10'".4. 


Hour-angle, f, in time 


ce 


8.34362 
9.78436 
8.96108 » 
7.08906 7 
8.343618 
0.068431 
9.998177 


9.999467 


in are 


Huw npn nn 


8. 409693 
Sie 28k eo m 
1.10278 


9.51247 


Wot il 


Curvature corr. 
Diur. Aber. corr. 


Mean azimuth of star = +1° 28’ 16’’.90 


Mark west of star 


= 18¢ 2971 


Wo a 


cot 58° 47’ = 0.606. 


© .0163 = 02’’.02 


© .1252 


oO .2408 


© .1830 


—) 22) 64 


20 .62 
—o .86 


= 19.76 


21% to™ 36.6 


=e) ae 


18 59 
P20: 


17 39 


264° 45’ 


28 .2 
08 .4 
07 .4 
OL .O 
15’".0 


—0.33 
+0.32 


19 .76 


Azimuth of mark, E of N = +1° 27! 57’”.14 
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92. Reduction to Sea-Level. 

If the azimuth mark is at a high elevation, the computed 
azimuth must be reduced to its value at the point where the 
vertical through the mark intersects the sea-level. This cor- 
rection in seconds is 


eh ‘ 
en cos’ ¢ sin 2 a, [30] 
in which / is the elevation, ¢ is the latitude, a is the azimuth, and 
e and a are for the Clarke Spheroid of 1866 (see Art. ro2, p. 182). 


If / is expressed in meters, this becomes 


+0’’.coo1og h cos? ¢ sin 2 a. [40] 


(log of 0.000109 = 6.0392 — 10.) 


If the mark is either northeast or southwest of the observing 
station the observed azimuth must be increased to obtain the 
correct azimuth; if the mark is northwest or southeast, the ob- 
served azimuth must be decreased. 

Reduction to Mean Position of the Pole. 

The observed azimuth must be reduced to its value correspond- 
ing to the mean position of the pole. In latitude 50° (northern 
United States) this correction may be as great as half a second 


(see p. 149). 
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PROBLEMS 


Problem t. What should be the linear distance between the vertical threads of 
a transit having a 30-inch focus in order to give 2°.5 intervals of time between 
threads for an equatorial star? 

Problem 2. The following readings were taken to determine the pivot inequality 
ofa transit. Clamp east, level direct, w = 43.5,¢ = 34.0; level reversed, w = 36.7, 
€ = 41.0. Clamp west, level direct, w = 39.1, € = 37.9; level reversed, w = 34.2, 
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e = 41.8. The value of one division of the level is 0’’.75. This level has the zero 
at the center and is numbered both ways. Find the pivot inequality. 

If a star is observed with the transit in the position clamp east what is the level 
correction to the observed time of transit if 6 = + 30° and ¢ = + 40°? 

Problem 3. If the collimation axis of a transit has a true bearing of S 0° 00’ 15’ E 
what is the correction to the observed time of transit of a star if 6 = + 39° and 
¢ = + 30°? 

Problem 4. Ifa latitude is found to be 36° 49’ 50’’.261 at an altitude of 6250 feet 
what will this latitude be when reduced to sea-level? 

Problem 5. Compute the latitude from the following zenith telescope observa- 
tions. 

Star No. 2125, south; chr. time 13% 37”; micrometer 16.063; level, n 83.0, s 30.0. 
Star No. 2141, north; chr. time, 13% 43”; micrometer, 13/.504; level n 31.0, s 83.5. 
Eye-piece on side toward micrometer head; level zero on side opposite to eye-piece. 
Declination of 2125, 28° 34’ o9’’.80; declination of 2141, 39° 00’ 08 80. One 
division of latitude level = 1’’.00. One turn of micrometer = 155’’.80. In this 
case the micrometer readings decrease as the zenith distances increase; the sign 
is therefore the opposite of that given in Equa. [30] p. 148. 


CHAPTER V 


PROPERTIES OF THE SPHEROID 


93. Mathematical Figure of the Earth. 

In calculating the positions of survey points on the earth, it is 
necessary to consider these points as lying upon some mathe- 
matical surface, like the sphere or the ellipsoid, taken to repre- 
sent the figure of the earth. This is accomplished by projecting 
the position of the station vertically downward onto the surface 
in question. The actual shape of the earth’s surface is quite 
irregular and, from the nature of the problem, can only be de- 
termined approximately. But even if it could be found exactly, 
it would not be adapted to the purpose of computation. For 
this reason it is necessary to select some figure, the use of which 
will simplify the computation, but which will nowhere depart 
from the true figure by an amount sufficient to produce serious 
errors in the results. The figure generally adopted is the oblate 
spheroid or ellipsoid of revolution. Such a figure is generated by 
rotating an ellipse about its shorter axis. This surface ap- 
proaches much nearer the actual figure of the earth than does the 
sphere, but perhaps not quite so near as an ellipsoid of three un- 
equal dimensions. The latter, however, would be an inconven- 
ient figure to use, and the gain in accuracy would be very 
slight. 

The oblate spheroid is an ellipsoidal surface with two of its 
axes equal, but with the third axis, about which the figure rotates, 
shorter than the other two. All plane sections of such a surface 
are ellipses, except those cut by planes perpendicular to the rota- 
tion axis. Sections through the rotation, or polar, axis are 
ellipses whose major axes are the equatorial diameter, and whose 


minor axes are the polar diameter, of the spheroid. The nature 
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of this surface will be understood best if we investigate first the 
properties of the ellipse which generates the spheroid. 

94. Properties of the Ellipse. 

In Fig. 83, PP’ is the polar axis of the spheroid, and EE’ is any 
one of the equatorial diameters. F is one focus of the ellipse. 
At M, any point on the curve, the line WA is drawn tangent to 
the ellipse; MH is perpendicular to the tangent, that is, normal 


12 


Fic. 83. 


to the curve. MH is the direction that the plumb line at / is 
supposed to assume unless deflected by local causes, such as 
variations in density. The distance MH (=N), terminating in 
the minor axis, is called the normal. MD (=n) is the normal 
terminating in the major axis. The angle made by the normal 
with OF’, that is, with the plane of the earth’s equator, is the 
geodetic latitude (¢).* The angle made by MO with OZ’ is the 
geocentric latitude (). 

Another angle which is of importance in the geometry of the 
ellipse is the eccentric angle, or reduced latitude, 6. It is the angle 
E’Om, Fig. 84, in which M is any point on the ellipse, MN is 


* The astronomical latitude is the angle made by the actual direction of gravity 
(plumb line) with the plane of the equator. 
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perpendicular to OE’, and m is the point where this perpendicular 
cuts the circle whose center is O and radius OE’. 

The equation of the ellipse whose major and minor semiaxes 
are a and 8, referred to its own axes as codrdinate axes, is 


Fic. 84. 


To determine the codrdinates of any point M (Fig. 83), in terms 
of the latitude, differentiate this equation and the result is 


a (1) 


Since the tangent line to an ellipse makes an angle with the axis 


_ dy 
of X whose tangent is ae 


é dy 
or tan (90° + ¢) = Fee 


The eccentricity ¢ is the distance from the focus to the center 
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divided by a, that is a From the triangle OF P it will be seen 


OE 
that 
‘ a” = b2 
= aa 
2 
b2 
or ee ec. 
Therefore (1) may be written 
ee Sf (eae =) 2 
nig (1 — e?) tan ¢. (2) 


From the equation of the ellipse, 


A Se (3) 


LD Ramee! 12 


Squaring (2) and substituting in the result the value of y? from 
(3), we obtain* 


, acos @ l 

= pee I 
Vi — sin? ¢ se 

and y= pte Sg [42] 


95. Radius of Curvature of the Meridian. 
To find the radius of curvature of the meridian (R,,), apply the 
general formula 


RE 
dx? 
dy x 52 
From (1) a liane eT 


* The relation 1 + tan? ¢ = sec? ¢ is used in this transformation. 
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Differentiating this equation, we have 


b? ( x? 8? 
ies 255 Oia sn 5) 
te Ao Us 
bt 
mae ays 
C200o 
gee 
Therefore Ry = — - ; 
[aty? + b4u:2]2 
7 a‘b4 
E (x — e?)? sin? ¢ bta? cos? @ |? 
I — e* sin? ¢ I — e’ sin? ¢ 
oe ath! 
Then, since b? = a7 (i — €”), 
ONG SG) 
Digi (1 — e? sin? ¢) a [43] 


Values of log R,, will be found in Table X. For latitudes 
0°, 45°, and go” these are as follows: 


Lat. log Rm Rm Difference 
Om 6 .8017489 6 335 033” 
32 208" 20.07 miles 
45° 68039574 6 367 331 
32 570" Hope 
go° 6 .8061733 6 399 90I 


96. Radius of Curvature in the Prime Vertical. 

The radius of curvature of the surface of the spheroid in a 
plane through the normal and at right angles to the meridian 
may be proved to be equal to the length of the normal (/) 


* The negative sign indicates only the direction of bending. It is customary to 
regard the value of Rm as positive. 
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terminating in the minor axis. If a section be taken through 
the center of the ellipsoid in a plane at right angles to the meridian 


: : : acos¢ secy 
its semiaxes will be a and OM = xsecy = —— (see 
I—e’sin’¢ 


Fig. 83). The radius of curvature at the end of the minor axis 
of any ellipse is a2 + b. For the central section this gives p = 
aVvVi-—e*sin?¢ 
cos @ sec yp 
we know that the radius of curvature of the normal ‘section (9’) 
equals the radius of curvature of the inclined section (p) divided 
by the cosine of the angle between the two planes. From Fig. 
83 this angle is seen to be ¢ — y. Therefore 


< aVi-—e’*sin? ¢ 
~ cos ¢ sec Y cos (¢ — yp) 
cos? ¢ + sin ¢ cos ¢ tan 


for the point M@. From Meunier’s Theorem 


! 
p 


aVi — e’sin? od 
cos? ¢ + sin ¢ cos ¢ (1 — e?) tan o 


By Equa. [51] 
aVi —esin? ¢ 
cos? ¢ + sin? ¢ — e* sin? ¢ 
See eee 
Vi — esin? } 
ll (by Equa. [44]) 


Or, p’ may be found directly from Equa. [46], since in this 
case p = Rk, = N cos ¢, and the angle between the sections is ¢. 
Therefore p’ = JN. 

To show this geometrically, let A and B in Fig. 85 be two points 
on the same parallel of latitude. The normals to the surface 
at A and B always intersect at H on the minor axis. Let C bea 
point on the prime vertical section through A, and also on the 
meridian of B. ‘The normals to this plane curve at points A and C 
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intersect each other at some point K, above H. Therefore, K is 
approximately the center of curvature of the arc AC. Observe 
that CK is not normal to the surface. When the meridian PBC 
is taken nearer to A, points A and C approach each other, the in- 
tersection of the normals to the plane curve AC approaches the 
true center of curvature, and the length CK approaches the true 
radius of curvature. But the nearer C approaches A, the nearer it 
approaches B and the nearer CK becomes normal to the surface. 
Hence CK must ultimately coincide with AH; that is, H is 
the point toward which the center of curvature is moving and 
the normal WN is the radius of curvature of the prime vertical 


section at A. Note that BH and CK do not really intersect 
in space, although they appear to on the diagram. 
From Fig. 83 it is evident that 


oe 
~ cos ¢ 
a 
i sae ae [44] 
Vi — e?sin? ¢ 


Values of log N will be found in Table X. 

Notice that the difference between NV and R, is greatest 
at the equator (about 26 miles); at the pole V and R,, become 
identical. 
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The normal terminating in the major axis is 


aA agp sos ee ges > 
ei TTT angen en 


The radius of the parallel of latitude (=~) is given by 
Ry, = N cos ¢: [46] 


97. Radius of Curvature of Normal Section in any Azimuth. 
Having found the radii of curvature of the two principal 
sections, it now remains to find a general expression for the radius 
of curvature in any azimuth, and it will be shown that this may 
be expressed in terms of the two radii already found. 
The equation of the spheroid is 
m2 yy a? 
aa we 
or bx? + b2y,? + a2z,? = a°b?. (a) 


In Fig. 86 the Z,-axis coincides with the polar axis of the spheroid. 

If M be any point on the meridian Z,;M, and MY any section cut 

by a plane through MZ (the normal) making an angle a with the 

meridian, then the equation of the spheroid may be transformed 

so as to refer to the origin C, the new Z axis CM, and a new 

Y axis at right angles toCM. Let the codrdinates of any point P 

be 21, yi, 21, and let the new coérdinates be x, y, s. Then, from 

Fig. 86, the relation of the new codrdinates to the old is given by 
m= OG =O0C+2+2scos¢ + ycosasing 

Ne? cos¢ +x +2cos¢+ycosasin ¢, 

y= ysina, 

2 = sind — ycosacos¢. 


I 


Substituting these values in (a), 


b? (Ne? cos +x +2008 ¢ + ycosasin ¢)? + b?y? sin? a 


+a>(z sin @ — y cos a cos $)? = a%b?, 


which is the equation of the spheroid referred to the new axes. 
If « is made equal to zero, then P will be on the curve MY, and 
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the equation becomes the equation of this plane section, that is, 
b?(Ne? cos + scos¢ + ycosasin )? + b?y? sin? w 
+a>(z sin ¢ — y cos a cos ¢)? = a2b?, 


the equation of the ellipse MY. 
4, 


Polar Axis 


Y 


Fic. 86. 


To determine the radius of curvature at M it is necessary to 
find a and ae and to substitute these values in the general 
Be y 
formula for radius of curvature. ain 
Expanding the last equation, collecting terms, and dividing 
through by a’, 
y? [1 — e2(1 — cos? a cos? ¢)] + 2°(1 — e? cos? ¢) 
—yz(2e? cosasin ¢ cos ¢) +2y (1 — e?) -N +e? cosasin ¢ cos p 
4-2 ze2(1 — e2)- N - cos? = (1 — e”) (a? — Ne‘ cos’ 4), 
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or, in abbreviated form, 
yA + 2B — yC + yD + 2k = F. 


Differentiating this equation, y being taken as the independent 


variable, 


dz dz 


dz 
2yA +255 B— Cyz = Ca + D+ EF =o. 


Differentiating again, 


az dz\" d*z dz dz as 
2A +2B(s524(%) )-coS3+F)-ce +EGi= 0, 


dz dz\’ dz 
Tipe 20 MS) + #)= -(24 +28($) -2c%) 


For point M, y = oandz = = N (1 — e?). Therefore 


dy 
a N (1—e?)(2e? cosasin¢cos¢) — 2 (1 —e?) Ne?cosasindcosd 
2Bz—Cy+kh a 
and 
Canam, 2[1 — e? (1 — cos? a cos? ¢)] 
dy* 2 N(a — e?) (1 — e? cos? ) + 2e€2 (1 — e?) cos? - N 
Bike ibis e? + e? cos? a cos? d 
= N(a — e®) 
—— (rt — e?) (sin?a@ + cos?a) + e? cos? a (1 — sin? d) 
N (1 — e?) 
mae (rt — e?) sin?a + cos?a — costa: e?sin?d Rm 
N (1 — e?) “ Re 
Rm sin? a + E ae cos? a(t — e? sin? ¢) 


NR 
Rn sin?a + N cos? a 
NR : 
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Substituting these differential coefficients in the usual formula 
for radius of curvature, we have* 


NRu 
ee N cos?a + R, sin? a l4a7| 
If C= tO- 
NRu 
eS Sepa 
the radius of curvature of the meridian; and if 
Qe 004 
NRm 
then Ka 7a ive 


the radius of curvature of the prime vertical. 

Values of log R, for different latitudes and azimuths will be 
found in Table XI. Observe that the value of R, for o° azimuth 
in this table equals that of R, in Table X, and that for go° 
azimuth equals J. 

98. The Mean Value of R,. 

The mean value of R, at any point on the spheroid for all 
azimuths from o° to 360° may be found as follows: The mean 
value of any function of « between the limits a and 0 is 


b = _ f 1) ax, 


Substituting in this general equation we have 


27 


R, da 


I 


I 


mean RK, 
PL > KONO 7) 
I ies NR F 
= - sini “ada 
2rd, Ncot?a+t Ry sin? a 


wv 
22 NR 
rJo N cos? a + Ry sin? a 


sinz?a@ , cos?a@ 


T 
pRaweenN, cl Rm 


* Students who are familiar with Euler’s Theorem , will see 


that Equa. [47] follows at once from that theorem. 
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To integrate this expression it is necessary to change the variable. 


If we let 
Nhe h Hie Vite sone 
t= tana \Y W? then di = fyi eaaiee 


By dividing both numerator and denominator by N cos? @ 
and factoring NR,, the integral may be put in the form 


kee I 
2 2 N  cos?a do: 
mean K, =—V K,,/V SSS ee 
7 0 Rm sin? a 
: N cos?a 
which becomes 
ae 2 RN er) Oy 
mean Ny = ie mL if ans, 
ae VR,,N [tan-! ‘|; 
Tv 
OY 
T 2 
= VR,,N. [48] 


The mean radius of curvature is, therefore, the geometric mean 
of the radii of curvature of the two principal sections. The 
log of the mean radius is the arithmetical mean of the logs of 
the two radii. 

99. Geometric Proof of Equa. [47]. 

Geometric proofs of the last two formule will be found in- 
structive. To find Ra geometrically, imagine a tangent plane 
at the point M and also a parallel plane at an infinitesimal dis- 
tance below M. This second plane will cut from the surface a 
small ellipse. It has already been shown that the radius of 
curvature in the prime vertical plane is NV. In Fig. 87 W, M, 
and £ are three points on the circle of curvature whose radius is 
N and whose center is the point H on the axis. By similar 
triangles, 

MC sCW =CWACckK 
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Since MC is infinitesimal, 
a? 


MC = 
2 2N 
similarly, for three points in the plane of the meridian 
b2 
MC = Re 
and, in 1 general, for any azimuth a, 
s2 
MC = sie 
M 
W, E 
WT 
a 
K 
Fic. 87. Circle of Curvature. Fic. 88. Section of Ellipsoid. 


The coérdinates of the point P (Fig. 88) are 
%=Ss-sina and y=Ss-+coSsa. 
Substituting these in the general equation of the ellipse, 


s?sint?a  s$?%cos?a 


I 


Q’ b2 

But, from the preceding equations, 

S27) eek Simeaks ; 

pie New ae be Rv 

eae: he 
hence Vv sin? a + pee cos? a@ = I, 

NRm 

or St [47] 


N cos? a + Ry» sin? a 
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99a. Geometric Proof of Equa. [48]. 
To show geometrically that the mean value of R, = VR,N, 


observe that, as before, 
if 20 
mean K, = al R, + da 
PAGAL 


and, from the preceding article, 


T Rea 
i, = 52 
PET Rees 2 
Therefore mean R, = ue = - da. 
2 Tig 0 b 
But aif s? da = area of ellipse = zab. 
0 
i eon 
Therefore mean.kK, = a x mab — ee 
T b? b 
a N 
But b = \ Re 
Therefore mean R, = VNR». [48] 


100. Length of an Arc of the Meridian. 

Any small arc of the meridian ellipse may be regarded as an arc 
of a circle whose radius is R,,, the error being very small for short 
arcs. The length, therefore, is 


Sa Ie dg, 
or, if dd is in seconds of arc, 
Sis dor ee aren [49] 


If the arc is so long that the value of R,, varies appreciably, it is 
necessary to find s by integrating the expression 
a (1 — e?) 


ds = : Die 
(1 — e® sin? ¢)? 


do 


between the limits ¢; and ¢». 
If we expand the denominator by the binomial theorem, we 
have 


ds = a(r — e?)(1 + $e? sin? ¢ + 48 etsint4g + $8 sin’ + - -) dd. 
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Integrating, 
p2 
SG (ee ef (1+$e?sin? +e sintg+ 25 eosin’ ¢ - - -) dd. 
gl 
In order to integrate the terms of the series in parenthesis we 
simplify the expression by means of the following relations: 
CS DG, 
2 COS 20" COS) 
re COS 2% + 3% cos4¢ — gy cos6 ¢. 
Integrating and substituting the limits ¢, and qd», and putting 
for abbreviation, 
A=1+ie + ee + Fe e® = 1.005 1093 
[0.0022133]| 


B= $e? + tet + $25 6° = 0.005 1202 
[7.709287] 
Gre ane + 4206 = 0.000 0108 
[5.03342] 
Ds A OSES OSES) 
[2.326] 

we obtain 


s = a(r — e?) (A (fo — 1) — 3 B (Sin 2 & — sin 2 g1) 

+1C (sin 4 ¢ — sin4 ¢:) 

— 4D (sin 6 @& — sin 6 ¢:)). [so] 
100a. Area ofa Quadrilateral on the Spheroid. 

Two parallels of latitude separated by the distance R,, dé 
lie on the surface of a cone and their circumferences are each 
2mN cos¢. The area of the enclosed strip is 

dA = 2aNR,, cos ¢ dd 
= 2 rb? cos ¢ dd (1 — e? sin? ¢)~*. 


Expanding the last factor 
(x — e? sin? ¢)-? = 1 + 2e?sin’¢ + 3e!sin*¢ 
+y4esin'?d + 5e'sintdt:---:, 
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we have 


dA =27rb?cos¢d¢(1 + 2e?sint?¢g+-- -). 


If we integrate each term of the series the integral will be of the 
general form 


Sear _— = Shae! 
Jrcos 6 sin NE reg d. 
The integration of the series gives 
ay (=20' x (sind + Ze?sin?¢ + 2etsin®d + fe’sin’'¢g + > 
= 26? x ((sin ¢d2 — sin g:) + Ze? (sin’ g — sin’ ¢,) +: ‘i 


From trigonometry we have 


sin'@ = 2 sing — ¢ sin3¢ 
sin'g = § sing — ~sin3¢+ y,sin5¢ 
sin’ @ = 33sin @ — $48N3¢+ gz5IN5¢ — grsin7¢ 


2 fA : A 
ae = 4027 (4 sin( °°) c0S ¢y — B sin 3 @ COS 3 bm 


A 
+Csins( =) cos 5m — Dsin 7 (' =) cos 74m +--+) 


in which 
Awe Bite @ et + 3, ef + FF, e® = 1.003 4016 
[0.001 4748] 
B= §@ ++ fe + {se = 0.001 1368 
[7.05568] 
Gis soe t+ yy eo + ge 8 = 0.000 0017 
[4.2304] 
ae riz e® + sey €8 = 0.000 0000 


For a quadrilateral 1° on each side, 


Ad = dg — dr = 1°, and Ai = Aj, + 360. 


b : 
A:= aa (A sin 0° 30’ COS @m — B sin 1° 30’ cos 3 bm 


+ C sin 2° 30’ cos 5 dm — D sin 3° 30’ coS 7 bm ++ -). 
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Values of these areas for ro’, 15’ and 30’ ona side will be found 
in “Geographic Tables and Formulas, S. S. Gannett, U. S. 
Geological Survey, 1904. 

101. Miscellaneous Formulas. 

The following formulas, relating to the ellipse, are given here 
for convenience of reference. 

The geocentric latitude may be found from the expression 


b2 
tan y = - = (1 — e?) tang = plan. [51] 


The maximum difference between ¢ and y is about 0° 11’ 40”, at 


latitude 45°. At the equator and at the poles the difference is 
zero. 


The reduced latitude, 6 (see Art. 94, p. 166), may be found 
from the geodetic latitude by means of the relation 
atané@ = btan@¢ [52] 
which is readily derived as follows: 
Let MN (Fig. 84) = y, and mN = Y. For the ellipse, 


4 x? 
; y? x 
For the circle 2 i. ie 
Subtracting, 
y? 2 vy @ mN a 
ae whence ays or ieee 


For the diagram, 


mN 
tan 6 = ait and tany = ON 


9 


b2 
tan y = tang by [51] 


| 
i 
o 
=) 
> 

lI 


But 


b tan ¢. [52] 


I 


from which a tan @ 
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The compression of the spheroid, that is, the flattening at the 
poles, is expressed by 


EL 
aaa: [53] 
The length of a quadrant of the meridian is given by 
LG PG reat es Ye 
dae ies (: rearre ) [54] 


102. Effect of Height of Station on Azimuth of Line. 
Since the normals drawn from two points on the surface do not 


P 


in general lie in the same plane, there will be an error in the 
observed horizontal direction of a station, depending upon its 
height above the surface of the spheroid. This error may be 


* From the equation for the length of a meridian arc, we have for the quadrant 


a(x — ) [ (x1 +$e? (x — cos 2) + 4£e4 (3 — 4cos 26+ cos 4¢)) do 


S 
lI 


v 


ae ee) 3 2 45 > a2) cr ; : 
a(1 e) [ob (1 4 e7 + 49 e4) — 2 e? sin 2 — j$etsin2¢ + zh's etsin 44] 


: 0 
a(r—e)["G+ietitett- ; | 


ar 
Bi ae Se oa So 
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likened to the error of sighting on an inclined range-pole; the 
higher up the sight is taken, the greater the error in the horizontal 
angle. In Fig. 89 the observer is at A and sighting at point MV, 
which is at an elevation / above sea-level. The vertical plane of 
the instrument projects M down to sea-level at B on the line WH, 
H being the end of the normal at A. The point which is verti- 
cally below M is B’, as determined by the normal MH’. Denote 
by 6 the angle HMH’ or, what is nearly the same, HBH’. The 


Fic. go. A vertical in latitude 0° and a vertical in latitude 60°; 
dy = 80°; e = 0.81; (looking SW). 
angle («) subtended by BB’ at point A (the observer’s position) 
is the correction desired. The latitude of A is ¢, and that of M 
is ¢’. In the triangle MHH’ 

Sie TN ier TET! Gites 

cin ee OE gee Se ea: 
/ 
or 6 = Bi 
where ¢’ is the latitude of B’. 


- cos ¢’, 
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Now Hii OHO 0. 
= (N’ — n’)sing’ — (N — n) sing 
= N’e? sing’ — Ne?sing. (See Equa. [45].) 
Therefore 


/ 
§ = “2 (N’e? sin ¢’ — Ne? sin ¢) 


__ ae® cos =( sin ) 
N (x —e?sin?¢’)? (1 — e? sin? $¢)? 
by Equa. [44]. Clearing of fractions and expanding the radicals 
in the numerators, 


; Y nes -)-si (:—Ssineg’--) 
$ eco o(i (: 5 sin? @ sin d| I 5 sin* @ 
% ) 


N I—e? sin? dy 


~ 


(sin ¢’ — sin ¢) (: _ - sin @ sin «’)\ 
I — e’? sin? db» 


_ Ad Le, 
__ ae?cos ¢' 2 COS dm» SIN - I+ 7 sing sin @ 


N I —e’sin? dy» 


ae? cos ¢’ 


e 
: ba 
1 +—sin¢g sin 
ae? cos ¢’ . S$ COS a ne 2 oe ® 
= ——  : €8¢n * S| ooo 
N hs raed foe I — e? sin? bin 
e? 
: Meets 
: s |1-+—singsin 
ae* cos ¢’ (1 — e® sin?¢)* aN 2 eee 
ROO ROAD (COB, 0! ae SES onan ee 
N a(1 — e?) I — e?sin? dy 
e? cos? ¢’ +S - cosa Anis )} ee. ie 
= = ONG 9 ESTA? HV | it Sia 
N(a = e?) co) = 5 @ sin @ 


e? cos? ¢’ +5 + cosa ; 
= 1 (ae ae + e* term (negl.). (a) 


The linear distance BB’ = hd, and the correction to the 
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azimuth (x) at point A is given by 


, _ hd sin a 


sarc 
he? cos? ¢’ cos a sin a 
ewer = e yrarcte [ss] 
h erat 
= kx + cos? $ sin 2a [56] 
e2 


in which k 


~ 2 (1 — e®*) arc 1” 
The logarithm of & for latitude 45° = 2.84685. 

When the signal is northeast or southwest of the observer the 
azimuth must be increased to obtain the correct azimuth at 
sea-level; if the signal is northwest or southeast the observed 
azimuth must be decreased. 

For ¢ = 45°, a = 45°, and hk = 1000 meters, the value of 
x’’ = 0'’.055. This is much smaller than the probable error of 
an observed direction (see p. 97), and is therefore negligible 
except for great heights. This correction has been applied to 
angles measured in the main triangulation of the California 
and Texas arc and the California and Washington arc. It is 
too small to affect the triangulation of the eastern half of the 
United States. 

103. Refraction. 

Inasmuch as the refraction acts in the vertical plane at any 
point, and the vertical plane changes its direction as the ray pro- 
ceeds along the line, it is evident that there must be some hori- 
zontal displacement of the object sighted, due to the refraction. 
Investigations show that this error is quite inappreciable for all 
lines that can actually be observed. 

104. Curves on the Spheroid. The Plane Curves. 

When a theodolite is set up at any point A and leveled, its 
vertical axis is made to coincide with the direction of the force 
of gravity at A, which, except for local deflections, coincides with 
the direction of the normal at A. If another theodolite is set up 
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at B, ina different latitude and a different longitude, it is evident 
that these vertical axes are not in the same plane, since their 
normals (plumb lines) never intersect. The greater the latitude, 
the lower the point where the normal intersects the polar axis. 
It is clear that the line marked out on the surface of the spheroid 
by the line (or, rather, plane) of sight of the first theodolite is not 
the same as the line marked out by the vertical plane of the other 
theodolite. If A is southwest of B, then the curve cut by the 
plane of the theodolite at A is south of that cut by the plane of 
sight of the theodolite at B. This may be seen from the fact 
that both planes contain the chord AB; and since the normal 
at A is higher at the polar axis, the curve itself must be lower 
(farther south). 

105. The Geodetic Line. 

Another curve which holds an important place in the theory 
of geodesy is known as the geodetic line. This is the shortest 
line that can be drawn on the surface of the spheroid between 
two given points. It is not a plane curve, but has a double cur- 
vature. A characteristic property of the curve is that the oscu- 
lating plane* at any point on the curve contains the normal to 
the surface at that point. In most cases the geodetic line is 
found to lie between the two plane curves and has a reversed 
curvature. Figure 91 is a photograph of a model, the semi-axes 
of which are a = 6 inches and b = 3.5 inches. The two plane 
curves are shown and between them, with the curvature slightly 
exaggerated, is the geodetic line. 

In order to obtain a clear conception of the nature of the 
geodetic line, let us imagine that a transit instrument is set at 
point A (Fig. 92), leveled, and then sighted at point B. Then 
it is moved to point B, set up, and leveled again, and a back sight 
is taken on A; point C is then fixed by reversing the telescope. 
When the sight is taken to A, the sight line traces out the plane 


* The osculating plane may be considered to pass through three consecutive 
points of the curve. In reality it is the limiting position approached by the plane 
as the distance between the three points decreases indefinitely. 


Fic. 1. 


THE GEODETIC 


Plane Curves and 


Fic. 92. 


LINE 


Geodetic Line. 
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curve BbA; and when point C is sighted, it traces out BbC. The 
instrument is then taken to C and the process repeated. It 
should be observed that the (vertical) sight plane of the instru- 
ment coincides with the normal to the surface at each station. 
If the points A, B, C, D are imagined to approach nearer and 
nearer, so that AB, BC, etc., become infinitesimal elements of the 
curve, the plane which contains three consecutive points of the 
curve also contains the normal to the surface. If we imagine 
the instrument to move along this line, it is seen that the vertical 
plane of the instrument twists so that it always contains the 
normal. 

One of the characteristic properties of the geodetic line is 
shown by the equation 


R,sin a = k, a constant [57] 


R, being the radius of the parallel and a@ the azimuth of the ge- 
odetic line at any point. This equation may be derived analyti- 
cally by the methods of the calculus of variations (see Clarke, 
Geodesy, p. 125) or by geometric construction (see Jordan, Ver- 
messungskunde, Vol. III, p. 395). From this equation it will be 
seen that when a@ is a maximum (90°), sin a = 1 and R, = k. 
The constant of the equation is therefore the radius of the parallel 
of latitude beyond which the geodetic line does not pass. When 
ais a minimum, Kk, is amaximum, that is, Ry = a, the equatorial 
radius of the spheroid. This shows that in general a geodetic 
line cutting the equator at any angle a may go northward up to 
some (limiting) parallel of latitude $° (corresponding to Ry = k), 
but will not pass north of this parallel. In the southern hemi- 
sphere it will reach a limit (—¢°) having the same numerical 
value. Such a geodetic line, when traced completely around the 
spheroid, will not in general return exactly on itself, but will pass 
the initial point on the equator in a slightly different lon- 
gitude and then proceed to form another loop around the 
spheroid. 

Except for a few particular cases the geodetic line lies between 
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the two plane curves and divides the angle between them in the 
ratio of about 2 to 1, as shown in Fig. 93. 

If the terminal points P and Q are in nearly the same latitude, 
the geodetic line may cross the plane curve. 

It is important to bear in mind that the lengths of these 
different curves on the spheroid differ by quantities that are 
quite inappreciable in practice. The differences in length are far 
shorter than the distances by which the curves are separated at 
their middle points (Art. 107), and even these latter are negligible 
in practice. Also the angle by which the azimuth of the geodetic 


1% P 
Fic. 93. The Plane (elliptical) curves and the Geodetic Line. 


differs from the azimuth of the plane section is much smaller than 
can be measured. 

It should be noted that the geodetic line itself cannot be sighted 
over directly, because it is not a plane curve, and that the geodetic 
triangle can be obtained only by computation. 

106. The Alignment Curve. 

Another curve which may be drawn on the surface is defined 
in the following manner: if the theodolite be supposed to move 
from A to B, keeping always in line between the two points (that 
is. the azimuths of A and B 180° apart), and the instrument being 
Raye leveled, its path will be a curve which lies very close to 
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the geodetic line and generally between the two plane curves. 
This is called the alignment curve. 

It is possible to define other curves* between these two points. 
Such curves are of theoretical value only, since the lengths of all 
such lines on the earth’s surface differ from each other by quanti- 
ties too small to measure. The two plane curves, however, are 
separated by a distance which is sometimes quite appreciable. 

107. Distance between Plane Curves. 

The maximum separation of the two plane curves may be 
computed approximately as follows: the angle (6’) between the 


Sowth plane 
curve 


Chord AB 


two planes is very nearly equal to the angle 6 multiplied by sin a, 
since 6 is the angle measured in the plane of the meridian, whereas 
the angle desired (4’, Fig. 94 ) is that perpendicular to the planes 
of sight. Therefore 


se? cos? @ coS a sina 


o> Finlay aeiy ey 


(see Equa. (a), p. 184). 


* See Coast Survey Report for 1900, p. 360. 
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The distance of the chord AB (Fig. 95) below the surface (D) 
at its middle point is given by 


(Da ES Ree 
2 
or, approximately, 
2 
EIEN, 


The curves are separated at their middle points by the hori- 
zontal distance 


FIG. 95. 


se . se? cos? ¢ COS a SIN a@ 
ae ou N (a — e?) 
s3 e2 cos? @ cosasina 


eo Nee [58] 


Dé 


The difference in azimuth may be computed approximately 
by finding the angle between the two tangents to the curve drawn 
from one of the stations and prolonged half the distance (Fig. 
96). The terminal points of these tangents will be at a distance 
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D above the surface and will be separated by a distance 2 Dd’. 
The angle between these two lines is nearly 


2 Di’ 
~ ds are 1” 
25° e% cos? ¢ cosa sina 
8N2 (1 — e)4sarci” 
s? e% cos? d cosa sina 
NG We =e arc 17 


[so] 


For the oblique boundary line between California and Nevada* 


5 = 650,000 m., (400 mi.), én = 37° 007, @ = 134 33; whence 
Dé’ = 1.8 meters and the difference in azimuth = 2’’.3. 
2D3' 
D6! | 


%, 


Fic. 06. 


For the western boundary of Massachusetts s = 80,930 m., 
(50 mi.), on = 42° 24’, a = 195° 12’; this gives Dé’ = 0.0015 
meter and Aw = 0”’.016. 


REFERENCES 


HeEtmert, Theorieen der Héheren Geodisie, Leipzig, r880. (Vol. I.) 

Jorpan, Handbuch der Vermessungskunde, Stuttgart, 1907. (Vol. IIT.) 
CLARKE, Geodesy, Oxford, 1880. 

CRANDALL, Geodesy and Least Squares, Wiley & Sons, Inc., New York, 1907. 
Tosey, Geodesy, Publ. No. 11, Geod. Survey of Canada, Ottawa, 10928. 


PROBLEMS 


Problem 1. What is the distance in miles from the center of the ellipsoid to the 
plumb line (normal) at New York (Latitude 40° 42’ N.)? 


* See Coast Survey Report for 1900, p. 368. 
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Problem 2. If a section of the ellipsoid is cut by a plane one millimeter below 
and parallel to a plane which is tangent to the surface in latitude 40°, what are the 
semi-axes of this ellipse? 

Problem 3. Compute the length in meters of a quadrant of the Clarke Spheroid 
of 1866. (See pp. 182 and 409). 

Problem 4. Compute the ellipticity of the Clarke spheroid. 

Problem 5. If a sphere whose radius is ~/RmN is tangent to the spheroid in 
¢ = 45° how far is the spherical surface from the spheroidal surface at a distance 
of 160 kilometers from the point of tangency. (a) in the plane of the meridian. 
(0) in the east-west plane. 

Problem 6. What is the area in sq. meters between the 40° and 41° parallels 
and two meridians 1° apart? 

Problem 7. What is the error in the direction of a sight taken on Pike’s Peak, 
whose altitude is 14,108 feet? (Art. 102.) 


CHAPTER VI 
CALCULATION OF TRIANGULATION 


108. Preparation of the Data. 

From the records of the field-work of the triangulation we ob- 
tain a value for each angle, supposed to be freed from the errors 
of the instrument, eccentricity of station, phase of signal, eleva- 
tion of signal, etc. Before these angles are employed for solving 
the triangles, they should be examined to see if they satisfy any 
geometric conditions existing among them. If at any station 
two or more angles and their sum have been measured, then these 
angles must be so corrected that they exactly equal their sum. 
If the horizon has been closed, the measured angles must be ad- 
justed so that their sum equals 360°. If the angles have been 
measured with different degrees of precision, as, for example, 
with different instruments or a different number of sets or of 
repetitions, the different angles should be given proper weights; 
and if the best possible values are desired, the angles at each 
station should be adjusted by the method of least squares. 

After the station adjustment, as it is called, has been completed, 
the triangles must be examined to see if the sum of the three 
angles in each triangle fulfills the requirement that this sum 
shall equal 180° plus the spherical excess of the triangle. The 
verticals at the three triangulation stations are not parallel to 
each other, because the surface is curved. Consequently the 
sum of the angles will exceed 180° by an amount which, on a 
spherical surface, would be exactly proportional, and which, on a 
spheroidal surface, is nearly proportional to the area of the tri- 
angle. 

As was shown in the preceding chapter (Art. 102), the errorin the 
direction of an object, due to the fact that the earth is spheroidal 
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instead of spherical, is extremely small, even when the object 
is several thousand meters above sea-level. Hence it follows 
that if the vertices of a spheroidal triangle are projected vertically 
onto the surface of a tangent sphere,* the errors thus produced 
in the horizontal angles of the triangle will be much less than the 
errors in the measurement of the angles, because the points on 
the sphere and those on the spheroid are separated by compara- 
tively short distances. This enables us to compute spheroidal 
triangles as spherical triangles and greatly simplifies the com- 
putation. The lengths of the triangle sides will be practically 
the same on the two surfaces. 

In this connection it is 
well to bear in mind that if 
the topography of the earth’s 
surface were represented on 
an 18-inch globe the total 
variation in elevation would 


Station 


Vertical 


scarcely be greater than the 
thickness of a coat of var- 
nish. The elevation of the 
geoid above the spheroid 
would be very much smaller 
than this, and the distance between the spheroid and the tangent 
sphere at any station would usually be still smaller. This will 
give some idea of the minuteness of the errors under discussion. 

It should be remembered that, whereas the triangulation 
stations themselves are at various heights above sea-level, 
these are all supposed to have been projected down vertically 
onto the spheroid before beginning the computation of the tri- 
angle. The points of which we shall speak in discussing the 
solution of the triangles and the geographical positions of the 
stations are these points on the spheroidal surface and not the 
original station points. 


aay Spheroid Se 
Sphere 


Fic. 97. 


* The sphere is supposed to be tangent at the center of gravity of the triangle to 
be computed. 
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In solving triangles by the methods given below, the following 
approximations have been made, and it is assumed that the 
resulting errors are negligible. 

1. The reduction to sea-level reduces the observed direction 
to that corresponding to the geoid (or actual surface), not the 
spheroid, as is assumed. 

2. The effect of local deflection of the plumb line is not usually 
allowed for. In some cases, however, it becomes appreciable. 

3. The effect of atmospheric refraction on the direction (hori- 
zontal component of the refraction) is neglected. 

4. The reduction of the observed direction (plane curve) to 
that of the geodetic, or shortest, line is omitted. There are in 
reality eight triangles formed by the plane curves, which are 
treated as if they were identical (see Art. 104). 

109. Solution of a Spherical Triangle by Means of an Auxiliary 
Plane Triangle. 

The direct solution of the triangles of a net as spherical triangles 
would be unnecessarily complicated. This may be avoided by 
employing a principle known as Legendre’s Theorem, namely, 
that if we have a spherical triangle whose sides are short com- 
pared with the radius of the sphere, and also a plane triangle 
whose sides are equal in length to the corresponding sides of the 
spherical triangle, then the corresponding angles of the two tri- 
angles differ by approximately the same quantity, which is one- 
third of the spherical excess of the triangle. 

110. Spherical Excess. 

The spherical excess of a triangle is directly proportional to its 
area, as shown in spherical geometry. Hence, if A’ is the area 
of any triangle, K is the radius of the sphere, S is the surface of 
the sphere, and e is the spherical excess of the triangle; then, 


. ° , . . Pike LUE 
since the spherical excess of the tri-rectangular triangle is — > 
2 


SPHERICAL EXCESS 107 


c I fc 
x wR? 

/ 

Therefore Re oe 


To express ¢ in seconds of arc, divide by arc 1’, and we have 


r A’ be sin A 
Rearcr’ 2 Rare 1” 


e [60] 
where 6, c, and A are two sides and the included angle of the plane 
triangle, 6 and c being in linear units. 

The sphere which is tangent to the spheroid at the center of 
gravity of the triangle, and which has the same average curva- 
ture, is a sphere of radius = VR,,V; whence 


bc sin A ’ 
€ = ae ig mbc sin A. [6z] 


The log of the quantity Se = mis given for different 


latitudes in Table XII. The latitude to be used in finding m is 
the mean of the latitudes of the three vertices of the triangle. 

Questions. —Is this auxiliary plane triangle the same as the chord triangle 
formed by joining the points by straight lines? Are the two similar in shape? 

The formule for e’’ given in Equas. [60] and [61] are sufficiently 
accurate for all triangles except a few of the very largest, such 
as those occurring in the Davidson Quadrilaterals in California 
and Nevada. When the sides of the triangle are over 100 
miles in length it may become necessary to use the following 
more accurate formula:* 


Area CeO ine 
iil mee ee ee 
Oa? ain al 24 R? ) [ora] 
’ ; a? ob b2 ++ C. 
or, ae =e’ +e” xX on ey O : 


* For proof see Appendix. 
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111. Proof of Legendre’s Theorem. 

To prove Legendre’s theorem, let A’, B’ and C’ be the angles 
of the spherical triangle, and A, B, and C those of the plane tri- 
angle; the lengths of the sides of the plane triangle are a, 6, and 
c, and those of the spherical triangle are a’R, 6’R, and c’R, then, 
in the plane triangle, 


’?+c— a 
cos A = Ae ; (a) 
oa sin? A = 1 — cos? A == Laon as ie ae 
AOC 
2002 200 2 0 a 
= ; (6) 


4 BC? 


In the spherical triangle, 


cos a’ — cos 0’ cos c’ 


Oi $+ 
sin b° sin ¢ 


Expanding each sine and cosine (omitting terms of higher 
order than the fourth), 


a’? a’4 b’2 b’4 C2 c’4 
pairs = sess) eas 


(4 a b’2 a c!2) ~w a (b/4 4 ¢/4 a a’) bs 1 B/2%¢/2 
b’c’ [rx — $ (0% + €”)] 


1 (p/2 19 
= [3(—a’?+b"+c"2) — 1, (0% +c'4—a’4) —1 b/2¢)] a o ei 
. c 
b+ ¢’2— aq’? 4 4+ ¢4 — a4+6 b’2c"2 
2 b'c’ 24 b'¢’ 
i —a'2h’2 + b/4 + 2 b/c’? — q’%/2 4 cl 


12 b’c’ 
whence cos A’ = 
/ i) / © © © 9 9 
b2 + ¢/2—a < i 2.a'2h!2 + 2 a/c’? + 2 b’%/2 — g!4 — b/4 — 4 
2 bc 6 4 b’c! (c) 
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From (a), (0), and (c) 
cos A’ = cos A — 1 0’c' sin? A. 
Let « be the difference between A and A’. Then 


cos « = 1 and sin x = «”’ arc 1” (nearly), since x is small, 


and cos A’ = cos (A + x) 
cos A — sin Ax’ arc 1’ 
cos A — 20'c' sin? A; 


/ 


Biitiomemee alc sin Ap) G cin: A. 
b’c’ sin A 
Therefore Cp 
© are i 
b C 
2 i? / 
or, since b == and 6 ==> 
} R R 
if bc sin A 
oe 6 Rare [62] 


It will be noticed that this is one-third of the spherical excess 
as found in Equa. [60]. The same result would also be found 
for angles B and C. 

112. Error of Legendre’s Theorem. 

The error in Legendre’s theorem* as applied to the sphere may 
be studied by carrying out the above series so as to include terms 
of higher powers than the fourth. Jordan (Vermessungskunde) 
gives a numerical example showing the amount of this error in a 
triangle of which the side AC is about 65 miles in length; the 
angles are shown below: 

TNE == AO” Bo} esto 
Bi = SF) 1 BS elo 
C” = 53 06 45 .630 


180° 00’ 14’.850 


Denoting the spherical angles by A’, B’, C’, and the correspond- 
ing plane angles by A, B, C, the differences are as follows, the 
first column containing the values derived from Legendre’s 


* See Coast Survey Special Publication No. 4, p. 51. 


200 CALCULATION OF TRIANGULATION 


theorem in its ordinary form, the second containing the smaller 
terms which are usually neglected. 


Approx. Exact. 
A’—A 4.950018 4.950036 
Bee 4 .950018 4.949997 
CaaG. 4 .950018 4.950021 


113. Calculation of Spheroidal Triangles as Spherical Triangles. 

It is customary to assume that the differences between the 
spherical and spheroidal triangles are negligible when the actual 
points are projected down onto a tangent sphere of radius 
VR,N. Clarke, in his Geodesy, shows the error of this assump- 
tion in the case of a triangle having a side over 200 miles long, 
the result being as follows: 


Spheroidal Spherical 
A’ 98° 44’ 37'7.0965 A 98° 44’ 37.1899 
B’ 58° 16’ 46.5994 B 58° 16’ 46'".4737 
C! 237 00! 127.7303 Gs 23° 00 12/7.7634 
é’ 1’ 36’’.4262 e 1’ 36.4270 


The preceding example indicates that in triangles whose sides 
are lines that can be sighted over on the earth’s surface the error 
involved in computing spheroidal triangles as spherical triangles 
is negligible in practice. 

Jordan, Vol. III, p. 579, gives for the triangle mentioned in 


Arts Lr 
A = 4".950 184 
B= 4 .949 969 
C = 4 .949 901 


e = 14.850 054 


These are the seconds of the angles corrected for spheroidal 
excess; this shows that for ordinary triangles the differences 
between spherical and spheroidal angles are beyond the thou- 
sandths place of the seconds. 

114. Calculation of the Plane Triangle. 

After the spherical excess has been computed, the angles of an 
auxiliary plane triangle may be found by applying Legendre’s 
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theorem, that is, by deducting one-third of the spherical excess 
from each spherical angle. The difference between the sum of 
these plane angles and 180° is the error of measurement and may 
be distributed equally among the three angles unless a least- 
square adjustment is to be made. In any case this method of 
distributing the error may be used for a preliminary determina- 
tion of the distances. The lengths of the triangle sides are now 
found by plane trigonometry. Since all three angles of a tri- 
angle will usually be known, the only formula that will be used, 
except in rare cases, is the sine formula, 


or, log a = log b + log cosec B + log sin A. 


A convenient arrangement of this computation, used by the 
Coast and Geodetic Survey, is shown in the following table. The 
spherical excess of the triangle in this case is 0’’.86, which gives 
1’’.24 as the error of closure of the triangle. 


Spheri- | Spheri- Plane 
; Observed | Correc-| °P 7° e Loga- 
Stations. 1 oe cal cal angles and pation 
aes * | angles. | excess. | distances. ‘ 
Blue Hill to Prospect...... 22723.08 m.} 4.356 4673 
° , mr La mw at ° hi ut 
Observatory cea. <nculseceds 61 47 18.80 —o.41 18.39 | —o.29 | 61 47 18.10] 0.054 9218 
EUSP Et ia aetediniesertaners a 35 45 15.40 —o.4I 14.99 | —0.29 | 35 45 14.70] 9.766 6415 
IPSOSDECE Facets ease Mr tne nee 82 27 27.90 —0.42 27.48 | —o.28 | 82 27 27 20] - 9.996 2261 
180 00 02.10 —1,24 00,86 | —o.86 |180 00 00.00 
Observatory to Prospect... 15067.13 m.| 4.178 0306 
Observatory to Blue Hill.. 25563.20 m.| 4.407 6152 


115. Second Method of Solution by Means of an Auxiliary 


Plane Triangle.* 
Another method of solution which has been used to some ex- 


tent in Europe is as follows: 


* See Jordan, Vermessungskunde, Vol. III, § 309. 
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Let ABC (Fig. 98) be the spherical triangle and A’B’X an 
auxiliary plane triangle having two of its angles, a and £, equal to 
the corresponding angles in the spherical triangle. Evidently 
the third angles will not be equal. 


Fic. 08. 


Let a’ and 0’ in the plane triangle be the sides corresponding 
to a and 0. 
In the spherical triangle we have 


ee 
ine a 
sin 8 ae 
sin > 
and in the plane triangle 
sina a’ 
sin 8 aig? 
for all values that may be given to a’ and 6’; whence 
ae a’ 
ne RETR 
a) ae 
Sin R 


and 
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The general expression for any triangle side may be written 


gt : 


B) 
R = oe Re 


s’ being the side of an auxiliary plane triangle corresponding to 
the side s of the spherical triangle. 


Taking logs of both members, 


eet gecie 2 Ihe Say ee ee 
R R SNR OR eo: 


S 


= log g + toes - Sat: ). 


Now, since 
2 3 
log (1 + x) -u(x-S4%...) 


(where M = logiwe = 0.4342945, the modulus of the common 
logarithms), we may write 


/ 


log 7 = log sing = log 5 
+ u(— Ae ai — ) (- om) 
= log 5 ao 
Therefore log & = log’ = — 
or log s — log s’ = a 163] 


which is the correction to the log of the triangle side. 

In calculating this correction, R? should be replaced by R,,N. 
Values of these corrections will be found in Table XIII for the 
argument log s. 
us 
180 Rt 


* The next term = = 0,000 000 ooo: for a distance of too kilometers 
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Example. 
ee ee ee ee ee 
Stations. Spherical angles. Distances. Logarithms. 
Blue Hill to Prospect...... PO ie Kk 22,723.08 4.356 4673 
@orrectionsrea esse 9 
Soh rap RE fea see RG ee 4.356 4664 
Obsenvatoryes ee eee 61 47 18.39 0.054 9215 
Bitten eu aes ae 35 45 14.99 9.766 6423 
Prospectamenayssi ssa ee 82 27 27.48 9.996 2262 
Sila fesths, ie iean tr ote eciee eee 4.178 0302 
Correction a. eee or oe 4 
Observatory to Prospect... 15,007.13 4.178 0306 
is, see aaa rho Ae eRe eer 4.407 6141 
Correction= ta reree ree ist 
Observatory to Blue Hill.. 25,563.20 4.407 6152 


Notice that after the base of the first triangle has once been 
reduced by subtracting the correction, the computation of the 
whole chain of triangles may be carried out, using the spherical 
angles only. It is not necessary to add the corrections to the 
logarithms of the computed sides until their true values are to be 
found. 


PROBLEMS 


Problem 1. Compute the area in square miles of a triangle on the earth’s sur- 
face having a spherical excess of 1’’, assuming that the earth is a sphere of radius 
3960 miles. 

Problem 2, Compute the sides of the following triangles: 


Correction to Error of Cc al Ss : 
Station. angles from closure of 7 a jeg bhesicat 
figure adjustment, triangle. See ae as 
(a) Mt. Ellen —o!'’.70 | f 49° 36’ 36’.88 
Tushar +o .98 20270 | 34.283 
75 


+o0/’.22 | 5 <6 
| eee 


~I 
po 


Wasatch —o .06 


Wasatch to Mt. Ellen; azimuth, 333° or’ 08’.65; back-azimuth, 153° 25’ 05’’.003 
dist., 123,556.70 meters; logarithm, 5.0918663. Latitude of Wasatch, 39° 06/- 
54.362; longitude, rrx° 27’ r1’’.915. (Tushar is SW of Wasatch.) 


(b) Uncompahgre -+0/’.17 | BT 54) OT dose | 
Mt. Waas — © BNLON emmEl=OneOn hs} ake) abe ata 46’’.15 
Tavaputs Ss OMT) | | 49 48 63 .42 
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Mt. Waas to Uncompahgre; azimuth, 288° or’ 25’".71; back-azimuth, 109° o7’- 
06.11; dist. 162,928.01 meters, logarithm, 5-211 9958. Latitude Mt. Waas, 
38° 32’ 21.444; longitude, 109° 13’ 38.302. (Mt. Waas is SW of Tavaputs.) 


° / , 
Problem 3. Position of point B { on os Bs ae 080 
long. 98° 32’ 30’’.506 
° / a 
Position of point C { oe 38 Seer 
long. 98° 29/ 15’’.508 
Azimuth B to C 353° 17’ 21/81; dist. 40232.35 meters; (log = 4.604 5754)3 
back-azimuth 173° 19’ 24/’.64. 


The spherical angles are A 57° 53’ 14’’.39 (A is east of BC.) 
IE OL? Dh ah 
C 59° 43' 17'”.93 


Compute the spherical excess and solve the triangle. 

Problem 4. Position of pt. L; latitude 42° 26’ 13’’.276, longitude 70° 55’ 52!’.088. 
Distance L to N, 3012.0 meters (log = 3.478 8600). Azimuth L to N, 314° 34’ 00”; 
back-azimuth, 134° 35’ 03’. Position of pt. N, latitude 42° 25’ 04’’.764, longitude 
FO GEL WS ARO, IMM MEL, BI? as Oy" S aie IN, OG? AVA! BONS et IB, Grey? Geol” 7” 
(E is east of LN.) Compute the spherical excess and solve the triangle. 

Problem 5. The observed angles of a triangle and their corrections as found by 
adjustment are as follows: 


Angle. Corrections. 
Sand Hill AOwmS 7h 28/413 =o! .35 
Rutherford El BRIG). aft —o .61 
Miller 84 39 35 .03 —o .44 


The position of Rutherford is latitude = 37° 08’ 57’’.928 N, longitude = 98° o6/- 
31.618 W. The position of Miller is latitude = 37° 02’ 20.963 N, longitude 
97° 55’ 43.9008 W. The azimuth from Miller to Rutherford = 127° 28’ 17’’.95; 
back-azimuth 307° 21’ 47’".30. Distance in meters, 20139.64; logarithm, 4.304 0518. 
Solve the triangle. 

Problem 6. Show that the substitution of Equas. (a) and (6) p. 198 in Equa. (c) 
p. 198 is permissible under the assumptions made in Arts. roo and 111. 

Problem 7. The angles and sides of the Mt. Lola — Mt. Diablo — Mt. Helena 
triangle are as follows: — 


Lola 28° 40’ 07’’.g00 107 728.96™ 
Diablo 473 06 32 .540 213 873.23 
Helena ~ 78 o5 16 .803 218 704.43 


Compute the second term of the spherical excess. The mean latitude is 38° qo’ N. 

Problem 8. The sides of the triangle Shasta — Helena — Lola are approxi- 
mately 133 mi., 167 mi., and 190 mi. The value of e” is 142’.696. Compute the 
second term of the spherical excess. 


CHAPTER VII 
CALCULATION OF GEODETIC POSITIONS 


116. Calculation of Geodetic Positions. 

In geodetic surveys covering large areas the positions of the 
triangulation points are expressed by means of their latitudes 
and longitudes. Over limited areas a system of rectangular 
spherical coérdinates may be used to advantage, but for such 
areas as have to be surveyed in this country the latitude and 
longitude system is preferable. 

Before the latitude and longitude of one triangulation station 
can be calculated from the codrdinates of another station, it is 
necessary to know the dimensions of the spheroid which is taken 
to represent the earth’s figure, and also to fix definitely the lati- 
tude and longitude of some specified station, as well as the 
azimuth of the direction to some other triangulation station. 
This selected position and direction determine the relative posi- 
tion of the whole survey with respect to the adopted spheroid, 
and constitute what is known as the geodetic datum. The surveys 
of different countries may be computed on different spheroids 
or may be located inconsistently on the same spheroid. The 
different portions of a survey of the same country will be located 
inconsistently on the same spheroid until they have been con- 
nected by triangulation. 

The two spheroids which have been most extensively used for 
geodetic surveys are (1) that computed by Bessel in 1841, and (2) 
that by Clarke in 1866. The Bessel spheroid was computed from 
data obtained chiefly on the continent of Europe, and conse- 
quently conforms closely to the curvature of that portion of the 
earth. This spheroid is still in general use in Europe. Clarke’s 
spheroid of 1866 was computed from arcs distributed over a much 
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larger portion of the earth’s surface; it shows a greater amount 
of flattening at the poles than the Bessel spheroid, and conse- 
quently assigns a flatter curvature to the surface in the latitude 
of Europe and of the United States. The Bessel spheroid was 
employed by the Coast Survey in the earlier years. As the sur- 
veys gradually extended, the errors due to using this spheroid 
became more and more apparent, until finally, about 1880, it was 
decided to change to the Clarke spheroid. The latter conforms 
much more nearly to the curvature of the surface in the United 
States. 

117. The North American Datum.* 

In rgo1 the United States Coast and Geodetic Survey adopted 
what was then called the United States Standard Datum, 
by assigning to the station Meades Ranch the following position 
on the Clarke spheroid: 


Latitude, 20,13) 20 2086 
Longitude, 98° 32’ 30’’.506 
Azimuth to Waldo, 75° 28’ 14’’.52 


In 1913 this datum was adopted by the governments of Canada 
and Mexico, and it is now known as the North American Datum. 

In deciding upon a geodetic datum it was necessary to con- 
sider two important points: first, the datum should be so chosen 
as to reduce to a minimum the labor of recomputing the geodetic 
positions; second, it must place the triangulation system in such 
a position that no serious error will occur in any part of the sys- 
tem. At the time this datum was selected a large number of 
triangulation points had already been located along the Atlantic 
Coast. By selecting a position for Meades Ranch consistent with 
the old datum upon which this triangulation was calculated, a 
large amount of recomputation was avoided. At the same time 
it was apparent that this also placed the triangulation very near 
to its theoretically best position. 


* See Coast Survey Special Publication No. 24, p. 8, or Special Publication No. 
19, p. 80. 
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118. Method of Computing Latitude and Longitude. 

Assuming that the latitude and longitude of a station (A) 
are known, as well as the distance and azimuth to a second sta- 
tion (B), we will now develop the formulz™* necessary to compute 
the geodetic latitude and longitude of the second point. In 
doing this we shall have to solve the differential spherical tri- 
angle formed by joining the two points with the pole. 


Fic. 99 


119. Difference in Latitude. 
In Fig. 99, P’ is the pole of the spheroid. P is the pole of a 
sphere tangent to the spheroid along the parallel of latitude 


* These formule were first given by Puissant; see his Traité de Géodesie, Vol. ip 
see also Coast and Geodetic Survey Repert for 1894, and Special Publication No. 8. 


DIFFERENCE IN LATITUDE 209 


through A. The radius of the sphere is NV, and its center is at 
H. Let A be the known station and B the unknown station. 
The angular distance of A from the pole is y;_ the unknown dis- 
tance of B is y’; o is the arc AB; a is the azimuth; and e = 
180° — a 

If y’ is computed by a direct solution of the spherical triangle 
ABP, the required precision can be reached only by the use of 
about ten-place logarithms. It is more convenient, and quite 
as accurate, for such short lines as occur in practice, to employ for- 
mule giving the difference in latitude, that is y — y’. 

The formula for the direct solution of y’ in the spherical tri- 
angle is 

cos y’ = cosy cosa + siny sino Cos e. (a) 

Since 7’ is a function of o, its value may be expressed as a con- 

verging series by means of Maclaurin’s formula (p. 408), giving 
/ 2a! 3,,/ 


To evaluate the three differential coefficients, differentiate 
Equa. (a) three times in succession, and in each resulting equation 
substitute ¢ =o. The results of the first two differentiations 
are as follows: 


d ‘ : 
—sin y’ Fe = —cosy sing + sin y COS ¢ COS €, (c) 
oO 
2ny! dy'\ aes 

—sin y’ qo? ~ 098 >’ (=) = —cosy cosa — siny sing cose 

= —cos 7’, (by (@)). (d) 
Before differentiating a third time, (d) may be written 
dy’ dy’\’ 

/—— —]=1. € 
tan TE +(2 I (e) 


Differentiating (e), we have 
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hi 


When cg = 0, yy =Y7; 


and (c) becomes 


é oF : 
aera Og aa = SU 7 COS: é. 
o 


dy’ : 
Therefore 7 = —COS €. (g) 
o 


(e) becomes 


Therefore Y = sin? ¢ cot 7. (h) 


(f) becomes 


d>y’ ; ; 
tan y oe +sec?y (—cos e) (sin? € cot y) +2 (—cos e)(sin® « cot y) =o. 
oO 


i et a 


d>y é 
Therefore do? = OS sin? e cot? y (2 + sec? y) 
oO 


= (2 cot? y + cosec? y) sin? € cos € 


= (1 + 3 cot? y) sin? e cos «. (7) 


Substituting these results, (g), (7), and (7) in equation (0d), 
Maclaurin’s series, we obtain 


Cae. o, . : 
yy’ =y—o COS e+? ‘sine cot oarae +3 cot? y) sin?e«cose+---. (j) 


Changing to latitudes and azimuths by placing 


/ 


y= go — 9’, 
ve 90° oe g, 
é = 180 — a, 


I 


Equation (7) becomes 


9 


¢—$' =o cosa + sina tan ¢ 
o°? 
=F -+ 3 tan?) Sin" @ Mos... Ue) 


The difference in latitude being in radians on the sphere. 
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In order to transfer the codrdinates of the triangulation points 
from the sphere to the spheroid, it should be noticed that if the 
radius of the sphere is V (the normal) and its center is at H (Fig. 
99), and the polar axes of the sphere and spheroid coincide, then 
the parallels of latitude through A coincide, the spheroid being 
tangent to the sphere along this parallel; also, the latitude (¢) 
will be the same for both surfaces, and the distances and azimuths 
of AB on the two will differ by inappreciable quantities. We 


may therefore put ¢ = =, where s is the distance in linear units.* 


ap 
Then (k) becomes 


9 


ee ee tntan é— ah —= sin?a cosa (1+3 tan?¢). (J) 
N 2 IN? 6 N ‘ : 


The difference in latitude should be measured, however, on a 
curve of radius R,,, since it is measured along the meridian P’A, 
Fig. 99. The linear difference in latitude is very nearly the 
same for the two surfaces, and the angular difference in latitude 
will vary inversely as the radii; that is, 


= (¢ — ¢’) N = Ag” Ry arc 1”. (See Equa. [49].) (m) 


: N 
SAE are 


Therefore Ad” = (¢ 


A¢”’ being in seconds of arc on the meridian of the spheroid, and 
Ry the radius of curvature of the meridian at the middle point 
between the parallels through A and B. Therefore the difference 
in latitude (remembering that a positive value of cos a corre- 
sponds with a decrease in latitude) is given by 


SCOS @ stsineatand s*sin?acosa(1+3 tan? ) BS 
9 // 
Ryarcr «giNRyarcr” 6 N?2Ry arc i 


—Ad = 


The negative sign is introduced because when a is in the first 


* The following more accurate expression is given by Clarke, 
2 ‘r 
5 eo sin? 1 ; 
o ——j7 — COS? @ COS” @. [63a] 
N sin t 6(1 — e) 
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or the fourth quadrant and cos a is positive the difference in 
latitude is negative. 

Since the middle latitude is not known at the beginning of the 
computation, it is more convenient first to take out the value of 
R,, for the known latitude of A, which will give an approximate 
difference in latitude, which we may call 6¢”’, and then to change 
to that corresponding to Ry by multiplying by the inverse ratio 
of the radii. 


é ae pa Ao! 
ince Ru = Ria 
yI // Rn “( Ru a Rs 
Ad OPiae OO ae (eae 
M Ru 


= bp (: _ ot) approximately, 
M 


, : dRy . : 

in which 69” on is a correction to be subtracted from the first 
value. 

a(1 — e?) 

Eom | 43 |g ie a 
(rt — e? sin? ¢)? 

a(1 — e?) -3e?sing cos¢dd 


Therefore dk = : 
(1 — e® sin? ¢)? 


Since dk,, is the change from the starting point to the middle 
point, the differential d@ is taken as half the difference in latitude, 
6¢; that is, 

_ 6¢” arc 1” 


dod = 


2 
GRm 3e€?sing cosdarcri” 
Rn  yraie 2 sin%) a 
= Deco. (0) 


If we now put for brevity Reacts = B, Wee =U, 
A m 


Therefore 5p” 


DIFFERENCE IN LATITUDE 213 


oS oy 1 +3 tan? 
Risare bal h (the first term in (m)), and Sa 


Equa. (7) becomes 
—Ad” =s-B-cosa+s?-C-sinra 
+ (66")?-D—h-s?+E-sin?a, [64] 
the difference in latitude now being in seconds. 
The new latitude is given by 
¢ =o + Ag”. [65] 


The logarithms of the factors B, C, D, and E are given in 
Table XIV, p. 433, in metric units, for the Clarke spheroid of 
1866. 

The D term is inserted before the E term, because it is usually 
the larger. The £ term may be omitted when log s is less than 


= F, then 


4.23. ... The D term may be omitted when log s is less than 
2.31... ,and #? may be substituted for (64)? when log s is less 
than 4.93. . . . The fourth differential coefficient in the series 

A ie C 

E D 

% 
-) 
Ss 
B Cc 
E g AA 
FIG. 100. FIG. 1004. 


may be neglected except for the very longest lines (see Coast 
Survey Report for 1894, p. 284). 

Whenever the azimuth, a, is less than 90° or more than 270° 
(S W or S E) the B term is positive. Since the C and D terms 
contain squares they are always positive and are therefore added 
to the Bterm. The £ term (h positive) is subtracted. When a 
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is between go° and 270° (N W or N E) the B term is negative 
and the C and D terms are (numerically) subtracted from it, 
while the & term is added to it. 

If a perpendicular is dropped from B to the meridian through 
A (Fig. roo) it is readily seen that the first term of the series 
(B term) is (very nearly) equal to the projection AC. This is 
the same as the “latitude”? employed in plane surveying, but 
converted into seconds by the factor B. The difference in 
latitude between stations A and B is not AC, but the distance 
from A to the parallel of latitude through B. It is therefore 
necessary to add the distance CD, which is nearly equal to the 
offset at B from the tangent (DE) to the parallel of latitude. 
This is the C term. This term is proportional to the square of 
the distance out (BC or DE) and is the offset used in establishing 
a parallel of latitude in the surveys of the public lands. 

120. Difference in Longitude. 

The difference in longitude is such a small angle that we may 
obtain it with sufficient precision by a direct solution of the tri- 
angle PAB, Fig. 99, (but on a different auxiliary sphere), using 
7-place logarithms. 

Applying the law of sines, 
sin o sin@ 


Sia AS = , 
cos @ 


The sphere on which the points are projected is that whose 
radius is V’ and whose center is at H’ corresponding to point B. 


As before, let ¢ = as 
N 
Therefo in Ad = singa - =<. 
re sin AX = sin Walccm (p) 


In practice it is more convenient to solve the equation in the 
form 


AX” vies ae = a / 
arc I = iva SLC SC Cri 


and then to apply corrections for the difference between the arc 
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and sine; the equation should therefore be written 


S) 
ees S / 
Ni aoa” “SIN @ S€C @ — COIT i595, 


since each side of the equation is too large by the difference be- 
tween the arc and sine. 


// 
AXS = COliaee = 


Placing = A’, the equation becomes 


ae! Vitaly Coa 4 
AX” = A’-s-sin asec ¢’ + cort-togan — COFTtog; [66] 
in which the corrections are to be applied to the logarithms. 
Values of log A’ will be found in Table XIV, p. 433. 
In Art. 115, p. 201, it was shown that 


leo si Spee Se 
_ og SIN = Re’ 


log 


pul & 


where s is the length of any line (great circle) on the surface. 


If : is an angle expressed in seconds, then the last equation 
becomes 
ell 2 
(=) are 14 
log = — log sin= = s 
OF a 6 


Taking logs of both members, 
a, Marchi 5a) 
log (diff. of logs) = log eared Fao log R): 


Applying this formula first to Ad’’, we have 
log (diff. of logs) = 8.2308 + 2 log ANd’. (q) 


5 : : 
Applying the formula to WN” and, observing that the second term is 


2 log re , we have 
log (diff. of logs) = 8.2308 + 2 logs + 2 log A’ (r) 
= 5.2488" + 2 logs. (s) 


* Based on the value 8.5090 for log A’. 
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This correction is to be subtracted because arc M7 is greater than 
WE/S 
sin (47): 

In Table XIII the corrections are tabulated to show the values 
of log s and log AX” for the same log diff. The correction for 
log s is negative and that for log AX” is positive. The algebraic 
sum of the two corrections is to be added to log AX’. The 


method of making these corrections is illustrated in the example 
on p. 220. The new longitude }’ is given by 


N= A+ AN [67] 


In the formula 


= sina sec ¢’ 


(dp fis sae ee 
aS N’ arc1 


it will be seen that s sin a is the ‘‘departure”’ (of plane surveying 
or of navigation) expressed in linear units. This is reduced to 
seconds of arc of a great circle by the factor N’ arc1”’. This 
result is changed to seconds of arc of the parallel of latitude by 
the factor sec ¢’. 

In west longitudes a positive sign for the sine of a (a between 
o° and 180°) gives a positive sign to the difference in longitude. 
If a is between 180° and 360° the sine is — and the longitude is 
decreased. 

121. Forward and Back Azimuths. 

Owing to the convergence of the meridians the forward and re- 
verse azimuths of a line will not differ by exactly 180°, as in plane 
coérdinates. The amount of this convergence is computed as 
follows 

In the triangle PAB, Fig. 99, by Napier’s analogies, 


Os 3 
os 3 (y’ + 7) 


tan} (A + B) = cot $Ad- = 


Substituting, and noting that A + B + Aa = 180°, and that 


FORWARD AND BACK AZIMUTHS Bie 


an increase in A) causes a decrease in Aa, 


1 aw file 

ede th, ra aye A Ee 

sin 3 (¢ + ¢’) 

te od ; 

whence — tan} Aa = Pa yee ea et) 

cos 3 (¢ — ¢’) 
sin dm 


Ag 
cos — 
2 


= tan} Ad 
A A : 
Therefore — = = tan (tan AX sit bm 


Putting for } Aa the series 


Sin dm 


nA Naame, =F Ce eames, +2, 
C0Siea COs 
2 
and for tan 3 A) the series 
(3 Ad)§ 
4 Ad + Ee oe 
3 
then 
SIN dy, “ Sin omelet 
Safle = ab — | —— }— 1 /1id —_ | —____ 6 
z Aa (far + Ad | (4 See Ao ={s 
cos = COs 


Sin. @m , Ad® Sidm Ar? Sin? ys 


Ag 24 Ad 24. 
cos £08 == 


=A 


An} 
Multiplying by 2 and factoring out id 


“f SIN bm : , sin dm S sin? dy 
ies saa cos 4 A¢ + ty (AX) (= 2Ad cos? Ad 


Placing cos } A? = 1 in the small term and reducing Aa and 


218 CALCULATION OF GEODETIC POSITIONS 


A to seconds of arc, 


sin dm 
cos 4 Ad 


EA aN “Liao AN’)2 Sith bop COS? by BEC” E 


A 
= ANN Tslins, sec + (An”)3 - P, [68] 
in which F is an abbreviation for 51, sin ¢m COS? ¢m arc? 1’’ and is 
given by its log in Table XIVa, p. 431. This / term amounts 
to only o’’.or when log AX” = 3.36... . 


The back azimuth a’ is given by 
a! =a + Aa” + 180°. [69] 
It will be seen that the first term in the expression for Aa 
(omitting the factor sec =". which is always nearly equal to 


unity) is the same as the formula used for calculating the con- 
vergence of the meridians, as when estab- 

4 lishing township and section lines or when 
checking azimuths in a traverse. 

From Fig. ror it will be seen that if a 
is less than 180°, Bis west of A, and Aa 
must be subtracted from a (and 180° added) 
to obtain a’. 

In calculating the geodetic position of a 
point, the azimuth of the line to that point 
is to be found from the known azimuth of 
the fixed side of the triangle by using the 

corrected spherical angle, not the plane angle of the auxiliary 
triangle. The computations of ¢’ and \’ may be verified by com- 
puting the position from two sides of the triangle and noting 
whether the same ¢’ and X’ are obtained from the two lines. 
The reverse azimuths are checked by noting whether their differ- 
ence equals the spherical angle at the new station. In this 
manner the calculation of each triangle may be made to check 
itself. 


! 
| 
le 
| 
| 
I 


IGS, ae ne, 
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122. Formule for Computation. 


For convenience of reference the working formule are here 
brought together. 


— Ag=s-B-cosa+s*sin?a -C+(59”)?-D—h-+s?+sin?a - E,* [64] 


AX = A’-s-sin asec ¢’ [66] 
(or, log AN” =logs+ log sina + log A’+ log sec ¢’ + Ciox ax — Cog s)s 
— Aa’’ = AN sin } (6 + ¢’) sec} Ad + (AN)? - F, [68] 

in which 


h=s-cosa:B, 
—6¢”’ =s-cosa-B+s?%sin2?a:-C — hs? sin2 a: E. 


The position of the new point and the reverse azimuth are then 
given by 


o =¢+ Ag”, [65] 
NM =rA+ AN”, [67] 
Osten Nee gt 807 [60] 


The arrangement of the computation is illustrated by the fol- 
lowing example. The two pages show the two computations of a 
position in the same triangle. 

In the first page of the computation, the known station is Waldo 
and the position of Bunker Hill is to be found. Since the value 
of Aa depends upon Ad and Ad depends upon ¢’, the three parts 
of the solution must be carried out in the order indicated. In 
computing A¢, take out B, C, D, and E£ for the given latitude ¢. 
The (6¢) used in the D term is usually taken as the algebraic sum 
of the first two terms of the series; if the Z term is large, it should 
be included also. The / in the £ term is the first (B) term alone. 
The algebraic signs of the functions of a are important and should 
be carefully attended to. 

When computing Ad, ¢’ is known and the factor log A’ must 


* The value of —A¢ may be made more accurate by the addition of the following 


term: 
s?-k-B +35? costa-k-H+ 3% s*-cos’a sec? @- A2-karc? 1”, 


1 
L 
in which k = s?- sin? a:C. 
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acy. Waldo to Meade’s Ranch 255° 
Je Meade’s Ranch and Bunker Hill 86 
a Waldo to Bunker Hill 341 
Aa 
180° 
a! Bunker Hill to Waldo 161 
Third angle 38 08 
o 39° 09! 55.645 Waldo oN 98° 49’ 50’.128 
Ag —I7 39 .209 S = 34,407.64 meters Ad —o7 29 .652 
¢! 38 52 16 .436 Bunker Hill v 98 42 20 .476 
s 4.536 6549 Se 9.07331 (d¢)? | 6.0499 = 3.0249 n 
cos @ 9.977 3018 sin? a 8.99674 s? sin? a@ 8.0700 
B 8.510 9150 G 1.31553 #6) 2.3832 E 6.0871 
h 3.024 8717 9.38558 8.4331 7.1820n 
Ist term 1058’’.g409 | 3d term |-+0.0271 (Ad)3 7.959 | 
2d term o .2429 | 4th term |—o.0015 F 7.872 
1059 .1838 +o.0256 5.831 
3rdand 4th Ss 4.536 6549 
terms + .0256 sin @ 9.498 3680 | Arg AX 2.652 877 7 
—Ag 1059. 2094 A’ 8.509 1469 Ss —2I |sin} (¢+ ¢’)| 9.799 043 
4 (6+ ¢’) |39° ot’ 06’",04 sec ¢’ 0.108 7088 An +03 sec } (Ad) I 
2.652 8786 | Corr.| —18 2.451 921 n | 
18 —Aa@ —283"".09 
2.652 8768 n 
AN  |—449'" 652 
— eee 


be taken out for this new latitude ¢’, not for ¢. The primes are 
inserted to call attention to this. To correct for the difference 
between the arc and the sine, enter Table XIII with log Ad and 
log s as arguments. The algebraic sum of the two values of 
“log diff.” is the correction to be applied to log AX. The value 
of Aa is found last. 

The values of ¢’ and \’ are checked by noting whether the 
same values are obtained from the two computations. The two 
reverse azimuths should differ by the spherical angle at the new 
station, which checks the computations of Aa. 

122a. Subsidiary Triangulation. 

In calculating the positions of points in subsidiary triangula- 
tion the work may be somewhat simplified since it is unnecessary 


SUBSIDIARY TRIANGULATION 


221 
Meade’s Ranch to Waldo Smee Oa Auas2 
Bunker Hill and Waldo SS &9 28. 7B 
Meade’s Ranch to Bunker Hill 19 57 40 .79 
—o6 Ir .66 
; 180 
Bunker Hill to Meade’s Ranch 199 51 29 .13 
od 39° 13’ 26’”.686 Meade’s Ranch oN OS 3230/7506 
Ad —2I I0 .250 Ss = 41,661.11 meters Ad +09 49 .969 
¢’ 38 52 16 .436 Bunker Hill NG 98 42 20 .475 
Ss 4.619 7308 st 9.23946 (6¢$)2 | 6.2076 —h 3.1037” 
cos @ 9.973 0924 sin? @ 9.06649 S? sin? a@ 8.3060 
B _ 8.510 QI05 C 1.31644 2.3835 E 6.0882 
h 3.103 7337 9.62239 8.5911 7.4979 n 
Ist term +1269.795 3d term 0.0390 (Ad)3 8.312 
2d term 0.419 | 4thterm| —o.0031 F 7.871 
+1270.214 -+0.0359 6.183 
3d and 4th 9 4.619 7308 
term +o .036 sin a 9.533 2455 Arg AX 2.770 830 
—A¢ +1270. 250 A’ 8.509 146) —31 |sin3 (6+¢’)| 9.799 317 
sec ¢’ © 108 7088 Ad +06 sec } (Ad) 2 
4 (6+ ¢’) | 390° 02’ 51’. 56 2.770 8320 Corr.| —25 2.570 149 
—25 
2.770 8295 —Aa 371" 66 
An +589’” .9694 


to make use of the smallest terms, such, for example, as the E 
term in the latitude equation, the corrections to the longitude, 


A F : : 
or the factor sec =e and the F term in the azimuth equation. 


The working formule would then take the form 


— Ag” =s-B-cosa+s?+C-sin? a + (66”)?D 


INNLY 


ee Aa” 


A’-s-sinasec @¢’ 


Ad” sin 


1(¢4+4¢’). 


The computation would be carried out as shown on p. 222. 
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POSITION COMPUTATION, SUBSIDIARY TRIANGULATION. 


° VA a 
a Sand Point to La Salle 8 43 54.0 
aa La Salle & Indianola +44 46 17.3 
a 2 Sand Point to 1 Indianola 53 30118 3 
Aa — I 54.7 
I80 00 00.0 
a’ tIndianola to 2 Sand Point 233 28 16.6 
Third angle of triangle 77 56 09.6 
fo} ’ ur ° v aw 
o 28 35 02.377 2 Sand Point r 96 26 59.604 
Ad — 2 36.805 Ar + 3 59.900 
¢’ 28 32 25.572 I Indianola xv 96 30 59.504 
eats Ss 3.909 I75 3 7.818 
3(¢+¢’) 28 33 44 COs a 9.774 355 sin? a 9.810 he 4.39 
B 8.511 666 G 1.142 D Bes?) 
ay h 2.195 196 8.770 6.71 
Ist term | +156.7458 .0589 .0005 
2d and 3d 
terms + .0594 
—Ad -++156.8052 
Ss 3.909 175 
sina 9.905 196 
Ale 8.509 391 AX 2.38003 
sec ¢’ 0.056 268 sin 3(¢ + ¢’) 9.67953 
2.380 030 2.05956 
AX +239.900 —Aa +114.7 


From Coast and Geodetic Survey Special Publication No. 8. 


122b. Clarke’s Formule for Computing Geodetic Positions. 

The Puissant formule are sufficiently accurate for lines up to 
about 70 or 80 miles in length and these usually satisfy all the 
requirements of triangulation. In a few instances, however, 
it has been necessary to employ more accurate formule for 
computing the positions. The following solution of the problem 
was given by Clarke in the Report of the Ordnance Survey of 
Great Britain 1858, and in his Geodesy; these formule were used 
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in the caiculation of the Davidson Quadrilaterals in California 
and Nevada. 

In this solution the triangle formed by joining the two stations 
and the pole, Fig. 99, is first solved directly in order to obtain 
(simultaneously) the angle at B and the difference in longitude. 
The calculation is ordinarily made with 10-place locarithms. 
The interior angles, rather than the azimuths are employed in 
the solution. The difference in latitude is found last. Using 
the same notation as before, except for the azimuths, we have 


Apel iS Ci, nL F 
ra BMG ay COs? a [69a] 
Peer ceeinim Mas » = 
G = Gree) cos? @ sin 2a@ [69)] 
ee _ €08 4(y—oc) a fs 
tan 4 (e’ + ¢ + Ad) Ree: Toray [69c] 
sin 3 ty = 
tas (2-1-6 —) AN) sslvie2) t= [60d] 


=— co 
sin $ (y +0) 2 


eer S sin 3 (a’ +¢—a) E o* sin? ty nes (a!—a) 
a So =p, sint” sind (a’+¢+a) 2 
[doe] 


In these formule ¢ is the small angle (at B) between the two 
plane curves, @ and a’ + ¢ are the interior angles of the triangle 
PAB, Fig. 99. The computations are necessarily carried out 
in the order given above. Positions obtained by these formule 
are reliable up to about 200 miles. 

122c. Dalby’s Theorem. 

In deriving formula [68] and also formule [69c] and [69d] it 
was assumed that the spherical formula (Napier’s analogies) 
would give the difference between the forward and back azi- 
muths on the surface of the spheroid. Dalby showed that the 
error in this assumption is negligible, and it is usually known as 
Dalby’s Theorem. Helmert (Hiéheren Geodiasie, Vol. I, p. 150) 
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shows that the error may be expressed in the form 


4 
dpa — ap = @'pa— a’ apt yarevsin (+) sin?A¢ sing costh: +: , 
and that this small term is ordinarily less than one-thousandth 
of a second. The spheroidal azimuths are indicated by aap and 
aga, the spherical azimuths being indicated by the primed letters. 

Clarke, (Geodesy, p. 106) shows that if a and a’ are the interior 
angles (spheroidal) and 6 and §’ are the corresponding spherical 
angles, then, 


/ / e k\’ . 2 } 
ate’ =pt+p’+ = | Sut @ COs a sin GCOS: Gea, 


Aaron Na 


k being the chord distance. This is nearly the same as the 
preceding. The small term is less than a ten-thousandth of a 
second for the longest lines which can be sighted. 

From these equations we infer (1) that the difference in azi- 
muth at two stations may be calculated as spherical without 
sensible error, and (2) the spheroidal excess equals the spherical 
excess of a spherical triangle having for its vertices the pole and 
two points having the same latitudes and longitudes as the 
stations in question. 

123. The Inverse Problem. 

Not infrequently it is required to find the distance and mutual 
azimuths between two stations whose latitudes and longitudes 
are known. 


If we place « = s sin a and y = s cos a, then, from Equa. [66] 
and [64], we have 


Ad” cos ¢’ 
Rese (70 
I 
and y earn [Ag’” + Cx? + D(59’)? + E (Ag”) x7], [71] 
: : x Arcos@¢’B 
from which tan oo == = Aaa [72] 
and s=yseca | 


= xcoseca. | [73] 
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The inverse solution may be worked out on the same printed 
form that is used for the direct solution, but the order of procedure 
is modified as follows: First, compute « by Equa. [70], then the 
C, D (and £) terms in Equa. [71], obtaining finally y. The azi- 
muth is then found through its tangent; s may be calculated 
from the x term or from the y term, whichever is more accurate. 
The calculation of Aa gives a’. 

In the following example of a solution of the inverse problem, 
the two latitudes and the two longitudes are known and 5, a, 
and a’ are to be found. The only difference between this form 
and the preceding one is the calculation of tan a and s in the 
lower right-hand corner. 
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POSITION COMPUTATION, SECONDARY TRIANGULATION. 


INVERSE SOLUTION 


a 

He, 

a 2 Sand Point to 1 Indianola 
Aa 
a’ t Indianola to 2 Sand Point 

° if / 

ro) 28 35 02.377 2 Sand Point 
Ad — 2 36.805 
¢’ 28 32 25.572 t Indianola 


53 30 11.5 
— 1 54.7 


Third angle of triangle 


eg 


I80 00 00.00 
233 28 16.8 


° ‘ ” 


96 26 59.604 
+ 3 59.900 


96 30 59.504 


.683 529 
2(p+¢’) | 28 33 44 js ce 
” B 8.511 666 
Ist term -+156.7455 h 2.195 195 8.7706 6.71 
ad and 3d 
terms + .0595 -0590 .0005 
—Ag +156.8050 
Ssina@ = 3.814 371 
5. COS @ = 3.683 529 
tan @ = 0.130 842 
° / ” 
s = 
3.814 371 @ = 53 3011.5 
Sas } COS @ = 9.774 355 
A’ 8.509 391 AX 2.380 03 S = 3.909 174 
sec ¢’ 0.056 268 sin }(¢ + ¢’) 9.679 53 
2.380 030 2.059 56 
au ” 
AX +239.900 —Aa S147 


(From Coast and Geodetic Survey Special Publication No. 8.) 
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123a. Tabulation of Data Derived from Triangulation. 

In tabulating the geodetic positions, distances, azimuths, etc. 
for publication the following form is frequently used. The 
column “‘seconds in meters”’ is useful when plotting the position 
on a sheet showing the minutes of latitude and longitude. 


Latitude Secs. é Loga- 
; 3 : Back To Dis- mens 
Station. and in Azimuth : : rithm of 
: Azimuth. station. tance. : 
longitude. | meters. distance 


° , a ° / wt ° / ur 
Unkonoonuc| 42 58 59.864 | 1847.4 | 249 36 12.62| 70 12 57.35 |Agamenticus 77686. 65) 4.8903464 
(N.H.) 1860 | 71 35 19.380] 439.9 | 196 35 18.88] 16 44 18.82] Gunstock  |6r992.11/4.7923364 


Monadnock | 42 51 41.174 | 1270.6 | 219 13 05.04] 39 43 25.22 Gunstock [94468 .57|4.9752873 
(N.H.) 1860 | 72 06 30.776] 698.6 | 252 07 57.59 | 72 29 12.03 |Unkonoonuc] 44548. 68] 4.6488348 


124. Location of Boundaries. 

Whenever it becomes necessary to establish on the ground a 
boundary line between two states or countries, the length of 
the lines and the accuracy demanded usually make it necessary 
to employ geodetic methods. A boundary may consist of a 
meridian arc, a parallel of latitude, or a great circle inclined to 
the meridian; or it may be a combination of these. 

125. Location of Meridian. 

If a boundary is a meridian arc the longitude of which is fixed 
by law, it is first necessary to assume approximate positions for 
the terminal points, and then to determine the longitude of these 
by direct observations. These points are then corrected in 
position. After the terminals have been established on the 
ground, the line may be run from one to the other as a random 
line, to be subsequently corrected if necessary. Observations on 
Polaris for azimuth will show the direction of the meridian. The 
line is then run out by backsighting and foresighting. If neces- 
sary, the direction of the meridian may be determined at inter- 
mediate points. When the second point is reached, the error in 
the running of the line becomes known, and the random line may 
be set over or re-run in the usual manner. If the boundary is 
long, the intermediate points may be found by triangulation in- 
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stead of by direct measurement. In any case triangulation will 
furnish a valuable check. 

126. Location of Parallel of Latitude. 

In order to establish a parallel of latitude on the ground, it is 
necessary to assume a point as nearly as may be on the desired 
parallel. The exact position of this assumed point is then de- 
termined by Talcott’s method, and the station moved, if neces- 
sary, to the correct position. If the difference between the ob- 
served and the desired latitude is Ad, the sea-level distance which 
the station must be moved is s’ = R,, Ag” - arc 1”. 

At higher elevations s’ should be increased in proportion to the 
distance from the center of the earth (Equa. [6]). If the error in 
P position proves to be large, it may be 

advisable to make another determi- 
nation of the latitude, in order to 
avoid the effect of station errors. 
(See Art. 83,-p. 151.) 

The next step is to determine the 
azimuth of a reference mark, by ob- 
servation on Polaris, and to estab- 
lish the direction of a great circle 
at right angles to the meridian 
(prime vertical). Points on the 
parallel of latitude are then deter- 

mined by measuring offsets from the prime vertical as a 
reference line. 

In Fig. 102 we have, in the triangle PAB, 


Fic. 102. 


PA = 90° — 4, 
A= 90", 
and tan o = tan Ad cos ¢, 
or o = tan“! (tan Ad cos ¢) 


Expanding o by the formula for tan x, p. 408, and also 
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tan Ad in terms of And by the formula for tan x, p. 408, we have 
a = Adcos $ + § (Ad cos 6) tan? 4, 
or s=o0N = NA)” -cos¢-arc ri” 
+ 3N (Ad” cos ¢ - arc 1’’)3 tan? ¢, [74] 


I 


which gives the distance AB corresponding to any difference in 
longitude A)’. 


If in Equa. (7), p. 211, we place a = 90°, 


Ss? tan ¢ 


aN Ne a 
2 ON Rip are 1 


The offset P from the prime vertical (tangent) for any distance 
s from the initial point is 


of peso tan 
P = Ad” Ry arci” = ~ [75] 


Since P varies as s?, the offsets for equidistant intervals along 
the line may be readily calculated. The direction of the pole 
from any point («) on AB is given by 

PxA = 90° + Aa, 
in which it is sufficiently accurate to take 
— Aa!’ = AN’ sin dm. [76] 


Since the numerical value of A@’’ increases directly as AX’, it will 
be sufficient to take the increments of Aa” as proportional to s. 

If the arc of the parallel is a long one, it is advisable to break 
it into sections, and to establish a new point at the beginning of 
each section by direct latitude observation. 

(See United States Northern Boundary Survey, Washington, 
1878.) 

127. Location of Arcs of Great Circles. 

The general method of laying out arcs not coincident with the 
meridian is that of determining astronomically the latitudes and 
longitudes of the terminal points, and then running a random 
line between them. The direction and distance between the 
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terminals may be found by Formule [70] to [73] for the inverse 
solution of the geodetic problem. The azimuth is determined 
by observation at intermediate points. The error of the random 
line is corrected in the usual way. For long arcs triangulation 
would be substituted for direct measurement. 

(See Appendix 3, Coast Survey Report for rgoo, “The Oblique 
Boundary Line between California and Nevada.’’) 

128. Plane Codrdinate Systems. 

When all the points to be located in a survey are comprised 
within a relatively small area, such as a city or a metropolitan 
district, the calculations are greatly simplified by the use of plane 
coérdinates. Many of the large cities, New York, Cincinnati, 
Rochester, Atlanta, Boston, Baltimore, and others, have adopted 
such a system. If there are reliable triangulation points already 
established within the area, these will naturally be used as a basis 
for the new survey, or at any rate to check the new triangulation. 

In establishing a system of plane codrdinates it is necessary to 
decide first upon the positions of the codrdinate axes. These 
will naturally be a meridian and a great circle at right angles to 
it; or, more properly speaking, they will be straight lines tangent 
to these two circles at their point of intersection, all points being 
supposed to lie in the plane defined by these two lines. The 
origin of the system must be defined in terms of the coédrdinates 
of some specified point of the survey (geodetic datum, p. 206). 
Unless this is done, the origin will not be the same when derived 
from different points, and ambiguity will exist regarding the true 
position of the origin. The origin may be taken as coincident 
with the selected triangulation point, as in the case of the survey 
of Boston, Massachusetts, and Baltimore, Maryland; or it may 
be the intersection of a selected meridian and parallel as derived 
from the assigned latitude and longitude of some station. In 
Springfield, Massachusetts, for example, the origin is the inter- 
section of the 42° 04’ parallel and the 72° 28’ meridian, as de- 
termined by the published latitude and longitude of the United 
States Armory flagpole. The direction of the meridian must be 
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defined as making a certain angle with a specified line of the sur- 
vey, preferably one which passes through the fundamental point. 

The point at which the plane is tangent to the spheroid must 
not be confused with the (0, o) point of the system. The former 
should be within the area surveyed, preferably at its center, in 
order to avoid large spherical errors. The latter may be taken 
at any convenient distance outside the area by assigning to the 
tangent point large values of x and y, in order to avoid negative 
values in the coordinates of the survey points. The tangent 
point is on the sphere as well as on the plane; the (0, 0) point is 
not necessarily on the sphere. In case the area is large it is 
sometimes advisable to use more than one tangent point. This 
was done in the survey of the city of New York. 

129. Calculation of Plane Codrdinates from Latitude and 
Longitude. 

In calculating the plane codrdinates of a point, we may apply 
Formule [70] to [73] for the inverse solution of the geodetic 


(¢’, »”) 


FIG. 103. 


problem, one of the points being the origin (tangent point) whose 
coordinates are ¢ and X, and the other the triangulation point the 
coérdinates of which are ¢’ and \’.. The « and y there given are 
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the plane coérdinates desired. If the coérdinates of many points 
are to be transformed, it will prove to be more convenient to 
use specially prepared auxiliary tables and to modify the calcula- 
tions as follows. 

In Fig. 103 P is the triangulation point whose latitude and 
longitude are known, and whose coérdinates x and y with refer- 
ence to the origin O are desired. For such distances as are likely 
to occur in a plane system it may be assumed that PE = PD; 
that is, « equals the length of the arc of the parallel PD. The 
ordinate y = PC may be taken as PA (the difference in latitude) 
plus BC* (the offset from great circle to parallel). From For- 
mula [7o], 


pMDI yo [77] 
A 
If x is to be expressed in feet, 
Cr kN “ X 3.28084 [78] 
ASCH 


Values of log H for every 30” of latitude from ¢ = 42° 10’ to 
@ = 42° 30’ are given in Table A. Proportional parts for the 
seconds are given at the right. 

Since the factors A’ and cos ¢’ appear in Equa. [78] we should 
use latitude ¢’ when taking out the factor H. 


* Tf P is south of the origin, the offset must be subtracted. 
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TABLE A. VALUES OF LOG 


“eA 


Distance west of origin in feet = x = AN’ X H 


Log H. 


Log H. 


II 


I2 


13 


TS 


16 


17 


18 


19 


20 


30 


390 


30 


30 


30 


30 


[e) 


3 


30 


30 


1.876 8536 
7966 
7396 
6825 
6255 
5684 
5114 
4543 
3971 
3400 
2828 


2256 
1684 
I112 
1.876 0541 
1.875 9968 
9396 
8823 
8250 
7677 
1.875 7103 


21 


22 


23 


24 


26 


27 


29 


30 


30 


30 


30 


39 


30 


30 


30 


30 


30 


30 


1.875 7103 
6530 
5957 
5383 
4809 
4235 
36061 
3086 
AS) 
1937 
1362 
0787 
1.875 0212 
1.874 9636 
goor 
8485 
7910 
7334 
6757 
6181 


1.874 5604 
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cos ¢’ 

a + 0.515 9842* 

2 Pe s70 572 574 576 
I 19 19 19 19 
2 gs | gal gh) ae 
Sl sri sri sei 58 
A GO| FO] WE ay 
5) 95 | 95 |) 96 | 96 
@ || Gia | sew, |) meg | tay 
7 || HBS |) USVe |) tiga || mea 
S| 152 1053 |) T53 | <t54 
G) || we | yA |) we | 27 

IK) || ie) j) ape { aeoye |! aKoyr) 

IEA 209 210 210 21 

#2 || 228) | 220) || BAO || aae 

1 || BAe || aks) || BIG) || Bee 

14 | 266 | 267 | 268 | 269 

my || AIG || AHO || Beye || ass 

16 | 304 | 305 | 306 | 307 

17 | 323 | 324 | 325 | 326 

18 | 342 | 343 | 344 | 346 

19 | 361 | 362 | 364 | 305 

20 | 380 | 381 | 383 | 384 

22) 399) 400)" 402") 403 

AP || Mats) || Aue) || Alaae || Aa) 

23 | 437 | 439 | 440 | 442 

24 | 456 | 458 | 459 | 461 

25 | 475 | 477 | 478 | 480 

26 | 494 | 496 | 497 | 499 

AGEN EHS; | all See (ayes) 

28 | 532 | 534 | 536 | 538 

2) || Se || 553 {| Gas |) S57 

3° | 579 | 572 | 574 | 576 


* This is the form adopted by the city of Springfield, Mass., for its coérdinate system. 


Note: More complete tables, extending from lat. 24° to lat. 49° (1o” intervals) 
will be found in U. S. Coast and Geodetic Survey Special Publ. No. 71. (1921). 
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TABLE B. VALUES OF o.515 9842 — log B 
tang 
2N 


tand 
Dist. S. of Origin in feet = Ag’”’ X K — x? Ss 


Dist. N. of Origin in Feet = Ad’’ X K + x? 


Lat. Log. K. Lat. Log. K. P. P., Diff. 1’ = 12,8. 
° 3 wm” ° ip we wt uw 
42 I0 2.005 2981 | 42 20 2.005 3109 I ° 22 5 
30 2988 30 3116 2 fo) 23 5 
II 2994 21 3122 3 I 24 5 
30 3000 30 3129 4 I 2 5 
ae 3006 22 Bina 5 I 26 6 
30 3013 30 3141 6 I 27 6 
13 3019 23 3147 7 I 28 6 
30 3026 30 3154 8 2 29 6 
14 3032 24 3160 9 2 
30 3039 30° 3167 Io 2 
15 3045 25 3173 II 2 
30 3052 30 3180 12 2 
16 3058 26 3186 13 3 
30 3064 30 3193 14 & 
17 3070 27 3199 15 3 
30 3°77 30 3205 | 16 3 
18 3083 28 S20 17 4 
30 3090 30 3218 18 4 
19 3096 29 3224 | 19 4 
3° 3103 3° 3231 20 o 
20 2.005 3109 30 2.005 3237 4 


The difference in latitude PA is converted into feet by multi- 
1 
plying Ag” by s2e (= K). (See Table B.) Use the middle 
latitude when taking out this factor A (D term not used). 


t 
The offset BC (Formula [75]) = ae pee ee [79] 
n@ 


The factor ue (= L), in feet, may be taken from Table C 
which was calculated by the formula 


t 
log == = log C — log B — log 3.2808}. [80] 


* For another method of calculating this offset, see an article entitled “A Method 
of Transforming Latitude and Longitude into Plane Codrdinates,” by Sturgis H. 
Thorndike, Journal Boston Society Civil Engineers, Vol. 3, No. 7, September, 1916. 


TABLE C. VALUES OF LOG 


Example. 
pose that it is desired to compute the plane coédrdinates of A, Powderhorn in a system 
whose origin is the dome of the State House, Boston, Massachusetts. We first 
compute Ad” and AX” and then apply formule [78], [79] and [80] as shown. 


Powderhorn Lat. 42° 24’ 047.683 Long. 71° o1’ 52'’.006 
State House 


log x? 
log L 


log 
Offset 
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Ag” = 


7.90183 
2.33752 


0.23935 
Tey 52) bbe 


it 


an @ 
Ban (ft.) = log C — log B — o.515 9842 
Offset from parallel = log L + 2logx 


Pay Ditteata—v250ae | 
I ° 24 aie) 
2 I 25 wil 
3 I 26 Ir 
4 2 27 Ir 
& 2 28 12 
6 B 29 ny 
7 3 
8 4 
9 4 
10 4 
II 5 
12 5 
13 6 
I4 6 
I5 6 
16 7 
17 7 
18 8 
19 8 
20 8 
21 9 
22 9 
23 ie) 


As an illustration of how this method would be applied, let us sup- 


42 21 29 .596 7 iO3 5 OLO 
2! 35"'.087 1’ 59'’.034 
155/'.087 AN = 119'.034 
log Af” = 2.190 5754 log AX’ = 2.075 6710 
log K = 2.005 3145 log H = 1.875 2422 
log = 4.195 8899 log « = 3.950 9132 
15699.65 ft. x = 8031.27 ft. East of 
1.74 State House. 


y = 15701.39 ft. North of State House 


If it is preferred to make the conversion from A) to « always 
on the same parallel of latitude, that of the origin, a table may be 
calculated, giving the length of each minute (1’ to ro’) and each 
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second (1’’ to 60”) of arc on this parallel; the difference in longi- 
tude may be taken out, by parts, from this table. If this is done, 
however, it is necessary to make allowance for the convergence 
of the meridians between the two parallels by solving for the dis- 
tance AB = y siné (Fig. 103). The convergence @ = AX” sin bm 
and its sine may be tabulated for different values of Ad and ¢». 
If the triangulation point is north of the origin, AB is to be sub- 
tracted; if south, it is to be added. 

The plane coérdinates computed in this manner are based 
upon sea-level distances, since all the triangulation was reduced 
to sea-level through the reduction of its measured base-lines. 
If the mean elevation of the district is high the positions of the 
triangulation points as given by these x, y, codrdinates will not 
be consistent with those obtained directly by field measurement. 
If the line OP (Fig. 103) has an elevation of 1000 feet the com- 
puted position of P will be nearer to O by about 3)-)p oth part of 
the distance OP than it would if measured directly on the surface 
of the ground. In order to avoid this difficulty, and also the 
inconvenience of reducing all measurements to sea-level, it is 
customary to correct the codrdinates of such triangulation 
stations by increasing the distances in proportion to the mean 
height of the district above sea-level. (Equa. [6].) If this is 
done there need be no further reduction to sea-level because all 
distances will now be on the same surface of reference. The 
position of the origin, however, must still be considered as its 
sea-level position in order that this survey may have its correct 
location with reference to other surveys. 

130. Errors of a Plane System. 

In order to investigate the errors of a plane coérdinate system 
like the preceding, let us assume that a line starts from the origin 
O, Fig. 104, in an azimuth a, and follows the surface of a sphere of 
radius V R,,N (for latitude ¢) for a distance s meters, to point A; 
and that another line OA’, having the same azimuth and length, 
lies in the plane which is tangent to the sphere at O. The point 
A’ in the plane then represents the.point A on the sphere as de- 
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termined by a direct measurement from the origin. The defects 
of the plane system as a means of representing points on a sphere 
will be shown by the error in reproducing point A’ by following 
different routes, such, for example, as traversing due north and 
then due west on the sphere, or due west and then due north. 


Fic. 104. 


If a perpendicular AF (an arc of a great circle) be let fall from 
A (Fig. 104) to the meridian through O, its length will be deter- 
mined by 


9 @ See : 
sin = sin=, "sin a, 


R R 
where a is the perpendicular distance in meters and & is the 
radius of the sphere. 
For the corresponding distance on the plane, 
C= § sina. 
Distinguishing the plane and spherical values of a by sub- 
scripts, p and s, the difference in length may be found as follows: 


, - A ew) 
ay — ad, = Ssina —Ksin™ (sine Sin 


R 
: . S 5° sin'afs se Ne 
=s5-sina — R| sine R6R — 6 R6R 
F Rs sin a Soe Say 
pT Umea + 6 pi Sin & — G pe Sin a+ 
s3 


= 6 pidin a costa ++ :. 


238 CALCULATION OF GEODETIC POSITIONS 


Assuming that ¢ = 40°, a = N 45° W, and s = 20,000 meters 
(about 12 miles), then a) — a; = o”.0116. If another such line 
were to extend 20,000”, N 45° E, to B, the terminal points A and 
B would then be o”.0232 farther apart if calculated on a plane 
than if calculated on the sphere.* 

If the survey proceeds from O northward to the point F’, where 
the great circle from A, perpendicular to the meridian, inter- 
sects that meridian, and then westward along this great circle to 
A, the point A would be reached without error, if the measure- 
ments were perfect. The point computed on the plane would 
not agree, however, with A’ as already established. The excess 
of the spherical distance };, along the meridian to the foot of the 
perpendicular F, over the plane distance by is found as follows: 

In the spherical right triangle, 


ee 2 ees 
ony, Sa ype a 


Then 


G 
6;— 6, = K tan (tan Ros ) — scosa 


s? cos a sin? a 
Ree 

Assuming the same data as before, we find that in order to reach 
A, on the sphere, we must run N 14142.15886 meters and then 
W 14142.12400 meters. Since in this case s sin a = $ coS a = 
14142.13563”, such a traverse, when computed on the plane, 
gives a point 0”.02323 N and o”.01163 E of point A’. A similar 
traverse running west to point G (Fig. 104) and then north to A 
would give a point o”.or163 S and 0”.02323 W of point A’. The 
relative positions are shown (actual size) in Fig. ros. 

The maximum discrepancy in the traverse is then about 0”.05, 
or about two inches. This would appear as an error of closure 
of the traverse OFAGO even if there were no error whatsoever in 
the measurements themselves. 


* This does not refer to the chord-distance AB, but to the distance on the 
spherical surface. 
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The difference in length between an arc of the parallel and an 
arc of the great circle is found as follows: In Fig. 106,14 AB = 
RAN Pa : : P ues 
0 Rsin > Replacing the sines by their series in terms of 


Ax} 6 63 
) = IK ( — ). The difference between 
48 2548 


r AX, the arc of the parallel, and R8, the arc of the great circle, is 


An 
the arcs, r ( nate 


An3 6° 
TEN Nee Oe 
24 24 
An} AX? cos’ 
= Rcos¢— —R- —— (approx.) 
since 6 = Ad cos 4, nearly. 


Therefore rA\ — RO = 3 Rcos¢ Ad} (1 — cos?) 
= =, R (Ad)? - arc? 1” cos ¢ sin? ¢. 


From O north 
then west 


From O west 
then north 


Fic. 105. Fic. 106. 


In order to compare this with the previous examples, we must 
put AN’ = 1192’’.4, which corresponds to the distance between 
A and B. The error rAd — Ré is found to be o”.0186 for the 
total arc, or 0”.0093 for the half arc. The difference between 
the length of the parallel and the x codrdinate is therefore 
Of 0110: — "0" .0003 = 07.0023. 

These results indicate that a plane system may be extended 
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over an area twelve miles in radius without involving errors of 
computation as great as the errors of measurement, and also that 
the formula given may be used whenever it is safe to use plane 
coordinates. 

The error resulting from the use of plane codrdinates when 
carried to various distances from the origin is shown in the fol- 
lowing table, taken from U. S. Coast and Geodetic Survey, 
Special Publication No. 7r. 


Distance from origin. Accuracy of plane codrdinates. 
Kilometers. Miles. 
30 18.6 I part in 100 000 
40 24.9 I a 50 000 
64 40 i nc 20 000 
go 55-9 I on 10 000 
128 05 i % 5 000 


131. Traverses. 

For methods of executing first order traverses and adjusting 
them to established triangulation, reference is made to Special 
Publication No. 137, U. S. Coast and Geodetic Survey. 


PROBLEMS 


Problem 1. Calculate the latitude and longitude of point A, Problem 3, Chapter 
VI, from both lines, and the back azimuths AB and AC. 

Problem 2. Calculate the latitude and longitude of point £, Problem 4, Chapter 
VI, and the back azimuths EL and EN. 

Problem 3. Calculate the position of Sand Hill in Problem 5, Chapter VI. 

Problem 4. What will be the error of closure of a survey which follows the cir- 
cumference of a circle whose radius is 20,000 meters (on the earth’s surface) if the 
survey is calculated as though it were on a plane, the latitude of the center being 
40° N. and the measurements being exact? 

Problem 5. What error will be caused by dropping the small term in formula 
[63a] (footnote) if the distance is 200 miles and ¢ = 45°, and a = 0°? 

Problem 6. Compute the position of B by formulas [64] to [69] and by formule 
[69a] to [69e]. 

The latitude of A = 41° or’ 17’".240 N 
Longitude of A = 114° 04’ 36/’.286 W 
Distance AB = 237 770.57" (log = 5.3761 5810) 
Azimuth from A to B = 303° 40’ 16’’.608 
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Problem 7. Compute the value of the neglected term in Dalby’s Theorem (Art. 
122c) when the distance is 200 miles, ¢ = 40° and a = 45°. 

Problem 8. Calculate the plane codrdinates of the point LZ (Problem 4, p. 205) 
referred to the point JV as an origin, and employing the Tables and formulas of 
Art. 129. Verify the result by using the known azimuth and distance from NV to 
IE 

Problem 9. The position of point A is 44° 43’ 41/.254 N, 67° 24’ 25’.817 W. 
The position of B is 44° 41’ 50’’.875 N, 67° 22’ 56’’.062 W. It is desired to use these 
points from which to extend a survey. The distance between them and the azi- 
muths are unknown. Compute s, a and a’. 


CHAPTER VIII 
FIGURE OF THE EARTH 


132. Figure of the Earth. 

The term ‘figure of the earth” may have various interpreta- 
tions, according to the sense in which it is employed and the de- 
gree of precision with which we intend to define the earth’s 
figure. When we say that the earth is spherical, we mean that 
the sphere is a rough approximation to the true figure, sufficiently 
close for many purposes. We adopt the sphere to represent this 
figure because it is a simple surface to deal with mathematically. 
When a closer approximation is required, we employ the spheroid, 
or ellipsoid of revolution. This figure is so near the truth that no 
closer approximation has ever been needed in practical geodetic 
operations, although an ellipsoid (three unequal axes) or an 
ovaloid (southern hemisphere the larger) may be nearer the 
truth. All the surfaces mentioned are regular mathematical sur- 
faces, substituted for the true surface on account of their sim- 
plicity. 

In defining the true figure it is necessary to distinguish be- 
tween the topographical surface and that surface to which the 
waters of the earth tend to conform because they are free to 
adjust themselves perfectly to the forces acting upon them. It 
is this latter surface with which we are chiefly concerned in 
geodesy; the land surface is not referred to except in such ques- 
tions as the effect of topography upon the direction and in- 
tensity of gravity. The true figure, called the geoid, is defined 
as a surface which is everywhere normal to the force of gravity, 
that is, an equipotential surface; and of all the possible surfaces 
of this class it is that particular one which coincides with the 
mean surface of the oceans of the earth. Under the continents 

242 
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it is the surface to which the waters of the ocean would tend to 
conform if allowed to flow into very narrow and shallow canals 
cut through the land. It is necessary to suppose these canals 
narrow and shallow in order that the quantity of water removed 
may not modify the figure over the ocean areas. 

Some idea of the relation of the spheroid, the geoid, and topo- 
graphical surface may be gained by an inspection of Fig. 107. It 
will be seen that the geoidal surface coincides with the surface 
of the ocean, and that it intersects the spheroid at some distance 


FIG. 107. 


out from the shore line. The inclination of the normal to the 
plumb line (station error) shows the angle between the two sur- 
faces at this point. 

The surface of the geoid may be represented conveniently by 
means of contour lines referred to the spheroid as a datum sur- 
face. In Fig. 108, which shows contours of the geoid within the 
limits of the United States proper, that portion of the contours 
shown in full lines is taken from a map published by the Coast 
and Geodetic Survey in ‘‘Figure of the Earth and Isostasy” 
(1909); the remaining portions (dotted) were sketched in by 
eye, following in a general way the topography of the continent. 
Such a map conveys no real information about the elevations 
of the geoid except along the full lines, but is given simply to 
show how the contours would be used in representing the geoid. 

When we speak of the spheroid as the “figure of the earth” we 
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mean that particular spheroid which best represents the earth as 
a whole, or which most closely fits some specified area. The 
dimensions of such a spheroid are not to be regarded as fixed, 
but are subject to revision with each accession of new data. This 
statement does not apply, however, to the spheroid used for the 
standard datum. The latter would not be changed unless it was 
found to be so seriously in error as to cause inconvenience in 
conducting the survey. 


VED UR SO OS NN hy ee te sire 


qi? 12° 407° = 1028 ~=S« 7° 92° 87° 32° 7 


Fic. 108. Contours of the Geoid (meters). 


The principal methods of determining the spheroid are (1) by 
the measurement of arcs, which may be portions of meridians, 
of parallels, or of great circles; (2) by means of areas containing 
several astronomical stations rigidly connected by triangulation; 
and (3) by observations of the force of gravity. 

133. Dimensions of the Spheroid from Two Arcs. 

The simplest method by which the dimensions of the spheroid 
can be determined is by the measurement of two meridian arcs. 
The length of each are and the latitudes of the terminal points of 
each must be measured. If the earth were a perfect spheroid, 
and if there were no errors of measurement, the two arcs would 
determine exactly the elements of the spheroid. 
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In the equation of the ellipse there are two constants to be 
determined, and it will be shown that the determination of the 
curvature of the meridian ellipse at two points will enable us to 
compute these constants and consequently all the other elements 
of the ellipse. In Fig. 109, suppose that the lengths of the two 
meridian arcs have been measured by triangulation and that 
their lengths are s and s’, and that the differences of the latitudes 


Fic. 109. 


of their terminals are Ad and A¢’, respectively. The radii of 
curvature of the ellipse at the middle points of the arcs are 


a(x — e?) 


a (r — e? sin? ¢)? 


ibaa. tiaae’) 
ae he = (1 — e? sin? ¢’)? 


Rn 


in which ¢ and ¢’ refer to the middle points of the arcs and a 
and e are unknown. If the two arcs are regarded as arcs of 
circles whose radii are to be found, then 


/ 
S F S 
77 and Kee TF} 


Km = A¢ arc I ~ Ad’ are 1 
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are the two radii of curvature, Ad being in seconds. The 
shorter the arcs, the less the error involved in assuming that 
they are circular. 
Equating the two values of R,, and R,,’, we have 
S Si ee) (a) 
Aparci” (z — e sin? ¢)! 


ae ete) 
oe Ag’ arc 1” (¢ — e? sin? ¢’)3 


Dividing (a) by (0) and solving for e?, 


Ge 3 

than tan 

A 

C=] - _ 7 [Sr] 
in? ¢’ — nee sin? 
sin ane: 


Having found e? from Equa. [81], the equatorial radius a may 
be computed by substituting the value of e? in either (a) or (6). 
The value of 6 may then be found from the relation 


b? = a? (i — e”). (c) 
The compression f is given by 
ao 
| E Ceeet [53] 


The length of a quadrant of the meridian may be found by 
applying Equa. [54], Chapter V. 

In this method of determining the elements of the spheroid it 
should be observed that there are just enough measurements to 
enable us to solve the equations, and no more. All errors of 
measurement and of local attraction affect the result; so we 
should not expect to derive very accurate values from two arcs. 

As an illustration of the preceding method let us take the 


Peruvian Arc and a portion of the Russian Arc, the data for 
which are as follows: 
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PERUVIAN ARC 


Dist. in meters 


Station. Astr. lat. between the parallels 
of latitude. 
° i wr 
SREWRE LEE. 5 « Be soc ones ee S 3 04 32.068 
otc desciiigne wey es No 02 31.387 344,749 .5 


RUSSIAN ARC (Northern End) 


° if ” 


EROTICA we pment eter ie N 65 49 44.57 t 


JUNE. oc oc ododusaseode N 70 40’ 11.23 539,842 .7 


Substituting in Formule [81], (a) and (c), the resulting values 


are 
PB. 


S 
b 
| 


= 0.0005473, 
= 6,377,352 ™, 
b = 6,356,440 m. 

134. Oblique Arcs. 

If an arc (AB, Fig. 110) is inclined to 
the meridian at a small angle, it may be LA 
utilized to determine the curvature of the fi] 
meridian as follows: Referring to Equa. 
(n), Chapter VII, it is seen that the dif- 
ference in latitude of the terminal points 


of the line is given by the series for Ag”. 
Hence the length of the meridian arc is 


a 
| 


2 iy ve FIG. 110. 
given by Ag”. R, + arc 1’, and 
a : 
Ad” - Ry, arc 1” = — $ COS a.— s?sin2a tang 
DAN 
+5 re s3sin?a cosa(1 +3 tan’¢). [82] 


Each line of a chain of triangles may be projected onto the merid- 
ian, and its length found by this formula. The length and dif- 
ference in latitude of the end points are thus found, and the 
projection treated as though it were a measured meridian arc. 
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The sum of all these short arcs may then be treated as a single 
arc to be combined with another similar arc in the computation 
of a and e. 

135. Figure of the Earth from Several Arcs. 

When several arcs are to be used to determine the elements of 
the spheroid, there are more data than are necessary for the 
direct solution as given in Art. 133. The arcs usually consist of 
several sections; that is, the latitudes of several stations along 
the same meridian are observed and the distances between them 
are determined by the triangulation. The problem is one of 
combining all these measurements by the method of least squares 
in order to obtain the most probable values of the elements. 
Only the outline of the method can be given here. 

From Equa. [49] we have for the length of a meridian arc 


S= AG=Ry are 1 , 
which is sufficiently accurate for short arcs. For long arcs a 
more accurate expression is necessary. Suppose that an arc 
consists of several sections, the latitude of the initial point being 
¢1, the second q¢s, etc., and that the meridian distances between 
the stations are s, s;, etc. From the first two latitudes 


S 


gd. — di = Roe (e) 
. : I (x — e? sin? ¢)?. 
in which KR, ie =e (f) 


Instead of finding a and e? directly, it is more convenient to 
assume approximate values of these quantities and to compute 
the most probable corrections. Let us assume the equations 


a= a+ 6a 


and e? = @ 97 + 6e?. 


Let R, be the value of R,, corresponding to eo? and a,. Ex- 
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panding (f) by Taylor’s theorem, 


I 
yc Uy oe eee sna ee! 


(1 — e? sin? )? I 
ie haa 


da iG =O AE 


neglecting the e? terms, and 


d x) | 
iC, _ a(z —e*) -}- (1 — e? sin’)? sin?'¢ — (1 — e? sin? ¢)*? «a 
de2 a? (1 fs e?) 


(1 — 3 sin? ¢), neglecting e? terms. 


Substituting these values in (g), 


= * od I 7 SNS @)) OO, 
R a2 2 
Mees 0) 0 Qo 


Hence (e) becomes 


S I da be? 
eee = er een 
go — oi bagi (zt a,” + (1 — 3 sin? ¢) a) (h) 

The errors in the measured latitudes are so large in comparison 
with the errors in the measured arcs that the lengths are con- 
sidered exact and the observed latitudes are given corrections 
V1, %, etc. Equa. (#) then becomes 


5 I 6a Be Ne , 
bate — ber n(F—S 4 Gsinty) @).- @ 


/ 
arc I by 


In the small terms, containing 6a and 6e, the e? terms were 
omitted; that is, e? was placed equal to zero. Thismakes R,, = a 


Ss 3 
and — = —,, in these terms. 
2 #1 eee 


250 FIGURE OF THE EARTH 


Substituting in (2), 


S 
a le Ca Oa eae aren Gap scsi on qd, arcr” 
= =e 5a+(1x—$ sin?) (¢2— 41) - de” Jee Don! — (g2~41)-(9) 
If we place 

x = dd, 

y = be, 
substituting in (j), we have 

x +> by = = 0 V1, (k) 

where n= ~2&—4, 


b, = (¢2 — ¢:) @ — §$ Sin? 4), 


= Pee — ($. — 1). 

It is evident that an equation of this form (k) may be written 
for each section of each arc. There will be more equations than 
there are unknown quantities to be found. From these equations 
we may form a set of “‘normal”’ equations (Art. 201, p. 365), 
equal in number to the number of unknown quantities, that is, 
equal to the number of arcs plus two. The simultaneous solu- 
tion of the normal equations gives the corrections 6a and 6e?, and 
also the correction to the initial latitude of each arc. 

136. Principal Determinations of the Spheroid by Arcs.* 

The spheroids which have been most extensively used are those 
of Bessel (1841) and Clarke (1866). Bessel’s determination was 
based on the following arcs; the Peruvian, French, English, 
Hanoverian, Danish, Prussian, Russian, Swedish, and two 
Indian arcs. ‘The resulting elements of the spheroid are generally 
used in Europe at the present time in geodetic surveys. They 


* For an account of the different arc measurements see A History of the Determi- 


nation of the Figure of the Earth from Arc Measurements, by A. D. Butterfield, 
Worcester, 1900. 
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were employed in the United States up to about 1880. Clarke’s 
spheroid (1866) was calculated from the following six arcs, the 
total amplitude being about 76° 35’; the French, English, 
Russian, South African, Indian, and the Peruvian. The Clarke 
spheroid is larger and flatter than Bessel’s. It was adopted by 
the Coast and Geodetic Survey about 1880, after it became evi- 
dent that the surface in this part of the globe has a flatter curva- 
ture than that indicated by the Bessel spheroid. The semiaxes 
of these two spheroids are shown below, their dimensions being 
based on Clarke’s value of the meter, namely, 1” = 39.370432 
inches.* 


a (meters). b (meters). 
IBESSe la (ESAT) peat eee eee 6 377 397 6 356 079 
(Clariced (S66) eersyrer coer ercerccm: 6 378 206 6 356 584 


Several other spheroids have been calculated from different 
groups of arcs, but have not been extensively used for geodetic 
purposes. 

137. Geodetic Datum. 

The question of where to place the spheroid with respect to the 
station points of a survey, and the question whether a certain 
spheroid properly represents the curvature of the area being 
surveyed, are determined by a comparison of the geodetic and 
astronomical positions of the survey points. As the survey 
progresses the geodetic latitudes and longitudes will be calculated 
on the surface of the adopted spheroid, starting from some 
assumed position of one of the triangulation stations. At the 
same time the positions of many of the stations will be deter- 
mined astronomically. The differences in the latitudes, as- 
tronomical minus geodetic (A — G), the differences in the longi- 
tudes, and the differences in the azimuths are computed for every 


* See a report on “The Relation of the Yard to the Meter,” Coast Survey 
Report for 1890. 
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station where the astronomical observations have been made. 
A study of these differences and their manner of distribution will 
show what corrections to the assumed position of the initial 
point will reduce the algebraic sum of the quantities (A — G) to 
a minimum. If these differences were due wholly to errors in 
the assumed latitude and longitude of the initial point, it would 
be possible to reduce (4 — G) to zero, but a part of this differ- 
ence is due to local deflection of the vertical, that is, to the dif- 
ference in slope of the geoidal and spheroidal surfaces. For this 
reason the most that can be expected is to place the spheroid so 
as to reduce >a — G) to a small quantity. The remaining 
values of (A — G) at the different stations after a recomputation 
has been made, serve to indicate the slope of the geoid with 
reference to the spheroid. 

If the reference spheroid adopted has too great a curvature, 
the computed latitudes will increase or decrease faster than the 


Zz 
27, 


BiG. t£2- 


astronomical latitudes as the survey proceeds north or south 
from the initial point (Fig. 112). This was observed as the sur- 
veys in this country were gradually extended on the Bessel 
spheroid. If we consider an area instead of a meridian arc, then 
we see that if all the astronomical zeniths are swung inward with 
reference to the geodetic zeniths, the spheroid that we are using 
for the calculations must have too great a curvature for the area 
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in question. If the observed latitudes are sometimes too great, 
sometimes too small, as we proceed along a meridian, this simply 
shows that the verticals are deflected locally, and that the 
average curvature of the surface is nearly that of the spheroid. 

138. Determination of the Geoid. 

The form of the geoid is determined by observing the local 
variations from the spheroid as a surface of reference. These 
deviations may be determined either from the station error 
(difference between astronomical and observed position) or from 
the observed variation in the force of gravity. 

The station error at any point, or local deflection of the vertical, 
is a direct measure of the slope of the surface of the geoid with 
reference to the spheroid. The geodetic codrdinates of the point 
are computed with reference to a line normal to the spheroid, 
while the astronomical codrdinates are referred to the actual 
direction of the plumb line, which is normal to the geoidal 
surface. 

139. Effect of Masses of Topography on the Direction of the 
Plumb Line. 

The deflection of the plumb line by masses of topography may 
be computed by applying Newton’s law of gravitation, that is, 

ess if m; and m2 be any two masses, D the 
J\ distance between them, and k a con- 
Station stant (to be found by experiment), 
then the force of attraction between 

m, and my, is 
py. Ms Ma, 


1) 


that is, the force of attraction is pro- 
portional to the product of the masses 
and varies inversely as the square of 
the distance between them. The 
effect of any mass, such as a moun- 
tain, in deflecting the direction of gravity at any station may 
be found by combining the attraction of the mountain with the 


FIGs TEs. 
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attraction of the earth regarded as a sphere. It may be shown 
that the attraction of a sphere at any external point is the same as 
though its mass were concentrated at its center. The relative at- 
tractions of the mountain and the earth upon the plumb bob at the 


station are as pt R (Fig. 113), where m is the mass of the moun- 


tain, M that of the earth, and d the distance of the mountain 


PiesernAs 


from the station. The angle D through which the plumb-line is 
deflected is given by 


The earth’s mass is 4 rR? X 5.58 (the constant 5.58 being the 
mean density of the earth). If the mountain has a volume v and 
density 6, and the earth’s radius be taken as 6370 kilometers, 


then 
JO = e\(eleW re) [33] 


the dimensions being in meters and the angle in seconds. 
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In order to take into account all of the topography about a 
station when computing the deflection of the plumb line, the 
following method may be employed (see Clarke, Geodesy, p. 294). 
The area surrounding the station is supposed to be divided into 
circular rings of any desired width, and the rings cut into four- 
sided compartments by radial lines, as in Fig. 114. 

It is desirable to separate the component of the deflection in 
the meridian plane from that in the prime vertical. Let / be the 
height of the upper surface of the mass above station O; let a and 
r be the azimuth and horizontal distance to any particle P in the 
mass; and let z be its height above O and éits density. The mass 
of the particle is then 6-7-da-dr-dz. The attraction of the 
particle on O is 
6-7 + da-dr- dz 


k- 7? + 2? 


k being the gravitation constant.* 
The component of this attraction in the plane of the meridian 
is the total attraction multiplied by the cosine of the angle be- 
r cosa 
V7 aL z 
The total attraction of the mass in the compartment in the 
direction SO is 


F, aif afi fis - COS re dr - dz 


tween PO and SO, which is 


=k -5(sina’ — sin am) pee 
rat 0 (2 + 22/8 LL 32)8 
=k-6-h (sin a’ — sin a) (ee 
‘Jn VP + h2 

Wt Vr Ee 


=k-6-h(sina’ — sin a) log 


= Tots Vr + he fe ntvVpe te 


* The gravitation constant may be defined as the attraction of one unit mass 
on another unit mass at a unit distance away. In the C. G. S. system this is 
6673 XK to 22. 
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Unless h is very large, the equation may be written with 
sufficient accuracy 


/ 


A =k 6h (sin a — sin a) loge; 
1 


that is, the mass is considered to lie in the plane of the horizon 
of the station. 

The attraction of the earth at point O, supposing it to be a 
sphere of radius R (3960 miles) and of density A, is 


; INET ge 
ee canine 
=k-37RA, 


The angle of deflection in the plane of the meridian is given 
by the ratio of attractions, that is, 
/ 


Le, © . if 
h (sin & — sin a) log. is 
1 


Dee t.a-R 


blo 


/ 


6 : ‘ 
= 12"".44—-h-(sina’ — sin a) log. — [84] 
A ry 


; aro 
The ratio of densities A may be taken a8 pont 2 2-0 Fran 


A = 5.576. 

By extending the rings outward this computation may be 
carried as far from the station as desired. If a compartment is 
very far from the station, it becomes necessary to correct for the 
curvature of the earth, because the mass no longer lies in the 
horizon of the station, as at first assumed. 

If the angles a and a’ are measured from the prime vertical 
instead of from the meridian, the formula gives the deflection in 
a plane at right angles to the meridian. 

By the foregoing process we may compute for any station 
what is called the topographic deflection. It shows what the 
deflection of the plumb line would be if no other forces acted 


* See Harkness, The Solar Parallax and its Related Constants, Washington, 1891. 
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upon it than those mentioned. A comparison of the values so 
computed with the station errors actually observed shows the 
former to be much larger than the latter; from which we infer 
that the attraction of the surface topography cannot be the only 
force tending to deflect the plumb line. 

Laplace Points. 

As stated above, it is customary to resolve the deflection of the 
plumb line into two components, one in the plane of the meridian 
and the other in the plane of the prime vertical. The meridian 
component is found directly by subtracting the geodetic (com- 
puted) latitude from the observed astronomic latitude. The 
prime vertical component must be obtained indirectly either 
from the astronomic and geodetic longitudes or from the astro- 


N 


Ww /| E 


S 


FIG. £25. 


nomic and geodetic azimuths. In terms of the longitudes this 
component is 
p. Vv. component = (Ay — X@) cos dg. 


In terms of the azimuth it is 
p. v. component = — (ay — ag) cot d¢. 


Both of these relations may be derived from the figure (115). 
If we equate the two values for the prime vertical component 
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we obtain 
(a4 — ag) = — (Ag — Ac) Sin de 


which is known as the Laplace equation. Triangulation stations 
at which the astronomic longitude and azimuth have been ob- 
served are called Laplace points. 

The geodetic and astronomic longitudes in the United States 
are subject to probable errors of less than 0’’.5. The astronomic 
azimuths are also determined with about the same accuracy. 
The geodetic azimuths, however, as carried through the tri- 
angulation, are subject to an error about ten times as great. The 
triangulation may therefore be greatly strengthened by correcting 
the geodetic azimuths at Laplace points by means of the above 
equation. 

The manner of correcting the geodetic azimuth is illustrated 
by the following example, taken from Supplementary Investiga- 
tion in 1909 of the Figure of the Earth and Isostasy. 


U.S. Standard longitude of Parkersburg = 88° o1’ 49’’.00 
Astronomic is ee ce = 88 of 48 .30 
A — Gin longitude =6 jo 
A — Ginazimuth = (—o.70) (—sin ¢¢) = +o .44 
Astronomic azimuth Parkersburg to Denver = 143 16 15 .55 
True geodetic azimuth Parkersburg to Denver = 143 16 15 .11 


U.S Standard azimuth Parkersburg to Denver = 143 16 15 .64 
Correction to U. S. Standard azimuth =6".83 


140. Isostasy — Isostatic Compensation. 

For many years it has been known that the estimated and 
observed values of the station error are not in even approximate 
agreement, and it has long been suspected that the explanation 
would be found in the fact that the densities of the material 
immediately beneath the surface are unequal, regions of deficient 
density lying beneath mountain ranges, and regions of excessive 
density lying beneath low areas and under the ocean bottom. It 
is supposed that at some depth the excess above the surface is 
compensated by the defect below the surface, and vice versa. 
This condition is given the name isostasy. It appears that the 
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theory was first clearly stated by Major C. E. Dutton in 1889, 
and since that time it has been the subject of much study. 

In 1909 and rgro there were published by the Coast and 
Geodetic Survey the results of a very extensive investigation 
conducted by Professor J. F. Hayford, then Inspector of Geo- 
detic Work and Chief of the Computing Division. The investi- 
gation was based primarily upon the computation of the topo- 
graphic deflections at a large number of astronomical stations in 
the United States. The best topographic maps available were 
used for this purpose. These computed deflections were then 
compared with the known (observed) deflections at these same 
stations as found from the triangulation and astronomical obser- 
vations. In substantially all cases the computed deflection was 
found to exceed the observed deflection by a large amount, 
although the two were usually of the same algebraic sign. Com- 
putations were then made to test the theory that this condition 
called isostasy actually exists. 

The condition known as isostasy may be stated as follows: the 
mass in any prismatic column which has for its base a unit area 
of the horizontal surface lying at the depth of compensation, for 
its edges vertical lines (lines of gravity), and for its upper limit 
the actual irregular surface of the earth (or the sea surface if the 
area in question is beneath the ocean), is the same as the mass 
in any other similar prismatic column having a unit area on the 
same surface for its base. Such prismatic columns have different 
heights but the same mass, and their bases are at the same depth 
below the geoidal (sea-level) surface. 

Computations were made assuming different depths of com- 
pensation, for the purpose of finding at what depth the computed 
deflections (taking isostasy into account) most nearly agree with 
the observed deflection. It was found that the compensation 
was most nearly complete (more than ,°> complete) at a depth of 
about 122 kilometers, or about 76 miles. (Later researches 
indicate that this should be about 60 miles). 

It should be observed that, while the densities in the prismatic 
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columns tend to compensate, the resultant deflection of the plumb 
line is not zero, for the portions of the column nearest the station 
have a much greater influence than the distant portions. The 
tendency is to throw all the zeniths outward from the continental 
dome, assigning to the surface a curvature which is greater than 
it should be. 

This investigation not only included a determination of the 
most probable depth of compensation, and a substantial proof 
of the validity of the theory in so far as it applies to the United 
States, but also included a determination of the most probable 
dimensions of the spheroid for that area. In this calculation 
the area method was employed. ‘The dimensions of the spheroid 
resulting from this investigation are as follows: 


a = 6,378,388” + 18”, 
b = 6,356,909”, 
a= 297-0 + 0.5. 

The general conclusions in regard to the existence of isostasy 
within the limits of the United States were later confirmed by the 
results of a similar investigation of the compensating effect upon 
observed values of the force of gravity determined with the 
pendulum. 

The results of these investigations will be found in the follow- 
ing publications of the United States Coast Survey: 

John F. Hayford, The Figure of the Earth and Isostasy from 
Measurements in the United States, 1909. 

John F. Hayford, Supplementary Investigations in 1909 of the 
Figure of the Earth and Isostasy, 1910. 

John F. Hayford and William Bowie, The Effect of Topography 
and Isostatic Compensation upon the Intensity of Gravity, Special 
Publication No. 10, 1912. 

William Bowie, The Effect of Topography and Isostatic Com- 
pensation upon the Intensity of Gravity, Special Publication No. 12, 
1912. 
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William Bowie, Investigation of Gravity and Isostasy, Special 
Publication No. 40, 1917. 


THE AREA METHOD 


The area method, already referred to, differs from the usual 
method, or arc method, in that no attention is given to whether 
the astronomic stations are located approximately on arcs, such 
as meridians, parallels, or obliques. Stations in any position 
may be used provided they are connected with each other by 
continuous triangulation, all computed on one basis, that is, all 
on the same reference spheroid and all referred to the same initial 
latitude, longitude and azimuth. Astronomic latitudes, longi- 
tudes, and azimuths all appear in one set of equations. 

The method consists in stating for each observed astronomic 
latitude a “condition equation” (see Art. 203) of the form, 


i: (@) +40) +m (@) + m() 


100 


+ 0; (10 000 e?) + (¢4 — ¢’) = Dy. 
For each longitude observation there is an equation of the form, 


bs (4) + 1.0) + mea) +m) 


100 
+ 02 (10 ocoe?) + cos d’ (Ag — X’) = Dp. 


and for each azimuth observation, one of the form, 


fa (6) +s (8) + ms (a) + (2) 


TOO 
+ 03 (10 o00e?) — cot ¢’ (ag — a’) = Dp. 


These equations connect the observed deflections of the vertical 
with the constants expressing the shape and size of the earth. 
In these equations the quantities $4, \4, a4 are the observed 
astronomic latitude, longitude and azimuth; ¢’, ’, a’ represent 
the geodetic latitude, longitude, and azimuth as computed on the 
U.S. Standard Datum; ¢4 — ¢’ is the deflection in the plane 


THE AREA METHOD 262 


xX 


of the meridian, cos ¢’ (\4 — \’) is the prime vertical component 
of the deflection at a longitude station, and cot ¢’ (a4 — a’) is 
the prime vertical component of the deflection of the vertical at 
an azimuth station as found from the observed azimuth. The 
quantities (@), (A) and (a) are unknown corrections to the 
initial latitude, longitude and azimuth of Meades Ranch. The 
corrections to the values of a and e? of the Clarke Spheroid are 


Pre a 
- indicated by (=) and (10000 e”). The coefficients of these 


unknowns, fi, i, etc., are computed from special formule so 
as to show the effect of (¢), (A), etc., at each station. For ex- 
ample, ki is a numerical coefficient such that if the initial lati- 
tude (at Meades Ranch) were corrected by the amount (¢) the 
change produced in ¢4 — ¢’ would be k; (¢). Similarly k is a 
coefficient such that if the initial latitude were corrected by (¢) 
the change produced in cos ¢’ (Ag — X’) would be &(¢). The 
quantities in the right hand numbers of the equations are the 
residuals of the equations, and represent the final unexplained 
meridian component, and prime vertical component, respec- 
tively, of the deflections of the vertical. 

The problem is to find the most probable values of the quanti- 


ties (#), (A), (a), (=), and (10 000 e”), that is the values which 


will make the sum of the squares of the residuals a minimum. 
This is effected by the ‘‘method of least squares”’ (see Chap. XII). 
A solution of the ‘‘normal equations’ derived from these ob- 
servation equations will give the most probable values of the five 
unknown quantities. 

In the investigation of isostasy the depth of compensation was 
really a sixth unknown sought in the solution. Instead of in- 
cluding it as a sixth unknown in the equations, five solutions 
were carried out for five different assumed depths of compen- 
sation, and that depth adopted which showed the sum of the 
squares of the residuals to be a minimum. In these five solu- 
tions the only difference was in the values of the absolute terms. 
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In one solution it was assumed that there is no isostatic compen- 
sation and the absolute term should be the observed deflection 
of the vertical minus the computed topographic deflection. In 
another solution it was assumed that the compensation is com- 
plete at the surface of the earth, and that the absolute term 
should be the observed deflection, just as in the equations given 
above. The other three solutions were for assumed depths of 
162.2, 120.9, and 113.7 kilometers respectively. The most prob- 
able depth was estimated to be 112.9 kilometers. Later work 
(in 1909) taking into account all the Laplace azimuths available, 
indicated that this depth should be 122 kilometers. A complete 
account of the investigation will be found in the reports already 
cited. 

Since these original reports were published the matter has 
received much attention and further researches have been car- 
ried on. At the present time (1929) it is considered that the 
depth of compensation is probably 60 miles. 

Another interesting result of this investigation was the con- 
tour map of the geoid referred to the Clarke Spheroid of 1866 
and the U.S. Standard Datum. ‘The contours were constructed 
by a purely mechanical process, quite similar to that used by 
military topographers. In sketching contours by means of the 
slope board and the plane table no actual elevations are found, 
but merely the slope of the surface from point to point. This 
gives the contour spacing. In contouring the geoid the slopes 
were given directly by the deflections of the vertical and the 
process of spacing the contours was reduced to a mechanical 
one which did not depend in any way upon the actual topography 
of the region. The results are shown by the full lines in Fig. 
108. 
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PROBLEMS 


Problem 1. Compute the dimensions of the spheroid from the following arcs. 


Lat. of middle 


Name. Sone: Amplitude. Length in feet. 
Peruvian (Delambre’s)....... S 2 Se Ce | acy eg. T 131 O57 
IDyaVBhislshe 5 nie yo Meee Oe oe MOAN Ce IND GE Zig B87) wah I 442 953 


Problem 2. Compute the dimensions of the spheroid from the following arcs. 


Station. Latitude. Distance in meters. 
° I? Mt 
HOrmMenteram sce et kes ene IN, 28 86) Se.ny } 
HD) acurnikciie kare Sewers latte pare nee estates N52 02 08.41 1374 587 
MRar Gidrmect ae fastest oats S 3 04 32.07 \ x 
(Ciojmclatecia hebh tomes Go Lae eae IND (© Ce BRO) 344/49 -5 


Problem 3. Lake Superior arc; latitudes, 38° 43’ 17’’.22 and 48° 07’ 06’.62; 
dist., 1,043,974 meters. Peruvian arc; latitudes, —3° 04’ 32’.0, +0° 02’ 31'".4; 
dist., 344,736.8 meters. Compute a and e?. 


CHAPTER ee 
GRAVITY MEASUREMENTS 


141. Determination of Earth’s Figure by Gravity Observations. 

The determination of the force of gravity by means of pendu- 
lums affords a means of determining the earth’s figure, which is 
entirely independent of the arc and area methods previously dis- 
cussed. In this method the force of gravity is measured at points 
of known latitude and longitude. From the observed variation 
of gravity with the latitude the polar compression may be com- 
puted. Such measurements, therefore, will give the form but 
not the absolute dimensions of the spheroid. 

In the following discussion the term gravity (g) will be taken 
to mean the resultant obtained by combining the force of the 
earth’s attraction due to gravitation and the centrifugal force 
due to the rotation of the earth. 

142. Law of the Pendulum. 

The relation between /, the length of a simple pendulum, P, 
its period of oscillation, and g, the force of gravity is given by the 


formula = 
l 

Pas 

Ves [85] 


L h 
parVi(: +54) [86] 


where / is the height through which the point of oscillation falls 
during a half oscillation. 

143. Relative and Absolute Determinations. 

Determinations of gravity are of two kinds: 

(1) Absolute determinations, in which both P and / are measured 


and from which g may be calculated; and (2) relative determina- 
266 


or, more accurately, 
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tions, in which P is measured at two stations and the ratio of the 
corresponding values of g at the two places becomes known. If 
the time of oscillation P of the same pendulum has been ob- 
served at two stations, then 


Li? 

PS ee P2 

if 2 

and £2 = pai 

£1 eae 

whence a : 
g@ PP [87] 


Absolute determinations of g are far more difficult than relative 
determinations, owing to the practical difficulties of measuring 
the length / with sufficient accuracy. 

Relative determinations may be made with very great ac- 
curacy, since the time of oscillation may be measured in such a 
manner that the personal errors of the observer have but little 
effect on the results. 

Most of the pendulum observations for geodetic purposes are 
now made by the relative method, and all values of g are made 
to depend upon some one reliable determination of the absolute 
value. The relative values of g in such a system, however, still 
remain more accurate than the computed absolute values. 

144. Variation of Gravity with the Latitude. 

The approximate law governing the variation of gravity with 
the latitude may be expressed thus: 


Bs = wl + . . sin’ 6) [88] 


é 


in which gy, ge, and g, are values of g at latitude ¢, at the equator, 
and at the pole, respectively. By means of two such equations, 
one for g, observed near the equator and one for g, near the pole, 
the two unknowns g, and g, may be found. 

Equation [88] may be derived in a simple manner if we may 
neglect variations in the attraction at different parts of the sur- 
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face.* Suppose the earth to be a sphere of radius 7, the attraction 
G having the same value everywhere. Then g,, the resultant of 
the attraction G and the centrifugal force c, is found as follows: 
At the equator the centrifugal force = c, = w’r.{ At the pole 
Cp = 0. 
Also at the equator 


Be = G— Ce (a) 
and at the pole Cane aC G, 
whence Lp — e = Ce. 


FIG. 716: 


In latitude ¢ (Fig. 116) « = rcos¢and cy = wr COS d = C COS ¢. 

The component of c, directly opposed to G is ¢, cos? ¢ (vertically 

upward). 

Hence 25 = G — ¢ cos’ ¢. [89] 
Substituting in [89] the value of G from Equa. (a), 


25. Cet Co Ce COS 
= g, +c sin? ¢ 
= + (g» — ge) sin? ¢; 
* See Jordan’s Handbuch der Vermessungskunde, Vol. III, p. 627. 
{ The centrifugal force may be expressed by = where v is the velocity of a par- 


ticle at the equator. The distance moved by a particle in one rotation (= 1 sidereal 


day = T seconds) is 2 mr. Hence the centrifugal force = (4) = wr, where w 
is the angular velocity. I’ = 86,400 sidereal seconds = 86,164.09 mean solar 


seconds. 
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that is, gs = w(: a = is 8 sin? 6): [88] 
In order to obtain an accurate numerical expression for g,, 
of the same general form as the above, we may write 


fs = ge (1 + Bsin? ¢) 
and then determine the value of B which is in best agreement 


with all observed values of g. For such a formula Dr. Helmert* 
published, in 1884, the equation 
£0 = 978.000 (1 + 0.005310 sin? 4), [90] 
in which gy is supposed to be the value at sea-level and the unit 
is dynes of force, or centimeters of acceleration. 
This may be expressed for convenience in terms of go at lati- 


tude4; . since sin? 45° = 4, 


and since 2sin? d = I — cos 2 ¢, 
sin? ¢ = 4 —4cos2¢ 


and w= S(: +B (5 —}c0s24)) 
Wt 
fe B 
2 
= Lis) I — COS 2 @ Ihe. 
i+ 
2 


which becomes 
go = 980.597 (1 — 0.002648 cos 2 4). [or| 
In 1901 Dr. Helmert gave the more accurate forms 


978.046 (1 + 0.005302 sin’ ¢ — 0.000007 sin?2¢) [92] 


§0 


WwW 
=a 


and go = 980.632 (1 — 0.002644 Cos 2 @ + 0.000007 cos? 2 ¢), [9 


* Helmert, Héhere Geodidsie, Vol. II, p. 241. 
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in which the number 0.000007 (= 4 B,) is a coefficient found 
theoretically from assumptions regarding the internal structure 
of the earth. 

These formule refer to the absolute value of g at Vienna. To 
refer to the ‘Potsdam system,” to which all values of g observed 
in the United States are referred,* the equations must be written 


978.030 (1 + 0.005302 sin? ¢ — 0.000007 sin?2¢) [94] 


80 
and gy = 980.616 (1 — 0.002644 cos 2 ¢ + 0.000007 cos? 2 ¢). [95] 
In the Coast Survey Special Publication No. 12, entitled 
“Effect of Topography and Isostatic Compensation upon the 
Intensity of Gravity’? (second paper) the following formula is 
given: 
Zo = 978.038 (1 + 0.005302 sin? ¢ — 0.000007 sin? 2 ¢), [96] 
equivalent to 
£0 = 980.624 (1 — 0.002644 cos 2 d + 0.000007 cos? 2¢), [96a] 


which is Helmert’s formula of 1901 corrected by 0.008 dyne. 
The constants in these equations were derived from observations 
in the United States only. 

In Special Publication No. 40, a study is made of observations 
in the United States, Canada, Europe and India. The formula 
resulting from this investigation is 

£0 = 978.039 (1 + 0.005294 sin? ¢ — 0.000007 sin? 2 ¢), [97] 

145. Clairaut’s Theorem. 

The relation between the flattening of the spheroid at the poles 
and the values of g, and g, is expressed by Clairaut’s theorem, 
published in 1743, namely, 

CO ener e tee 
a om Be 7 Le : [98] 
in which ¢ is the centrifugal force at the equator. In this 


* The American observations for g were referred to Greenwich (England), Paris 
(France), and Potsdam (Germany) by observations made in 1900 by G. R. Putnam, 
(see Coast Survey Report for ror). 
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formula the terms of the second order have been omitted. If 
these terms are included, the formula becomes 


E—b 5G TOLCS\ ky Ce B2 2 

eee ten geen) 
in which B and By, are coefficients to be determined from the 
observations (Helmert, Hohere Geodasie, Vol. II, p. 83). It is 
by means of this equation that the form of the earth is com- 
puted from gravity observations. 

146. Pendulum Apparatus. 

Nearly all of the observations of gravity for geodetic purposes 
are made with pendulums of invariable length, by the relative 
method. ‘The description of apparatus in the following articles 
will be limited to one type, the half-seconds invariable pendulum 
apparatus as designed and constructed by the United States 
Coast Survey. The first half-seconds invariable pendulum with 
electrical apparatus for determining the period appears to have 
been devised by Sterneck (Austria) in 1882. In 1800 T. C. 
Mendenhall, then Superintendent of the Coast and Geodetic 
Survey, designed an apparatus of this kind but differing in many 
details, however, from any previous design. This apparatus has 
been used ever since that time in substantially the same form 
excepting the addition of the interferometer for determining the 
flexure. This apparatus includes three half-second pendulums, 
each about 248”” long and having an agate plane at the point of 
suspension. The agate plane rests on a knife-edge support (angle 
of 130°) attached to the pendulum case in which the pendulums 
are enclosed when they are swung. ‘The use of the blunt angle 
on the knife edge and the placing of the plane (rather than the 
knife edge) on the pendulum are designed to secure greater 
permanence of length, upon which the accuracy of the method 
depends. The pendulums are made of an alloy of copper and 
aluminum and weigh 1200 grams each. ‘The three are of slightly 
different lengths so that they will have different periods. Their 
form (Fig. 118) is such as to give strength and at the same time 
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offer but little resistance to the air. In addition to the three 
observing pendulums there is a dzmmy pendulum, of the same 
size and shape but carrying a thermometer packed in filings of 


1 


eas 


ssancnrennasai 
on weotanee "ibd 


Fic. 118. 


the same metal. There is also a small pendulum provided with 
a spirit level for leveling the knife edge. 

Pendulums made of invar metal have been constructed by the 
instrument division of the Coast and Geodetic Survey so that it is 
possible to make gravity observations on mountain peaks and 
other places where the control of temperature is difficult. The 
use of this metal makes it unnecessary to construct a “con- 
stant temperature room.” | 

The pendulums are swung in an air-tight case from which the 
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air may be nearly exhausted by means of a pump. Levers are 
provided for lowering the pendulum onto the knife edge and for 
starting and stopping the pendulum. Inside the case is a manom- 
eter tube for registering the air pressure, and also an additional 
thermometer. Levels are provided for leveling the case, and 
there is a graduated scale under the pendulum for reading the arc 
of oscillation. In the most recent work of the Coast Survey 
the pendulum receiver has been enclosed in a felt and leather 
case to prevent fluctuations in temperature. 

The observations are made by comparing the times of oscilla- 
tion of the pendulums with the half-second beats of a break- 
circuit (sidereal) chronometer connected electrically with the 
“flash apparatus” used for observing the coincidence. 

The flash apparatus (Fig. 119) consists of a shutter a operated 
by the armature of an electromagnet 0 in the circuit and a mirror 


FIGS i190: 


c behind the shutter which reflects light through the slit d to two 
small mirrors e, which reflect it into an observing telescope f; one 
of the small mirrors is attached to the pendulum and the other 
to the knife-edge support. In the most recent form of the flash 
apparatus, the observer looks down through a vertical tel- 
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escope and sees the flash reflected by a prism. This arrange- 
ment is more convenient for the observer than the older form 
because the pendulum receiver is usually mounted on a very low 
support. 

When the pendulum is at rest and the shutter open, a beam 
of light from a lamp* at one side of the apparatus strikes the 
mirror c at an angle of 45° and passes through the slit; it is 
reflected from both mirrors at e and appears to the observer as 
two horizontal bright slits side by side. The mirrors may be 
adjusted so that these slits appear to be at the same height, so 
as to form one continuous band. If the pendulum is set swing- 
ing, the reflected image now appears to travel up and down, 
while the image from the other mirror is stationary. If the 
shutter is closed and allowed to open only for an instant at the 
end of each second (or each two seconds), the observer sees that 
at each successive opening of the shutter the moving image has 
changed its position relative to the fixed image. This is due to 
the fact that the period of the pendulum is longer than the 
sidereal second and the pendulum has made slightly less than 
one complete (double) oscillation. By watching the flashes and 
noting the chronometer readings when they coincide, the ob- 
server obtains the number of seconds between two successive 
coincidences. During this interval the pendulum has evidently 
lost just one oscillation on the (half-second) beats of the chronom- 
eter. In the interval between two successive coincidences the 
pendulum has made one less than twice as many oscillations as 
the chronometer has beat seconds. During the interval between 
any two coincidences the number of oscillations is twice the 
number of seconds (s) less the number of coincidence intervals 
(n). Hence the time of one oscillation (P) is given by 


sy 


P= [99] 


22S EL 


* An electric bulb placed inside the flash box is now used instead of the oil 


lamp. 
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An examination of this formula will show that an error in 
noting the times of coincidence produces a relatively small error 
in P, and for this reason the method is almost independent of the 
observer’s errors. 

On account of the variation of g (and consequently of P) with 
the latitude of the station, it is necessary to use a mean-time 
chronometer at stations situated near the pole, because the period 
of the pendulum approaches so closely to the sidereal half-second 
that the coincidence intervals are inconveniently long. In case 
a mean-time chronometer is used, the formula becomes 


S 
astn 


[100] 


147. Apparatus for Determining Flexure of Support. 

Observations with pendulums mounted on a very flexible sup- 
port show plainly that when a pendulum is set swinging, it com- 
municates motion to the case and the support and sets them 
oscillating, and this oscillation in turn affects the observed period 
of the pendulum. The apparatus now used to measure the effect 
of this flexure is one which operates on the principle of the 
interferometer.* This is an optical device (Fig. 120) consisting 
of a lamp and lens arranged so as to furnish a beam of sodium 
light; a glass plate arranged so as to separate the beam of light 
into two parts, one of which is transmitted, the other reflected; 
two mirrors, one in the path of each beam of light; and a tele- 
scope for observing the image. When the different parts of the 
apparatus are properly adjusted, dark and light bands will appear 
in the field telescope, owing to interference of the sodium-light 
waves of the two beams. One of the mirrors is mounted on the 
pendulum receiver, while the rest of the apparatus is on an inde- 
pendent support in front of it. When the pendulum is set 
swinging, it sets the case in motion, and this in turn moves the 
mirror, causing a slight variation in the length of the path of one 


* A description of the interferometer will be found in the Coast Survey Report 
for gto, 
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of the beams of light. This causes the interference bands to 
shift back and forth; the amount of shift may be estimated by 
observing the motion of the bands over a cross-hair or a scale in 
the field of the telescope. It is usually observed by noting the 
scale readings of both edges of some band in each of its two posi- 
tions (before and after shifting). The movement of the edges 
of a band divided by the width of the band (in scale divisions) 
gives the movement in units of the width of a band. Figure 


FIG. 127. 


121 represents the interference (dark) bands and the scale divisions 
in the field of the telescope. 

Tests made with the pendulum mounted on supports of differ- 
ent degrees of flexibility will show the relation between the 
observed movement of the fringe bands and the resulting error in 
the period of the pendulum. In the Coast Survey tests the re- 
sults showed that a movement equal to the width of one band 
produced a change of 173 in P in units of the seventh decimal 
place. This is more conveniently expressed as follows: 0.01 F 
produces a change of 1.73 in P, where F is the width of a band. 
This constant was determined with the pendulum swinging 
through an arc of 5”” on the scale, and all observed flexures must 
be reduced to this arc before correcting P. 

148. Methods of Observing. 

The receiver should be mounted on a solid support such as a 
cement or brick pier, the foot screws cemented to the pier, and 
the instrument sheltered as in case of astronomical observations. 
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It is important that the instrument should be so sheltered that 
the temperature will not fluctuate rapidly. The apparatus 
should be leveled by means of the spirit level on the outside of the 
case and then the knife edge should be leveled by means of the 
leveling pendulum. In moving the pendulums great care should 
be used to protect them from injury and to prevent any foreign 
matter from adhering to them. The accuracy of the results will 
depend upon the permanency of length, and any injury due to 
fall, or change of period due to change in the mass, will affect the 
period and vitiate the results. The pendulums should not be 
touched with the hands, but should be lifted by means of a 
special hook made for this purpose. The flash apparatus, chro- 
nometer, and interferometer should be placed upon supports that 
are entirely independent of the pendulum support. 

Various programs of observing have been tried, but the follow- 
ing has been chiefly used by observers of the Coast Survey. Each 
of the three pendulums is swung first in the direct and then in the 
reversed position, making six swings each of eight hours’ dura- 
tion. The error of the chronometer is obtained by star-transit 
observations (Arts. 52-71) made just before the beginning and at 
the end of the series. The following table will indicate more 
clearly the order of operations. 


Star Observations Q-I0 P.M. 
Start Pendulum No. 1 10 P.M. 
Reverse No. 1 6 A.M. 
Start No. 2 2 P.M, 
Reverse No. 2 IO P.M. 
Start No. 3 6 A.M. 
Reverse No. 3 2 P.M. 
Star Observations 9 P.M. 


Stop Pendulum No. 3 after star observations 


If star observations are lost at the end of the set, the swings 
are continued until star observations are obtained. At the begin- 
ning and end of each swing several coincidences are observed. At 
the end of each swing several more are observed. Very little 
time is lost between swings, so that they are almost continuous 


280 GRAVITY MEASUREMENTS’ 


between star observations. For this reason the variations in the 
rate of the chronometer are almost entirely eliminated from the 
mean result of all the swings. 

Since 1913 the Coast Survey observers have obtained the 
chronometer corrections from the Naval Observatory time sig- 
nals instead of by direct observations. This results in a great 
saving of time and cost. Another change in the regular pro- 
gram, recently introduced, is to swing the pendulums for twelve 
hours instead of eight, and in the direct position only, instead of 
direct and reversed. 

After a pendulum is placed in position on its support, the case 
closed, and the air exhausted until the pressure is about 60””, the 
observer lowers the pendulum until it rests upon the knife edge, 
starts it swinging through an arc of about o° 53’, and notes the 
arc on the scale. To observe coincidences, the observer switches 
in the chronometer and the flash apparatus and then watches the 
flashes to see when they are approaching coincidence. As the 
two approach he notes the hours, minutes, and seconds on the 
chronometer when the advancing edge of the moving flash touches 
the first edge of the fixed flash. A few seconds later he notes 
when the receding edge of the moving flash touches the second 
edge of the fixed flash. The mean of the two gives the true time 
of coincidence of centers more accurately than it could be ob- 
served directly. Such observations are made on several succes- 
sive coincidences, the flash moving alternately upward and 
downward. By combining the wp and the down observations, 
errors of adjustment are eliminated. After a few of these have 
been recorded, the observer cuts out the chronometer and leaves 
the pendulum swinging for a period of nearly eight hours. Im- 
mediately after the observations for coincidences are completed, 
the temperatures are read on the two thermometers, and the 
pressure is read on the manometer tube. At the end of the 
eight-hour period the observer again observes a few coincidences 
as well as the arc (now diminished to about 0° 20’), the pressure, 
and the temperatures. It is not necessary that he continue 
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observing throughout the whole eight-hour period, because the 
few observations already referred to make it possible to estimate 
correctly the number of coincidences which must have occurred 
between the observed times. It is customary to take the ob- 
servations with two or more chronometers as a check. 

This description applies to the 8-hour program outlined above. 
If the pendulums are swung for a 12-hour period it is necessary 
to start each pendulum with a somewhat larger arc (1° 27’) in 
order that it may have a sufficient amplitude at the end of 12 
hours to enable the observer to read the coincidences of the flash 
conveniently and accurately. 

It is desirable that the temperature of the apparatus be 
kept as nearly uniform as possible, and that there be little 
vibration. In order to allow the pendulum time to assume the 
temperature of the receiver the next pendulum to be swung is 
placed inside the case before it is used in the observations. 
If invar pendulums are being used, however, this is not de- 
sirable, on account of possible magnetic effects. While the case 
is still in position the observer must place the interferometer in 
position and observe the movement of the interference bands 
while the pendulum is swinging. 

149. Calculation of Period. 

After the observations are complete and the time observations 
and the chronometer rates are computed, the time of one escilla- 
tion for each pendulum in each position is found as follows: 
divide the total number of seconds in an 8" interval by the num- 
ber of seconds found for one coincidence interval (see example), 
to obtain the number of intervals that have occurred during the 
swing. Since this must be a whole number, there will be no 
difficulty in determining it correctly. Then reverse the process, 
dividing the total interval by the number of coincidence intervals, 
to obtain the accurate value of the number of seconds (s) in one 
coincidence interval. The uncorrected period of the pendulum 


is found by a s 


[ror| 
25—1 
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for a sidereal chronometer, Table G, or 
S 


~ ags+1 


for a mean-time chronometer. 

150. Corrections. 

This period must then be corrected to reduce it to its value at 
assumed standard conditions, namely, 


[102] 


Infinitesimal arc, 
Temperature 15° C., 
Pressure 60”” at o° C., 
True sidereal time, and 
Inflexible support. 


The correction to reduce P to its value for an infinitesimal arc 
iS 


_ PM sin(o+ ¢’) sin (¢ — $°) 


22 log sin ¢ — log sin @’ [103] 


a formula given by Borda, in which P = the period, M = the 
modulus of the common system of logarithms, and ¢ and ¢’ = 
the initial and final semiarcs. 

A modified form of this formula is 


Woh, aalas 
—0.1924 7 


810 @o — logio Ay 
in which a = 2 R¢, a, = 2 Rd’ and R is the distance from knife 
edge to arc scale, = 296.93”” for the Coast Survey pendulums. 
This gives the correction in units of the 7th decimal place; it is 
based on the assumption that P = o.5. 
The temperature correction is 


STA eEe NED) [104] 


T° being the observed temperature centigrade and a the co- 
efficient to be found by trial. Substituting P = 0.5, the for- 
mula is 6 (15° — T°). For the bronze pendulums 8 varies 
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from 0.000 00413 to 0.000 00419. For invar pendulums it is 
0.000 00028. 


The pressure correction is 


a mm Pr 
s | 60 1 + 0.00367 al ins! 
in which Pr = observed pressure in mm, 


T° = temperature centigrade, 


and K = coefficient to be found by trial. 


The value of AK for the bronze pendulums is 0.000 000 107; 
for the invar it is 0.000 000 089. 
The constant 0.00367 is the coefficient of expansion of air for 
Tet. 
The rate correction is given by the expression 
+ 0.000011574 RP, [106] 


where R = daily rate of chronometer on sidereal time, + when 
losing and — when gaining. The coefficient is the reciprocal of 
the number of seconds in one day. 

The flexure correction is computed by dividing the observed 
movement of the fringe band (in scale divisions) by the width of 
a band and then reducing this to an arc of 5”” by dividing by the 
observed arc and multiplying by 5. The result is the displace- 
ment for a 5”” arc in terms of the width of a band. This dis- 
placement, multiplied by the coefficient (73 mentioned before), 
gives the correction to be subtracted from P. 
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TABLE D.— REDUCTION OF SCALE READING IN 
MILLIMETERS TO MINUTES OF ARC 


LOCC) GEG © © 
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TABLE E. ARC CORRECTIONS (ALWAYS SUBTRACTIVE) 
FOR HALF-SECOND PENDULUMS 


Arc at Beginning 


at Go's W85h Sols Neste |p 7OeM OS torall GOl.. eS 5 ep esOree ale nal AO 


be) 2.0 |) £L.0 || 10.0 g.0 (sai! vies) 6.5 5.8 5.0 | 4.3) 3-6 
15 LACAN MES. Salle o eo ere OO! g.o 8.0 Woe: 6.3 | 5.4] 4.6 


20 16.9) || 15.6) 14.3 |) 3300 1) BES. | for7 9.6 8.6 7.6 | 6.6] 5.7 
25 19,3) £7.58 | 20.4) | 1520 8S. 9 | Peed | FEB) OLE 9.0 | 8.0] 6.9 
30 2127 | 20. || 18.5 1 17-0: || #56.) B42) Tel9 | EL.) Z0.4 |) G21 Sz 
215 BAT 227A 2007 1 1G 22 | 27.6, | FOo0 |} 24.0 | Seo eS 
40 26.5) 2407 22-0 25.2 | £O.5 || 270 "| FO.3 ) W438 7 BLS 


45 20.0) | 27.2 | 25.2 | 23-4 | 21.6 || 19,0) 738.2 
5" | BES | 29.4.) 27.4 |os.s: | 23.6 |) 2t.8 | Bole 
55 SAL P32 2On 29 8h eens 25.0 
60 3607) 34. 432.2 30n0nar7 9 
65 | 39.4 | 37.0 | 34.6 


70 42.4 | 30.6 | 37.0 


75 | 44.9 
80 | 47.7 
85 
go 


In practice it is convenient to combine Tables D and E into 
a single table computed for such intervals that little interpola- 
tion is necessary. 
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TABLE F.— CORRECTION FOR PRESSURE 


ee 50 mm. 
° +10 
I +10 
2 +10 

| 3 wit 
4 II 
5 TL 
6 in 
i We 
8 Tie 
9 12 
Io 12 
Ir 12 
1D) 12 
13 12 
14 12 
15 13 
16 13 
17 13 
18 13 
19 13 
20 13 
De 14 
22 14 
23 14 
24 14 
25 14 
26 14 
27 14 
28 15 
29 | +15 
30 | +15 


55 mm. | 60mm. | 65 mm 
are Ck Seats 
Find ° ac) 
a5) ° ar: 

6 +1 4 

6 +1 4 

6 +r 4 

6 aru 4 

6 2 8 

6 2 3 

7 2 3 

7 2 3 

7 2 3 

7 2 2 

7 5 2 

8 3 2 

8 3 2 

8 3 2 

8 4 I 

8 4 I 

9 + FE 

9 4 = 

9 4 ae 

9 4 =a 

9 5 ° 

9 5 ° 

10 5 ° 
se) 5 1 
Io 5 ral 
+10 +6 +1 
+t0 +6 +1 
+10 +6 +1 
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Body of table gives corrections (in 7th decimal place of sec- 
onds) to period of half seconds pendulum. 
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TABLE G. — PERIODS OF QUARTER METER PENDULUM 


Note: To obtain period to 7th decimal place, prefix .50 or .500 to figures in the table. 
Body of table gives 


° 2200 2300 2400 2500 2600 2700 2800 2900 3000 3100 
10,893 | 10,438 | 10,020 | 9634 | 9276 | 8944 | 8636 | 8347 | 8078 
89 34 16} 30 73 41 33 44 75 

84 30 12 20 70 38 30 42 72 

79 25 08 | 23 66 35 27 39 7° 

74 21 04 19 63 32 24 36 ji 
10,870 | 10,417 | 10,000] 9615 | 9259 | 8929 | 8621 | 8333 | 8064 
65 12 9996 12 56 25 18 30 62 

60 08 Q2 08 52 22 I5 28 59 

55 04 88 04 49 19 12 25 57 

51 | 10,399 84 or 46 16 fore) 22 54 
10,846 | 10,395 9980 | 9597 | 9242 | 8913 | 8606 | 8320 | 8052 
AI gi 76 93 39 se) 03 17 49 

37 86 2 go 35 06 fore) I4 46 

32 82 68 86 32 O38" | 88507 2 44 

Dy] 78 64 82 28 fore) 94 08 41 
10,822 | 10,373 9960 | 9578 | 9225 | 8897 | 8591 | 8306 | 8039 
18 69 56 75 22 94 88 03 36 

13 65 2 71 18 QI 85 (ole) 33 

08 61 48 68 15 87 82 | 8297 ul 

04 56 44) 64] 12) 84) 79) 95) 28 
10,799 | 10,352 9940 | 9560 | 9208 | 888r | 8576 | 8292 | 8026 
94 48 36) SF o5 | 78 73 89 23 

go 43 oe i) | e553 or 75 7° 86 20 

85 39 28 49 | 9198 Ee 68 84 18 

80 as 25 46 95 68 64 81 15 
10,776 | 10,331 9921 | 9542 | gr9r | 8865 | 8562 | 8278 | 8013 
71 26 17 38 88 62 59 75 10 

67 22 13 35 84 59 56 73 08 

62 18 09 31 81 56 53 70 O5 

57 14 05 27 78 53 50 67 03 
10,753 | 10,309 | 9901 | 9524 | 9174 | 8850 | 8547 | 8264 | 8000 
48 o5 | 9897 20 71 46 44 62 | 7997 

44 Or 93 7 68 43 41 59 95 

39 | 10,297 89|/ 13] 64] 40] 938] "se:| oe 

34 92 85 fore) 61 ei 35 53 go 
10,730 | 10,288 g881 | 9506 | 9158 | 8834 | 8532 | 825r | 7987 
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WHEN PENDULUM IS SLOWER THAN CHRONOMETER 
Top and left-hand arguments combined give interval s =ten coincidence intervals. 
t= period in seconds. 
3200 3300 3400 3500 3600 3700 3800 3900 4000 4100 | 4200 | o 
7825 | 7587 | 7364 | 7153 | 6954 | 6766 | 6588 | 6418] 6258] 6105) 5960] o 
22 85 62 51 52 64 86 a7 56 o4 Soler 
20 83 59 49 50 62 84 T5 55 02 B72 
wy 80 57 47 48 60 82 I4 53 Or Bi| 
15 78 55 45 46 59 81 12} 52] 6099} 54} 4 
7812 | 7576 | 7353 | 7143 | 6944 | 6757 | 6579 | 6410] 6250) 6098! 5q52! 5 
10 74 51 41 42 55 TE 09} 48] 96) 51! 6 
08 71 49 39 41 53 76 o7| 47) 95) 50) 7 
05 69 46 37 39 51 74 O35 45)" 93), 405 8 
03 67 44 35 37 49 72 04; 44) 92) 47] 9 
7800 | 7564 | 7342 | 7133 | 6935 | 6748 | 6570 | 6402] 6242) Gogo} 5945] 10 
7798 62 40 31 33 46 69 fore) 41 89 44] 11 
96 60 38 29 3t 44 67 | 6399) 39) 87) 42] 12 
93 58 36 27 29 42 65 97| 38) 86 41) 13 
gt 55 34 2 2 40 63 96} 36) 84) 40) 14 
7788 | 7553 | 7331 | 7123 | 6925 | 6738 | 6562 | 6394] 6234] 6083] 5938] 15 
86 51 29 21 23 37 60 92 33 81 37| 16 
83 48 Daf 18 21 35 58 QI 31 80 Bs wy 
81 46 25 16 IQ Ba 56 89 30 78 34] 18 
78 44 23 14 18 St 55 ST 2o Tale solnts 
7776 | 7542 | 7321 | 7112 | 6916 | 6730 | 6553 | 6386) 6227] 6075] 59az} 20 
74 39 sae) 10 14 28 51 84 2 74 30] 21 
71 By 16 08 12 26 50 82 24 72 28] 22 
69 as 14 06 Io 24 48 81 22 71 247| 23 
66 32 12 04 08 22 46 79 20 70 26] 24 
7764 | 7530 | 7310 | 7102 | 6906 | 6720 | 6544 | 6378] 6219) 6068) 5924] 25 
(ele) o4 19 43 76 17 66 23| 26 
7098 02 17 41 74 16 65 il| Dy 
96 fore) I5 39 we 14 64 20] 28 
94 | 6898 13 38 fi 1g 62 19] 29 
7092 | 6897 | 6711 | 6536 | 6369] 6211) 6061) 5917) 30 
fe) 95 ake) 34 68 site) 59 16] 31 
38 93 08 ae 66 08 58 14] 32 
86 QI 06 31 64 07 56 Weyl 23e3 
84 89 04 29 Oe) OF] SS] wal et 
7082 | 6887 | 6702 | 6527 | 6361] 6204] 6053} 5910] 35 
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TABLE G (Con.).— PERIODS OF QUARTER METER PENDU- 


Nore: To obtain period to 7th decimal place, prefix .50 or .500 to figures in the table. 


Body of table gives 
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LUM WHEN PENDULUM IS SLOWER THAN CHRONOMETER 


Top ana left-hand arguments combined give interval s = ten coincidence intervals. 


t= period in seconds. 


3200 3300 3400 3500 3600 3700 3800 3900 | 4000 4100 
38 05 86 80 85 OI 26 60] ao2 52 
35 03 84 78 83 | 6699 24 58} oo} = 50 
33 Or 82 76 81 97 22 56} 6199 49 
3° | 7498 80 74: \9 80 |) 95 21 55) 697) 247 
7728 | 7496 | 7278 | 7072 | 6878 | 6693 | 6519 | 6353] 6196] 6046 
26 94 76 7° 76 92 17 2) 94) 44 
23 g2 74 68 74 go 16 50} 93] 43 
21 go 72 66 2 88 14 48) gt 42 
18 87 70 64. 70 86 12 47 go 40 
7716 | 7485 | 7267 | 7062 | 6868 | 6684 | 65i0 | 6345) 6188] 6039 
14 83 65 60 66 83 09 Ady 7871) 37) 95) 40 
II 80 63 58 64 81 O7 42 85 36 93) 47 
09 78 61 56 62 79 05 4o| 84) 34] 92) 48 
06 76 59 54 61 aa 04 39) _ 82] 33] 91) 49 
7704 | 7474 | 7257 | 7052 | 6859 | 6676 | 6502 | 6337| 6180} 6031| 5889) 50 
02 72 55 50 57 74 ole) 36} 79} 30) 88) 51 
7699 69 53 48 55 72 | 6499 34, 77) 28) 86) 52 
97 67 51 46 53 7° 97 A || Al) Sa Be 
95 65 48 44 51 69 95 31, 74) 26) 8454 
7692 | 7463 | 7246 | 7042 | 6849 | 6667 | 6494 | 6329] 6173} 6024] 5882) 55 
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TABLE G (Con.).— PERIODS OF QUARTER METER PENDU- 


Note: To obtain period to 7th decimal place, prefix .50 or .500 to figures in the table. 
Body of table gives 


fo) 2200 2300 2400 2500 2600 2700 2800 2900 3000 3100 
71 33 66 38 43 77 38 23 29 54 96 
72 28 62 34 39 74 35 20 26 51 94 
73 23 Sw 30 35 72 32 17 23 49 gt 
74 18 53 26 31 67 29 I4 20 46 89 
75| I1,O13 | 10,548 | 10,122 9728 | 9363 | 9025 | 8711 | 8418 | 8143 | 7886 
76 08 44 7 24 60 22 08 I5 41 84 
Gi 04 40 13 20 56 19 05 TED 38 81 
78| 10,999 35 09 16)" 53 16 02 09 35 79 
79 94. 31 5 12| 49 12 | 8699 06 33 76 
80] 10,989 | 10,526 | 10, tor 9709 | 9346 | goog | 8606 | 8403 | 8130 | 7874 
81 84 22) 10,007 5 42 06 93 or 28 2 
82 79 18 93 or 39 02 go | 83098 25 69 
83 74 13 89} 9697 35 | 8999 87 95 22 67 
84 70 fore) 85 94 30 96 84 2 20 64 
85] 10,965 | 10,504 | 10,081 9690 | 9328 | 8993 | 8681 | 8389 | 8117 | 7862 
86 60 | 10,500 77 86 25 go 78 86 14 59 
87 55 | 10,495 73 82 a1 86 75 84 12 57 
88 51 QI 68 79 18 83 72 81 fore) 54 
89 46 87 64 Gils I4 80 69 7 06 52 
go} 10,941 | 10,482 | 10,060 9671 | 9311 | 8977 | 8665 | 8375 | 8104 | 7849 
QI 36 78 56 68 08 74 62 2 or 47 
92 2m 73 2 64 o4 70 60 70 | 8008 44 
93 Mi 69 48 60 or 67 56 67 96 42 
94 22 65 44 56 | 9297 64 54 64 93 40 
95| 10,917 | 10,460 | To,o40 9653 | 9294 | 896r | 8650 | 8361 | Sogr | 7837 
96 12 56 36 49 go 57 48 58 88 34 
97 08 52 32 45 87 54 44 56 85 32 
98 03 47 28 41 83 5I 42 53 83 30 
99] 10,898 43 24 38| 80 48 39 5° 80 27 

10,893 | 10,438 | 10,020 9634 | 9276 | 8944 | 8636 | 8347 | 8078 | 782 
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LUM WHEN PENDULUM IS SLOWER THAN CHRONOMETER 


Top and left-hand arguments combined give interval s = ten coincidence intervals. 
t= period in seconds. 
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151. Form of Record of Pendulum Observations. 
Following is a specimen record of a single swing made with 
“Apparatus B,”’ belonging to the Coast Survey. 


Station: Sawah Loento, Sumatra. Date: May 7, 1901. 
Observer: G. L. H. Chronometer: Bond 541 (sid.) 


Pendulum B 4, Direct, on Knife edge I 


Observed coincidences. Pressure. Temperature. 
hom s mm. 
D 9 59 93 
U 0 02 12 2785 
D Oy ii Nihal 
Up rosers 55.0 
D Tae 4) 
U 14 19 
D 4 54 42 
U 58 12 28.0 
ID ays moon4s 28.0 
U 04 08 56.0 
D 06 42 
U 10 06 
Pressure 55.5 Mean temp. 25.70 
4.2 Ther. error S32 
RE ation Ge 25°.40 


Total interval (mean) 6% 55” 435 = 24,9435. 

Approximate length of coincidence interval = 3” o18 = 1815, 
Number of coincidence intervals = 138. 

Length of one coincidence interval = 180.75. 

Period (uncorrected) = 0.501386o9. 


Uncorrected Period 0.5013869 
Corr. for Arc —5 
rE Tie). SSO 
aie Erecsy +o 
ee Ratel(Nossan) +128 
< * Flexure —6 


Corrected Period = 0.5013550 
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152. Calculation of g. 

After the period has been corrected for instrumental errors, 
the value of gravity (g) may be found by comparing the period 
(P) with that of the same pendulum at some point where the 
value of g is known, say at Washington. If the value at Wash- 
ington is gw, then 

P, 
B= pa 1 Se: [107] 


Evidently it is of the greatest importance that the period should 
not change during a series of observations made for the purpose 
of comparing P at different stations. The pendulum should be 
swung at frequent intervals at the base station, to test its in- 
variability; in any case it should be swung at the beginning and 
end of every series. 

Example. Suppose that the mean corrected period of a set of pendulums at a 


station is 0.5012480, and at Washington, the base station, is 0.5007248, and that gw 
is taken as 980.112 dynes. Then, by formula [107], g = 978.067 dynes. 


153. Reduction to Sea-Level. 

The value of gravity found in the manner just described is the 
value at the station, assuming the length of the pendulum to be 
invariable and the chronometer correction to be correct. In 
comparing values at different stations, however, it is essential to 
reduce the observed value to the value at sea-level. A formula 
long used for this purpose is one devised by Bouguer when re- 
ducing observations made along the Peruvian arc in 1749. This 


formula is 
2 eH 6 
dg = +. : (: -7-4), [108] 


in which H is the elevation of the station above sea-level, 


r is the radius of the earth, 
6 is the density at the surface, 
and A is the mean density of the earth. 


The first term of this formula allows for the decrease in gravity 


204 GRAVITY MEASUREMENTS 


due to height alone; the second term, for the increase in attraction 
due to the topography beneath the station. 


The correction for height of station is derived from the law of 
gravitation, namely that the force of attraction varies inversely 
as the square of the distance; whence 


ee ee (eee) 


g r? r 
H 
Therefore c= 2 (: ds =i [109] 


The correction for topography is based upon the assumption 
that is due to the attraction of a cylinder whose axis is vertical 
and whose height is small compared with its width. The at- 
traction on a unit mass at the station is shown by Helmert (Hohe. 
Geodasie, Vol. II, pp. 142 and 164) to be 


Ag = 2 wk 6H. (a) 
The attraction of the sphere on the same mass is 
M 
(a po RX gar. (0) 


Dividing (a) by (0) and multiplying by g, 
Ag Sees [110] 


Adding both corrections ([109] and [1ro]) and remembering 
that the two are of opposite sign, 


2 , 0 
SO rei raha men a 


Ca 


Another method of reduction which has been much used is to 


* See also Clarke, Geodesy, p. 325. For an additional term for irregularity in 
topography see Coast Survey Report for 1894, p. 22. 
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omit the last term of Bouguer’s formula, and correcting for 
height only. In this case the correction to g is 


H 
Corr. = + a [r12| 
or Corr. = +0.0003086 H (meters). [1 12a] 


This method was introduced because the former method 
showed large disagreement between observed and computed 
values. The second, or “ free-air,’ method showed better agree- 
ments, indicating a compensation due to variations of density 
beneath. 

The method employed by Professor Hayford in the Coast 
Survey investigation shows that still better agreement is obtained 
by the introduction of the assumption of isostasy. The results 
corrected by this method show a close general agreement, but in 
certain localities there is evidence that the isostatic adjustment 
is imperfect — for example, near Seattle in the United States 
and at certain places near the Himalayas in India. 

154. Calculation of the Compression. 

By employing a large number of observed values of g the most 
probable values of the constants g, and gy, may be found. From 
these data the compression may be derived by applying Clairaut’s 
formula, 

CN SD aa [98] 
a DD fa Le 


The value of ¢, is (3). a, where T = 86164.09 seconds and a is 
the equatorial radius. Using Clarke’s value of a the resulting 
value of c. is found to be 

Ge = 0.033916, 
and using for g, the value of 978.038," we obtain 


G I 


Be 288.37 


* See Coast Survey Special Publication No. 12. 


= 0.0034678. 
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Then for the compression, we have 
(a0 eee 
@ 207i 


If the more accurate form [98a] of Clairaut’s equation is em- 
ployed, the result is 
Bay ae 
G 9208.2 


By studying a large number of gravity observations in all parts 
of the world Helmert obtained the value 
a—b I 


Gr 2908.3 + 0.7 [x13] 


In the publication entitled Effect of Topography and Isostatic 
Compensation upon the Intensity of Gravity the authors give 
ae -ab I 


dic” 298.4 + 1.5, [rr4] 


In a later report on gravity work (Coast Survey Special 
Publication No. 40, 1917), the compression calculated from the 
observations in the United States, Canada, Europe and India is 


ea rp 
a = 207.4 


[x15] 


By employing Equa. [88] the value of g may be computed for 
each station on the assumption that the earth is a spheroid. A 
comparison at each station of the observed and computed values 
of gravity indicates to what extent the geoid departs from the 
spheroid at each point. 

154a. Gravity Observations at Sea. 

Within the past few years gravity observations of a precise 
character have been made at sea by Dr. Meinesz, of Holland, 
the measurements being made chiefly in submarines. The 
apparatus is a modified form of the Stiickrath pendulum ap- 
paratus, in which two pairs of pendulums oscillate in planes at 
right angles to each other. The swings are recorded photo- 
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graphically and time signals are received by radio for determining 
the periods of oscillation. The results of this work will add 
greatly to knowledge of the variations of gravity over the ocean 
areas. 

154b. The Eétvés Torsion Balance. 

Much research has been carried on in recent years, both of a 
theoretical and of a practical nature, by means of the Eétvés 


W Rod Ww 
PIG. 122. 


torsion balance, a very sensitive instrument which measures 
minute variations in the force of gravity. 

This balance has been designed in two forms. The first may be 
described as a horizontal rod with nearly all of its weight con- 
centrated at the ends and which is suspended at its center by a 
fiber from a torsion head. (Fig. 122.) 

Under the action of the earth’s gravitational field the rod tends 
to turn into the plane of the prime vertical, because in so doing 
it “falls” into a position of lower potential.* In order to see 
how this occurs let us represent on the same diagram the curves 
of equal potential in the meridian plane and in the prime vertical 
plane, the former by full lines and the latter by dotted lines. 
These curves are given consecutive numbers for identification, 
the same number representing the same equipotential, or level, 
surface. From Fig. 123 it will be seen that when the rod is in 
the meridian plane the weighted ends are on surface No. 3. If 
the rod is turned into the east-west plane the weighted ends are 
on surface No. 2. A change from the meridian plane to the 
east-west plane places the end in a position where the potential 


* See Art. 165, Chapter X. 
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is lower. Therefore there is a force tending to turn the rod from 
the meridian into the prime vertical plane. This force is, of 
course, very minute. 

The torsion of the fiber used in suspending the rod is consider- 
able when compared with the small force in question. In using 
the balance the position of the torsion head corresponding to 


Fic. 123. 


“no torsion” is determined. By turning the torsion head in 
different azimuths, both to the right and to the left of the line of 
no torsion, the deflection of the rod with reference to the line of 
no torsion may be measured. From these measurements it is 
possible to calculate the maximum and the minimum curvature, 


or = and a For a spheroid these would correspond to the 


meridian and the prime vertical, but in actual observations they 
seldom do so, because of local variations in the densities imme- 
diately beneath the instrument. The balance also gives us the 
directions of these two curvatures. It may be noted that these 
curvatures are related to the second derivatives of the potential 
function of the gravitational field. This instrument gives nu- 
merical values of 


ay = 2 02V 
—-,; andot : 
: Ox Oy 


The second type of balance deals with forces at two different 
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levels at the same time. The horizontal rod has at one end a 
weight which is suspended at some distance below the level of the 
rod. (Fig.124.) Thisbalance 
therefore deals with the same 
forces which cause a change in 
the direction of gravity with a 
change in height. These forces 
are related to second deriva- Rod 
tives of the potential function 

of the form 


Fibre 


we 


axdz ™ Oy 03 W 


and this form of balance gives Fic. 124. 


numerical value of these two derivatives. 

The E6étvés balance is extremely sensitive and for this reason 
can measure very slight variations in the forces acting upon it. 
It is used to study the geological formation of the earth’s crust 
immediately beneath the instrument station; it has been used 
successfully for locating salt domes, mineral deposits, etc. of 
commercial value. 
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PROBLEMS 


a—b 
a 


Problem t. Compute from the following data: 


Station. . Latitude. 


Umanak, Greenland 982.595 +70 40 29 
| Sawah Loento, Sumatra 978 .057 —oO 4I 40 


Problem 2. Jf the coincidence intervals are 5” during an 8-hour swing, what will 
be the error in P due to an error of 15 in noting the time of a coincidence? 

Problem 3. If the error in determining the daily rate of the chronometer is 0 .1 
what is the error in the period? 


GHAPTER xX 


PRECISE, OR FIRST-ORDER, LEVELING — 
TRIGONOMETRIC LEVELING 


155. Precise Leveling. 

The term precise leveling (now officially replaced by the term 
First Order leveling) is applied to the operation of determining 
differences in elevation of successive points on the earth’s surface 
with instruments and methods which, though similar to those 
used in ordinary leveling, are more refined and capable of yield- 
ing a much higher degree of precision. In order to secure the 
greatest possible accuracy, it is necessary to modify our concep- 
tion of the nature of a level surface and to introduce certain 
corrections which are ordinarily negligible. It should be ob- 
served that since the line of sight of the instrument is always 
theoretically perpendicular to the direction of gravity at each 
station, it lies in a plane which is tangent to the geoid, not to the 
spheroid. In tracing out a level line by means of the spirit level 
we are following the curvature of the surface of the geoid. 

The term precise leveling has for many years been applied to 
all leveling of a fairly high degree of precision, but there have 
been various limits of precision prescribed by the different or- 
ganizations carrying on the work. The accuracy obtainable has 
been so greatly increased through recent developments in instru- 
ments and methods that in 1912 a new class of leveling, known as 
leveling of high precision, was established by the International 
Geodetic Association; it is to include every line, set of lines, or 
net, which is run twice in opposite directions, on different dates, 
and whose errors, both accidental and systematic, computed in 
accordance with formulas stated in the resolution,* do not exceed 


* See Coast Survey Special Publication No. 18, p. 88, See also Report of In- 


ternational Geodetic Association for 1912. 
301 
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+1" per kilometer for the probable accidental error and +0.2”” 
per kilometer for the probable systematic error. 

In 1925 the Federal Board of Surveys and Maps adopted the 
terms First order, second order, etc., and specified the accuracy 
for different classes of leveling, as shown in the following table. 


LEVELING 


First Order. Second Order. Third Order. Fourth Order. 


Error of closure | Error of closure | Error of closure Flying Y 
of section 0.017 | of circuit 0.035 | of circuit 0.05 | levels, 

feet WVmiles or | feet miles or | feet Wmiles_ or ee 
gmm \/ kilometers 8.gmm~/Icilometers ramm ~/ kilometers = 


Many different instruments have been used in the past for 
precise leveling, some of the “‘wye” type and some of the 
“dumpy” type. All geodetic levels, however, have certain 
characteristics in common: namely, (1) a telescope of high mag- 
nifying power, mounted on a heavy tripod: (2) a sensitive spirit 
level: (3) a slow-motion screw for centering the bubble: (4) 
stadia wires for determining the length of sight: and (5) a mirror 
or other optical device for viewing the bubble from the eye end 
of the telescope. Before the year 1899 the precise leveling of the 
United States Coast Survey was done with a wye level and target 
rods. The target was not set exactly on the level of the instru- 
ment, but was set approximately, and corrections to this approx- 
imate reading were determined, using the micrometer screw to 
measure the small vertical angles. Since 1899* a dumpy level of 
new design has been substituted for the wye level, the self-reading 
rod adopted, and the micrometer screw used only for centering 
the bubble. This new instrument and method have been adopted 
by several other branches of the government service. 

* For a discussion of this change in methods see Coast Survey Report for 1890, 


p. 8, and for a description of the new instrument see Coast Survey Report for 1900, 
p. 521, and for 1903, p. 200. 
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156. Instrument. 
The geodetic level, sometimes called the prism level, is de- 
signed to reduce, so far as possible, any errors arising from un- 


CONUMN 


(C. L. Berger & Sons.) 


- CALBERGER & SONS 
BOSTON, MASS.US.A. 


Geodetic Level. 


Fic. 125. 


equal heating of the different portions of the instrument. (Fig. 
125.) The telescope barrel was formerly made of an alloy of iron 
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and (36%) nickel having a low coefficient of expansion (0.000004 
per 1°C.). The most recent levels are of invar having a coefti- 
cient of 0.000001. The level vial is set into the telescope tube 
as low as possible without interfering with the cone of rays from 
the object glass. This diminishes the effect of differential 


C.L-BERGER & SONS, 
BOSTON, MASS.USAL 


Fic. 126. Geodetic Level. (C. L. Berger & Sons.) 


expansion of the parts supporting the level. The level vial is 
provided with an air chamber for varying the length of bubble. 
At one side of the telescope is another (similar) tube containing 
a pair of prisms which, together with a mirror mounted above 
the telescope, enable the observer to view the ends of the bubble 
with the left eye at the same time that he looks at the rod 
with the right eye. The arrangement of mirror and prisms is 
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such that there is no parallax caused by 
the glass in the level or the mirror. 
The instrument is provided with the 
usual small level for the approximate 
leveling of the base. It is mounted on 
an unusually high tripod so as to avoid 
refraction near the surface of the 
ground. The magnifying power of the 


Section 


Q “ Face with 
telescope is about 43 diameters; the  invarstrip 


removed 


level division (,; inch) has an angular 
value of about 1’.7.. The stadia con- 
stant varies from 1 in 328 to I in 348 
in different levels. | 

In the instrument shown in Fig. 125 fp 3 
the pivot, about which the telescope is |e? 
tilted by the motion of the microme- \\|({7 
ter screw, is placed near the forward 
end. In the recent levels the pivot is 
at the center. 

157. Leveling Rods. (back) 

The rod in use at present (1929) by 
the Coast & Geodetic Survey is of one 
piece about 3.1 m. long, flat in section 
(see Fig. 127) and has a strip of invar 
attached to the front face, on which the 
centimeter divisions are painted. The 
details of the rod are shown in the cut. 
The rod is provided with a centigrade 
thermometer, and with a circular spirit aa IN ==i 
level for plumbing the rod. Many  (ront) Ue 
rods have a scale of feet (or meters) 
painted on the back for rough check 
readings. 

The rod used by the U. S. Geolog- Fis. 127. Rod for Geodetic 
ical Survey is similar in general de- Dee 


BERBER EE BER REREG eo ee 


Coast and Geodetic Survey Rod 


= 
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sign, but is divided into hundredths of yards. This is con- 
venient when obtaining elevations in feet, since the sum of the 
three thread readings gives at once the mean reading in feet. 

158. Turning Points. 

Special steel pins are usually carried by leveling parties for 
use on highways or when the usual turning points are not avail- 
able. Since most of the first-order leveling is carried along rail- 
way lines the regular turning point is either a nail driven into 
a tie or a rail spike near the middle of a rail: The top of the 
rail was formerly used but this practice has been discontinued, 
as it was suspected that cumulative errors from this source 
may have entered the results. 

159. Adjustments. 

The adjustments of the level are nearly the same as those of 
the ordinary dumpy level. The rough level is adjusted so as 
to remain in the center when the telescope is revolved about the 
vertical axis. The axis of the long bubble tube is adjusted 
parallel to the line of sight of the telescope whenever it is appre- 
ciably in error. This adjustment is tested each day by taking 
four readings, like those used in the “‘peg”’ method, except that 
the shorter sights are about 10 meters in length and the longer 
sights are of the usual length, say 100”. From these four read- 
ings a factor C is computed, which is the ratio of the correction 
for any reading to the corresponding rod interval. The differ- 
ence in the sums of the foresight and backsight thread intervals 
at any set-up is to be multiplied by this factor C. 

To find an expression for C, call 7 and 2 the rod readings for 
the nearer sights, and d, and d2 the rod readings for the distant 
sights, s; and s, the near stadia intervals, and S, and S, the dis- 
tant stadia intervals, the subscripts referring to the first and 
second instrument positions. Then the true difference in eleva- 
tion from the first set-up is 

(m + Csi) — (di + CSi), 
and for the second set-up, 


(dy + CS2) — (m2 + C52). 
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Equating and solving for C we have, 


= (m + Ny) = (d, + dy) 
(Si aif Ss») cae (s1 aR @). [176] 


C is + if the line of sight is inclined downward. 
Below is a table showing a determination of C (from Coast 
Survey Report for 1903) 


© 


DETERMINATION OF C. 8.204.m., AUGUST 28, 1900 


(Left-hand page.) (Right-hand page.) 
Number Thread Thread 
of reading, Mean. as Rod. reading, Mean. py auead 
station. | backsight. a aria foresight. muvenvals 
I5t5 13 0357 105 
A 1528 1528.3 14 W 0462 0461.7 104 
1542 27 0566 209 
2252 105 1276 
B 2357 2357.0 105 WwW 1288 1288 .3 12 
2462 210 1301 13 
0461.7 419 1528.3 25 
2818.7 52 2816.6 
Corr. for curv. andref. —o.8 | 367 2817.9 
2817.9 367) —1.3 (—0.004=C 


In this table A and B refer to the instrument stations, not to 
the points where the rods are held. The three numbers given 
in the column “thread interval”’ are first, the space between the 
lower and middle threads, second, the space between the middle 
and upper threads, and third, the sum of these two. The mean 
for the three rod readings (thread readings, second column) is 
found by dividing the difference between the upper and lower 
thread intervals by 3 and applying the result as a correction to 
the middle thread reading. The result is placed in the third 
column. For example, the difference between 13 and 14 divided 
by 3 gives 0.3 mm., which added to 1528 gives 1528.3, the 
correct mean of the three readings. 
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In order to make the additions conveniently when solving for 
C, the means are carried across to the opposite pages, that is the 
1528.3 is carried to the right-hand side and the 0461.7 to the 
left-hand side. 

The distant rod readings are corrected for the effect of curvature 
and refraction, which may be conveniently taken from Table H. 
In the example the distances are not corrected separately, but 
the sum of the two corrections is subtracted from the sum of 
the distant readings. In this particular instrument the stadia 
factor is 348, that is, the distance equals 348 times the thread 
interval. The distance corresponding to 0.209 m. or 0.210 m. is 
alittle over 73m. In Table H this gives a correction of 0.4 mm. 
for each distant reading. The sum of the two, or 0.8 mm., is 
subtracted from 2818.7 mm. The value of the constant is 
therefore 


2810.6 — 2817.9 —1.3 


This indicates that the level is in good adjustment. The 
negative sign shows that the line of sight is inclined upward 
and that all rod readings are too great by the amount Cs. 

If the instrument were to be adjusted, it would be done by 
sighting at a distant rod with the bubble in the center of the tube 
and taking a reading. The telescope is then inclined upward if 
C is + (lowered if C is —) until the reading is increased (or de- 
creased) by an amount equal to Cs. With the telescope in this 
position the bubble is centered by means of an adjustment 
screw on the level case inside the telescope barrel. 

After the instrument is adjusted a new value of C must be 
determined to be used in correcting the results of subsequent 
leveling. 

If the value of C is less than 0.005, the instrument should not 
be adjusted. If between 0.005 and 0.010, the observer is advised 
not to adjust. If over o.oro, the adjustment should be made. 
The adjustment is made by moving the level rather than the 
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cross-hair ring, in order to avoid moving the line of sight away 
from the optical axis. 

The rod level should be adjusted by using a plumb line to 
bring the rod to a truly vertical position and then centering the 
bubble by the adjusting screws. If the plumb line can be fas- 
tened temporarily to a corner of the top of the rod and the 
string is long enough to allow the plumb bob to swing clear, the 
rod may be plumbed in two directions at the same time. 

160. Method of Observing.* 

It is customary to use two rods, the one that is held for a fore- 
sight on a certain turning point being kept at the same turning 
point for a back sight. This results in alternating the foresights 
and backsights; that is, if the backsight is taken first at the 
first instrument station, the foresight is taken first at the second 
instrument station, and so on throughout the section. This is 
done so that any settlement of instrument or rod will be elimi- 
nated as completely as possible. Suppose that during the inter- 
val between a backsight reading and a foresight reading the 
instrument settles one millimeter. In this case the recorded 
backsight reading is too high for the position of the instrument 
at the time of the foresight reading, and the turning point is 
assigned too high an elevation. At the following station the 
foresight is taken first. The settlement of the level results in 
the backsight reading being 1”” too small and in the turning 
point elevation being that amount too low, which just balances 
the previous error. 

At the first station the instrument is set up and leveled, and all 
three hairs are read on the back rod, the level being kept central 
at each reading. As soon as possible thereafter the three hairs 
are read in a similar manner on the forward rod. The readings 
are estimated to millimeters. The level should be shaded from 


* The General Instructions for First Order Leveling will be found in Coast 
Survey Special Publication No. 140. 

+ The observer should determine the micrometer reading corresponding to 
the “reversing point ” of the level, and set the micrometer at this reading when 
leveling the instrument. 
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the sun in order to avoid unequal heating of its parts. In select- 
ing instrument and rod points, the observer must keep the difter- 
ence in length of the forward and backward sight less than 10 
meters on any one set-up and less than 20 meters for the accumu- 
lated difference at any time. The readings of the upper and 
lower (stadia) wires enable the recorder to determine the differ- 


Fic. 128. First-order Leveling Party. 


ence in distance at each set-up. When leveling along railway 
tracks the lengths of sights are equalized approximately by 
counting rails. The maximum length of sight allowable is 
150”, a distance reached only under exceptionally favorable 
conditions. As already stated, at odd-numbered stations the 
backsight is taken first; at even-numbered stations the foresight 
is taken first. This results in the same rod being read first each 
time. The rod thermometers are read at each set-up. 

If there is much irregular atmospheric refraction near the 


METHOD OF OBSERVING 311 


ground this will result in the rapid variations in the reading of 
the upper thread. This should be avoided so far as possible by 
setting the instrument high above the ground and by avoiding 
turning points which bring the line near the surface. It is found 
that whenever there are variations in the reading on a thread the 
accuracy is increased by selecting the lowest (least) reading rather 
than the mean. 

Lines between bench marks are divided into sections of about 
one kilometer each. Each of these sections is run forward and 
backward. If the two differences in elevation so determined are 
found to differ by more than 4”" VK (K = kilometers), both 
runnings must be repeated until such a check is obtained. Lines 
may be run with such care that it is seldom necessary to repeat, 
but the maximum economy appears to be reached when from 
5 to 15 per cent of the sections have to be re-run. 

On page 312 is a set of notes used in leveling with this instru- 
ment (Coast Survey Report, 1903). The instrument stations 
(not rod stations) are numbered in the first column. The thread 
readings, means, and thread intervals are arranged exactly as in 
the preceding table (p. 307). The last column “Sum of inter- 
vals’’ is seen to contain in each case the sum of all the preceding 
thread intervals. It is by means of this column that the recorder 
is able to see if the foresights are too long or too short and to 
warn the rodman that the foresight should be made shorter or 
longer in order to balance the two columns. One millimeter of 
stadia interval corresponds nearly to one foot of distance, so the 
recorder can at once call out the number of feet in this correction. 

The records are sometimes kept by entering the readings 
directly on an adding machine, one bank of keys being used for 
the backsight, the other bank for the foresight. 

The geodetic level is sometimes mounted on a motor velocipede 
car, either over its center or at one side so as to be read while the 
observer is on the ground. A similar car is used for the trans- 
portation of the recorder and the two rodmen. 

When a river crossing is being made the method is modified as 
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follows: Targets are placed on the rod so that one is below and 
one above the level line. The middle hair is made to bisect each 
target in turn by moving the micrometer screw. The readings 
of the micrometer drum for the two targets and for the zero posi- 
tion of the bubble, combined with the readings of the targets 
on the rod, furnish sufficient data for computing the rod reading 
of the middle hair for a horizontal sight. Observations are made 
simultaneously with two instruments. Observers then exchange 
places and repeat the whole operation. 


SPIRIT LEVELING 


(Left-hand page.) (Right-hand page ) 
Date: August 29, 1900. From B.M.: 68. To B.M.: G4 
Sun: C. Forward. 3selkwerd Wind: 8.T. 
(Strike out one word.) 
Thread Thread 
Nowe read- Thread|Sum of}| Rod read- Thread | Sum of 
ca ing, Mean. _ .| inter- | inter- and ing Mean. inter- | inter- 
back- val. vals. temp. fore- val. vals. 
sight. sight. 
43 0674 99 Ww 2683 99 
0773 0773.0 99 38 2782 2782.3 | 100 
0872 198 2882 199 
0925 106 W 2415 103 
44 1031 1030.3 | 104 35 2518 2518.0 | 103 
II35 210 408 2621 200 405 
0484 98 V 2510 96 
45 0582 0582.3 99 : ag 2606 2606.0 96 
o68r 197 605 2702 192 597 
‘ 0398 97 W | 2859 96 
a 0495 0495.0 oy 34 2955 2954-7 95 
0592 194 | 799 3050 1gt | 788 
1027 26 V T1006 29 
47 1053 1053-3 27 34 1035 1034.7 28 
1080 s Sea 5 8 
53 52 1063 57 845 
11895.7 
3933 -9 —7961.8 
a: 25 PUM. 
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161. Computing the Results. 

In computing the difference in elevation the sums of the back- 
sights and the foresights are computed and checked. In the 
notes shown these are 3933.9 and 11895.7 respectively. The 
difference, — 7961.8, is the uncorrected difference in elevation, 
and shows that B.M. G is lower than B.M. 68. The notes show 
that the sum of the backsight distances (852) is but 7”” greater 
than the sum of the foresight distances (845); this means that 
the sights balance within 2.4m. The correction for non-adjust- 
ment of level is but 7 X .c04 = 0.03 mm. This correction is or- 
dinarily negligible if the balancing has been properly attended to. 

The difference of elevation as found from the notes must be 
corrected for (1) non-adjustment of level (already mentioned), 
(2) curvature and refraction (Table I, p. 316), (3) error in length 
of rod, (usually determined at Bureau of Standards), (4) temper- 
ature of rod if correction is appreciable, and (5) for convergence 
of level surface, or the “‘orthometric correction,”’ (see Art. 169). 

162. Bench Marks. 

The bench marks used in geodetic leveling are of various types. 
Wherever it is practicable, the metallic plates shown in Fig. 129, 
set in concrete posts, are used to mark the points, but nearly all 
of the kinds of bench marks which are used by engineers are used 
also in this class of work. The distance between benches is not 
allowed to exceed 15 kilometers; every 1oo kilometer section 
should have at least 20 bench marks, a good average distance 
being 2.5 kilometers. In cities the old bench marks are often 
utilized for the first-order levels. 

163. Sources of Error. 

The sources of error which it is particularly necessary to study 
in this class of work are (1) unequal effects of temperature changes 
on the adjustment of the instrument, (2) gradual rising or settling 
of the instrument or rods, (3) variations in refraction of the air 
in different parts of the day and on different days, (4) unequal 
lengths of sights, (5) errors in length and temperature of rod, and 
(6) convergence of level surfaces. 
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(Coast and Geodetic Survey.) 


Bench Marks, 


Fic. 129. 


DATUM 315 


TABLE H.— TOTAL CORRECTION FOR CURVATURE 
AND REFRACTION 


Correction to rod 5 Correction to rod 
Distance. 


Distance. ‘ 
reading. reading. 


m,. 


o to 

28 to 

48 to 

61 to 

73 to 

82 to 

gi to 

99 to 105 
106 to 112 
113 to 118 
11g to 124 
125 to 130 
TAGE 10) 1u2{0) 
137 to I41 
142 to 146 
WAG) AGO) Bhs5) 


b OR Od OUD 0 OOH &’ 


AR& HOW MIYTANEWHHO’ 


164. Datum. 

The datum for geodetic levels is mean sea-level, or the surface 
of the geoid, as found from tidal observations. This is assumed 
to be correctly given by the mean of the several ‘‘annual means”’ 
as derived from tidal observations for sea-level. The heights of 
the tide are recorded on an automatic gauge. (See Fig. 130.) 
The vertical motion of the float is reduced (the ratio depending 
upon the range of tide) by passing the connecting wire and cord 
over a series of pulleys, and is communicated to a recording 
pencil which marks on a sheet of paper passing over a revolving 
drum. The drum is revolved at a uniform rate by clock mech- 
anism. ‘The height of the water is referred to a bench mark in 
the vicinity. Figure 131 shows a smaller (portable) gauge also 
used by the Coast and Geodetic Survey. 

Observations of the tide should be extended over a period of 
at least one year in order to determine sea-level with sufficient 
precision for this class of leveling. In the tidal records at some 
stations there appear to be small systematic variations in the 
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TABLE I. — DIFFERENTIAL CORRECTION FOR CURVA- 


TURE AND REFRACTION 


Mean 


length 
of sight 


hts in rod interval in millimeters. 


1g: 


Difference of s 


_in rod 
interval 


in milli- 


meters. 
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annual means extending over periods of several years; but, taking 
the records as a whole, the variations do not seem to follow any 
particular law, and they have been treated as accidental. 

From time to time evidence has appeared which indicated that 
lines of levels were not following exactly parallel to the surface 
shown by the tidal observations, and that mean sea-level is not 


ae 


Fic. 130. Automatic Tide Gauge. (Coast and Geodetic Survey.) 


everywhere at the same elevation, under the ordinary definition 
of elevation. In other words, the assumption that mean sea- 
level is an equipotential surface* was not exactly borne out by 
the tidal observations and the leveling operations. 

In 1928 the Coast and Geodetic Survey made a readjustment 
of so 000 miles of first-order leveling, holding fixed only a single 
mean sea-level station. The result showed that the Pacific 


* See Art. 168. 
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Ocean on our western coast is about 2 feet higher (average) 
than the water of the Atlantic and Gulf on the eastern and 
southern coasts. The results also show that on both the Atlantic 
and the Pacific Oceans the mean sea-level slopes upward to the 
north. 


Fic. 131. Portable Automatic Tide Gauge. (Coast and Geodetic Survey.) 


165. Potential. 

In order to investigate the nature of the orthometric correction 
(mentioned in Art. 161) due to the convergence of level surfaces, 
it will be necessary to consider first some of the mechanical prin- 
ciples of the earth’s gravitation and rotation. 

Whenever two attracting bodies are separated, work is done 
upon them and energy is stored up; that is, the potential energy 
of the system is increased. The change in potential energy is 
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measured by the amount of work done. That is, the potential 
energy stored up is proportional to the height. When the bodies 
are an infinite distance apart, the potential energy is a maximum; 
when the bodies are in contact, the potential energy of the 
system is zero. If the masses are free to move, they will always 
move in such a direction as to diminish the potential energy of 
the system. 

If we imagine a unit mass placed at any point P in space and 
attracted by a mass M, and if the potential energy of the unit 
mass be measured by the work done upon it to move it from P to 
infinity, this quantity of potential energy is the property of the 
given point P. It is called the potential at that point. It is 
not necessary that there should actually be a unit mass at the 
point, but the conditions are such that if a unit mass were placed 
at P, it would have this amount of potential energy. Potential 
is analogous to level. A point at a high level has a high potential. 

166. The Potential Function due to Attraction. 

If an attracting body M be divided into small elements, and the 
mass Am of each element be divided by its distance from a point 
P, the limits of the sum of all these fractions as the elements are 
made smaller, is called the value at P of the potential function 
due to M, or simply the potential of P. This function becomes 
numerically smaller as the height increases. It will be seen 
later that the gravitational potential is negative. Calling this 


function V, then 
oak Am 
We limit ees [117] 


BV 5 eumtel Ie 


or, if Am is of density 6 and has the codrdinates x’, 
has the coédrdinates x, y, 2, then 


VSI Jigoeeo—esece 


The integration over the entire mass gives the value of the po- 
tential function at P.* 


* See Peirce, Theory of the Newtonian Potential Function. 
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167. The Potential Function as a Measure of Work Done. 

The amount of work required to move a unit mass (concen- 
trated at a point) from a point P; to another point P:, by any 
path (Fig. 132), against the attraction of a mass M (concentrated 
at its center), is equal to the change in potential, Vi — V2, where 
V, and V, are the values of the potential function at the points 
P, and P;. To show this, let 7; and 7. be the distances from the 


Fic. 132. 


center of M to the points P; and P,. The attraction of M ona 
unit mass at P; equals 


k being a constant whose value depends upon the units employed. 
If we take as the unit of attraction the ‘‘attraction of a unit 
mass on a unit mass a units’ distance away”’ then the attraction 


equals 
M 


9 


r2 


The work done in moving the unit mass through a small space 
dr from P, toward P2 equals (force times space) 

M 

i, dr 

72 


The work done in moving it from P, to P: is 


_M_ it 
ss Vy 2 
= V, — V2. [t19] 


That is, the work done equals the change in potential. 
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If the point P: be supposed at infinity, V. becomes zero, and 
the potential at P; then equals the work done in moving the unit 
mass from P, to infinity; or, it is the work done by it in moving 
from infinity to the point Py. 

168. Equipotential Surfaces. 

A level surface, or equipotential surface, is one having at every 
point the same gravity potential. It is everywhere perpendicular 
to the direction of gravity.* 

The mean surface of the ocean is such a surface. The surface 
of any lake is also an equipotential surface. Such a surface is 
also a surface of equal hydrostatic pressure. 

The equation of an equipotential surface may be written as 


aV 
eae 
or V = constant. 


If we consider the centrifugal force as well as the attractive 
force, and call the potential W, then it may be shown{ that 


d 
Ue = = plea eras ico? 


For this case also we shall find that the work done equals the 
change in potential. In this case too we have for the equation 
of a level surface 


ow 
ha 
or W = constant. 
From these equations it follows that 
ow 
Say 
and dW = —g dh, 


* It mey be proved that if there is a resultant force at any point in space due to 
attracting masses, this force acts in the direction of the normal to the equipoten- 
tial surface through the point (see Peirce, Theory of the Newtonian Potential Func- 
tion, p. 38). It should be kept in mind that “the force of gravity” is the resultant 
of the force of attraction and the centrifugal force. 

+ Helmert, Héheren Geodisie, Vol. II, p. 8. 
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From the preceding discussion it is evident that if we consider 
any two equipotential surfaces, the difference in potential is the 
work done upon a unit mass in moving it from one surface to the 
other. The difference in potential is independent of any par- 
ticular points on those surfaces and of the path followed in 
passing from one to the other; for example, the work done in 
raising a unit mass from sea-level to the south end of a lake is 
the same as the work done in raising a unit mass from sea-level 
to the north end of the lake. Since the work done is the force 
(w) times the distance (dh) through which it acts, it is clear that 
—w X dhis a constant between two nearby level surfaces. Also, 
since w = mg, g varies as the weight (force), and therefore 
—g X dh is a constant between these two level surfaces. 

The force of gravity is less at the equator (Art. 144) than it 
is at the poles, chiefly on account of the action of the centrifugal 
force. At the equator we have g, = 978 and at the pole, g, = 


E O 
RiGeise. 


983, nearly. Hence we should expect to find that a given level 
surface is farther from sea-level at the equator than it is at a 
point nearer the pole. If several such surfaces be drawn (Fig. 
133), they will be seen to converge toward the pole. They are 
parallel to each other at the equator and at the poles, and have 
their greatest difference in direction at latitude 45°. 

Since gis about one-half of one per cent less at the equator than 
at the pole, the height # between surfaces is about one-half of one 
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per cent greater at the equator. Hence, if a level surface were 
1ooo meters above the sea-surface at the equator, it would be 
only 995 meters above sea-level at the pole. A surface at half 
the elevation would converge (very nearly) half as much. In the 
line of levels run from San Diego to Seattle the convergence was 
found to be about 14 meters, showing that at high elevations this 
error is by no means a negligible one in first-order leveling. 

It is evident that if a series of bench marks is established along 
a meridian (in the northern hemisphere), and all are placed at 
the same elevation, using the ordinary methods, those at the 
northern end of the line lie nearer to sea-level than those at the 
southern end of the line. It becomes necessary, then, to revise 
the definition of elevation. 

If the ordinary definition of elevation is retained, and no allow- 
ance made for convergence of level surfaces, then different results 


FIG. 134. 


for the elevation of a point will be obtained, according to which 
path is followed. If we measure vertically upward from A to B 
(Fig. 134), and then level by means of the water surface BC, we 
obtain a greater height for point C than we should if we leveled 
by water from A to D and then measured vertically upward from 
DtoC. Ifa correction is applied, however, to allow for the con- 
vergences of these surfaces, the result is that different portions 
of the lake surface have different elevations, which is apparently 
absurd if the true nature of the level surface is not understood. 
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In order to avoid this apparent difficulty another method some- 
times employed is to number all the surfaces with a serial number 
(called the Dynamic Number), so that all points on the same 
surface will have their elevation expressed by the same number. 
This number is defined as the work required to raise one kilogram 
from sea-level to the given surface, the unit being the kilogram- 
meter at sea-level in latitude 45°. The United States Coast 
Survey has adopted the method of applying to ordinary elevations 
the correction for convergence, called the O thometric Correction. 
The Standard Elevations of the Coast Survey in Special Pub- 
lication No. 18 are given by the Orthometric Elevation. 

169. The Orthometric Correction. 

Let W be the work (in absolute units) required to raise a unit 
mass from sea-level to a point at orthometric elevation /, and 
let H be the dynamic number of the surface through the point, 
defined by the quotient W + g.;, where gi; is the value of g at 
sea-level in latitude 45° (Equa. [96a], p. 270). Then, since 
g X dh is constant for two level surfaces separated by height dh, 


h h 
W=f gdh=gof (1 — 0.002644 cos2¢...)dh 
0 0 


in which the integration takes place along the curved vertical. 
h 
Integrating, W = gus | — 0.002644 cos2@)h.. | » =|r201 
0 


The dynamic number 
W 
= 5h a h(t — 0.002644 cos2@...). [121] 
The dynamic number may be computed from Equa. [121] if we 
neglect local variations in g and consider the earth to be truly 
spheroidal. It will be observed that H is constant for any sur- 
face, but that his not. The two elevations, H and h, are equal 
in latitude 45°. 
To find the correction to the elevation due to a change in the 
latitude, differentiate the last equation with respect to ¢ as the 
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independent variable, and we obtain 
o = dh (1 — 0.002644 cos 2 $) + 0.005288 h sin 2 ¢ dé, 


__ 0.005288 h sin 2 ¢ de 
I — 0.002644 cos 2 ¢ 


= — (0.005288 isin 2 $)(t+0.002644 cos 2...) dparc1’,* [123] 


and adh = 


[122] 


the factor arc r’ being introduced to reduce d¢ to minutes of arc. 

A more definite idea of the magnitude of this correction may be 
gained from the following example. Assuming that the ele- 
vation of Lake Michigan is 177 meters at Chicago, latitude 
41° 53’, what is the elevation of the lake at Milwaukee, in latitude 
43 03? In the formula, # = 177”, dé = 70’, and @ = 42° 28’; 
the computed values of dh is —o.0o190”, and the lake level at 
Milwaukee is therefore 176.9810 meters. Tables for computing 
the orthometric correction will be found in Coast Survey Special 
Publication No. 140. 

The relation between the dynamic numbers and the ortho- 
metric elevations is illustrated in the following table, which is an 
extract from the special publication just mentioned. 


Station. Latitude Orth. elev. meters. Dyn. number. 
Stand tall ara deal eran: 30 55 14.7729 14.7545 
IMiereveblawal, WIG Eo6 Ss eo aoco be 32 22 104.9494 104.8292 
Amblersburg, W. Va...... 39 23 494.9221 494.6287 
Syonaeratie (GANG oo van de ae ore 34 20 1165 .4345 1164.10c8 
JSeveneelenals JSG a5 aes oe 35 613 2216.5452 2213 .S112 


170. The Curved Vertical. 

In view of what has been said regarding the change in the 
direction of level surfaces with an increase in elevation, it is clear 
that the vertical line is curved, being concave toward the pole, 
and therefore that any observation for latitude made at a point 

* For additional terms, neglected in the above formula, see Coast and Geodetic 


Survey Special Publication No. 18, p. 49. See also Ch. Lallemand, Nivellement 
de Haute Precision, Encyclopédie des Travaux Publics, Paris, 1912. 
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above sea-level is referred, not to the true normal to the surface 
at sea-level, but to the direction of that portion of the vertical 
which is at the elevation (/) of the station. In order to deter- 
mine the amount of the correction to reduce the observed latitude 
to its value at sea-level, refer again to Equa. [122], p. 325. An 
inspection will show that the denominator of this fraction is 
usually not far from unity; and since the correction desired is 
itself quite small, we may assume 


dh = —0.005288 h sin 2 ¢ d¢. [124] 


The correction to the observed latitude is the difference in the 
slope of the two surfaces (sea-level and the level of the station) 
measured in the plane of the meridian. From Fig. 135 it is seen 


S 


PIG; 135. 


that the angle between the level surface through S and a surface 
parallel to sea-level drawn through S is dh + Rdg. But, by 
Equa. [124], 


dh _—-0.005288hsin2¢ 
Rd 18 
Reducing this to seconds of arc, 
dh 0.005288 h sin 2¢ 
Rdd — Rarca’ 


Since R are 1’’ = 101.3 feet (very nearly), the correction to the 
latitude may be written 


= 0.0522 h'sin 2 &, [125] 
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where /is in thousands of feet; or, if his in meters, the correction is 
— 0.000171 isin 2 ¢. [126] 

Values of this correction will be found in Table VII, p. 416. 

171. Trigonometric Leveling. 

The method of measuring the vertical angles between triangu- 
lation stations has already been described in the chapter on field- 
work. From the field note-book we have the several measures 
of the angles, the height of the instrument, and also of the point 
sighted in each case above the station marks. The elevation of 
one station above sea-level is assumed to be known, and that of 
the other is to be computed. Before this can be done, the angle 
must be reduced to the value it would have if the instrument and 
the point sighted were coincident with the station marks. 


Fic. 136. Height of instrument and object, trigonometric leveling. 


172. Reduction to Station Mark. 

From the diagram (Fig. 136) it is evident that if 7 is the height 
of the instrument at A, and o that of the object sighted at B, and 
s the distance between stations, obtained from the triangulation, 
then the correction to the vertical angle at A is 


C a [x27] 

AOU Get vara aer Samay A 2 
Sparen « 

Four places in the logarithms are sufficient in computing this 

correction. 


This reduction need be made only in case of reciprocal obser- 
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vations, that is, observations of the vertical angle from both ends 
of the line. In case of observations from one station only, the 
quantity i — o, in meters, can be applied directly to the com- 
puted difference in elevation. 

When a sight is taken from one station P; to another station 
P2, the verticals of the two stations do not (in general) intersect, 
because they lie in different planes. If we imagine a plane which 


FIG. 137. 


is parallel to both verticals, and then project both verticals onto 
this plane, we obtain the result shown in Fig. 137. 

173. Reciprocal Observations of Zenith Distances. 

In Fig. 137, P: and P, represent the two instrument stations; 
their elevations above sea-level are PS, = hk, and PS, = In. 
The ray of light is assumed to take the form of a circular curve, 
whose radius is determined by the coefficient of refraction used in 


the calculation. The two measured zenith distances are ¢; and 2. 
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The angle of refraction is Af = TP\P, = TP,P, = m6, where 
m is the coefficient of refraction, and 6 the central angle P,OP.. 
The radius of curvature of the section S)S, is Ra, approximately 
equal to OS;, or to OS. 

The quantity to be computed is the difference in elevation 
hy — In, which may be found by solving the triangle P:P:L2.* 

In the triangle P;P:L2, P,L, = hy — hy, the desired difference 
in elevation; PL, is the chord joining the two verticals at the 
level surface through P;. Observing that PiM = (R, + In) 

0 sa ; 
sin i and Pil, = 2(R, + Mm) sin 3 we have, by applying the 
law of sines, 
.@ sine 
hy — hy = 2 (Ra + In) US ee B (e) 
But in the triangle P\L2P; 


SS 2 Te ee (f) 
fe) o) 6 
Also a = 180 —[ is +ar +00 aA 
A 6 
peer AN (g) 
Taking the mean of (f) and (g) 
ee (h) 
2 
In the triangle P\P,O 
= f+ At — 6. (i) 
Also, B = 180° — f& — Af. (7) 


* The following formula are those adopted by the Coast and Geodetic Survey 
in 1915 (see Special Publications Nos. 26 and 28). 
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Taking the mean of (7) and (7), 


ae 
p = 90° - (2+ 2—4), (R) 
Substituting (/) and (&) in (e), 
(e = i) 
0 sin roe 
bn -h=2 kh) Sh —— (1) 


: cos & + ie = 
2 2 


Expanding the denominator and dividing both numerator and 
(Cane 


: ] ; 
denominator by cos ( eos > we obtain 


7) = 
2 (R, + I) tan 5 tan (: : ) 


6 o£ 
tI — tan-—tan - 4) 
2 2 


: 6. : ate ; 
Expanding tan 5 in series (see p. 408), retaining two terms in the 


hy = hy, = 


numerator and one term in the denominator, we have, putting 
5 


R. for 6, 


OA 
t+stan . ) 


~ 
to 
| 
~ 
ll 
Sg 
Lal 
a 
21. 
an 
nH 
a 
2 
~ 
Cay 
ai 
any 
a 
JES 
+ 
_ 
bo 
Sy| © 
eee 
to 
a 
R 
b 


[128] 
= tan e n) eed es [120] 
in which 
A =I +2 


a 


the correction for elevation of the station of known elevation, 
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the correction for the difference in elevation, and 


2 
? 
ED IR 


C=1+ 


the correction for distance. 
The logarithms of A, B, and C are given in Tables K, L, and M, 
= Gi 


for the arguments /y, log E tan ( I and log s, respectively. 


174. When only one Zenith Distance is Observed. 
From (g) and (#) we have 


Itie®: 


2 


6 7) 
a pe OO Aig ACE 
The refraction angle is Af = m6, where m is the refraction 
coefficient, to be determined by actual observation. This co- 
efficient is on the average nearly equal to 0.071. Substituting 
mé for A¢ in the preceding equation we have 
Fs noe. Gil 


er 90° — 41 + (0.5 — m) 98, 


I 


(a. = i 
and tan ‘ 


fe) Ss 
tan E + (0.5 — m) jie al 


Reducing the small term to seconds, 


tan ae wea | 00° + (0.5 — m) ane — a 
= tan [90° + k& — I. (n) 
Substituting (7) in [129], 
hy — hy = stan [90° +k — HJ A-B-C [130] 


in which A, B, and C have the same meaning as before except 
that B is given for the argument log [s tan (go° + k — &)]. 
Example. Zenith Distance of Mt. Blue from Farmington, 87° 07’ 18’’.8; dis- 


tance, 15,519 meters; m = 0.071; instrument 2.20 meters above station mark; point 
sighted 4.40 meters above station mark: elevation of Farmington, 181 20 meters. 
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0.5 
Mm 0.071 
(0.5 —m) 0.429 log = 9.6325 
log s = 4.1909 
colog Ra sin 1” = 8.5092 
2.3320 90° 00! 007” 
log Re = 6.8052 j2= 215!.t — 03’ 35x 
CR ciner Ae — 94-0950 ¢ = 87° 07’ 18 8 
1.4908 + 2°56’ 16.3 tan = 8.71029 
a log s = 4.19086 
2.QOI1I5 
A I 
B g 
C ° 
7960.51 meters 2.901TQ 
Red. to Sta. 220 
Diff. Eleva. Ve 
Elev. Farmington 181.20 “ 
Elev. Mt. Blue 975.51 “ 
TABLE K* 
Log A, Log A, Log A, Log A, 
units of units of units of units of 
hy. fifth hy. fifth hy. fifth hy. fifth 
place of place of place of place of 
decimals. decimals. decimals. decimals. 
Meters. Meters. Meters. Meters. 
° 1541 3156 4770 
° II 22 BS 
73 1688 3303 4917 
I I2 23 34 
220 1835 3449 5064 
2 13 24 35 
367 1982 3596 5211 
3 14 25 36 
514 2128 3743 5357 
; 4 15 26 37 
661 2275 3890 5504 
5 16 27 38 
807 2422 4036 5651 
6 17 28 39 
954 2569 4183 5798 
ff 18 29 40 
TIOI 2715 433° 5945 
8 19 30 41 
1248 2862 4477 || 6091 
9 20 i] 31 I 
1394 3009 || 4624 | 
ade) 275 I 32 
1541 3156 || 4770 | 
| 1] 


* In these tables log Ra is taken as 6.80444, the mean radius in latitude 40° on the Clarke 
Spheroid of 1866. 
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Table K gives the values of log A, the correction factor for the 
elevation of the known station, by showing the limiting values 
of the elevation 4, between which log A may be taken as 0, 1, 
2, 3, etc., units of the fifth place of decimals. Log A is positive, 
except in the very rare case where /, corresponds to a point 
below mean sea-level. 


TABLE 1 
(CS ar on ee ee ee 
Log s tan } Loz s tan 4 Log s tan} 
(f2 — $1) or log | Log B, units]| (¢2 — ¢)) or log | Log B units (f — &) or log | Log B units 
stan (90° + & | of fifth place |} s tan (90° + k | of fifth place |} stan (g0° + k | of fifth place 
—f)) + (sin of decimals. — %) * (sin of decimals. —%)*(sin of decimals. 
meters.) meters. ) meters. ) 
(eo) 
3-397 3.685 
I 9 17 
3-445 3-711 
2 Io 18 
3-489 3-735 
B It 19 
3-528 3-758 
4 12 Io 
3-565 3-779 
5 13 2I 
3.598 3.800 
6 I4 22 
3.629 3.820 
7 15 23 
3-658 3-839 
8 16 24 
3.685 3.857 
a | —— | =! 


Table L gives the values of log B, the correction factor for 
approximate difference of elevation by showing the limiting 
values of log [s tan 4 (2 — {&)] or log s tan (go° + k — 61)] be- 
tween which log B may be taken as 0, 1, 2, 3, etc., units of the 
fifth place of decimals. Log B has the same sign as the angle 
1 (% — 1) or 90° +k — 61; for example, if log [s tan } ({ —$1)] 
lies between 3.565 and 3.598 and 4 (¢2 — 1) is positive, log B = 
+0.00013, but if # (%2 — $1) is negative then log B = —o0.00013, 
i.€., 9.99987 — 10, the former way of writing being usually more 
convenient in practice. 
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TABLE M 
: Log C, units of fifth : Log C, units of fifth 
Log s (s in meters). place of decimals. EE SRI place of decimals. 

©.000 5.297 

° 4 
4.875 5-352 

I 5 
5-113 5-395 

2 6 
5.224 5.432 

3 | 7 
5-297 ] 5.463 


Table M gives the value of log C, the correction factor for dis- 
tance between stations, by showing the limiting values of log s 
between which log C may be taken as 0, 1, 2, 3, etc., units of the 
fifth place of decimals. Log C is always positive. 

Determining the Coefficient, m. 

In deriving formula [129] it was assumed that since the rays 
travel over the same path in opposite directions simultaneously 
the values of Af may be considered equal to each other and 
hence do not appear in the final equation. Whenever the differ- 
ence in elevation has been calculated from reciprocal observa- 
tions it then becomes possible to find what value of m will 
satisfy the equation for this particular line. If in [130] we sub- 
stitute the known difference in elevation J, — J, and, regarding 
the k term as unknown, solve for the value of m, we then have a 
value consistent with the observed angles. 

Suppose that the difference in elevation of two stations is 1046.9 
meters, the distance is 23931.6 meters, and the angles (from the 
zenith) are 87° 35’or’’.1 for the lower station and 92° 35’ 34’’.2 
for the upper station. The elevation of the lower station is 
108.87. 
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Solving equation [130] we have, 


log 1046.9 = 3.01991 
A= I 

B= 4 

C= ° 

3.01986 


log s = 4.378907 
log tan (90° + & — {1) = 8.64089 


2 24 58 9 
R = 0° 05! 177.6 
= gry © 
log k = 2.50188 
a a sr. 
ae Joy Sil te #28370 


log (0.5 — m) = 9.61318 
m = 0.0896 


The value of m as found from a large number of observations 
is given in the reports of the Coast and Geodetic Survey as 


follows: 
Lines crossing the sea 0.078 
Between high stations 0.071 
In the interior of the country 0.065 


In Clarke’s Geodesy are found, 

For rays crossing the sea .o809 
ee LO tae ac Be SS) 

These values are but averages. The actual values vary con- 
siderably with atmospheric conditions. Some lines near the 
surface can be sighted on certain days, while on other days the 
signals are entirely invisible. At Mt. Diablo, Calif., the follow- 
ing variations were observed: 3" A.M., .0893; 9" A.M., .0812; 
2" pM., .0640; 9* P.M., .0827. 
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Problem 1. Calculate the orthometric correction for a line of levels extending 
2° northward from a point in latitude 45° N at an elevation of tooo meters. 

Problem 2. Compute the correction for reducing to sea-level a latitude observed 
at an elevation of one mile in latitude 45° N. 

Problem 3. Vertical angle from S to B, + 2° 24’ 58’.94. Vertical angle from 
B to S, —2° 35’ 34’’.20. Elevation of S = 108.87 meters; distance, 23,931.6 
meters. Compute the elevation of B. 


CHAPTER XI 
MAP PROJECTIONS 


175. Map Projections. 

Whenever we attempt to represent a spherical or a spheroidal 
surface on a plane some distortion necessarily results, no matter 
how small may be the area in question. The problem to be 
solved in constructing topographic or hydrographic maps is to 
find a method which will minimize this distortion under the 
existing conditions. The number of projections which have 
been devised is very great; for the description and the mathe- 
matical discussion of the properties of these projections the 
reader is referred to such works as Thomas Craig’s Treatise on 
Projections, United States Coast and Geodetic Survey, 1882; The 
Coast and Geodetic Survey Report, 1880; C. L. H. Max Jurisch, 
Map Projections, Cape Town, 1890; G. James Morrison, Maps, 
Their Uses and Construction, London, 1902; A. R. Hinks, 
Map Projections, Cambridge, 1912; and Special Publ. 47, 40, 
52, and 130, U. S. Coast and Geodetic Survey. 

In this chapter we shall consider only those projections which 
are used for such maps and charts as are of importance in geo- 
detic surveys and in navigation. 

176. Simple Conic Projection. 

In this projection the map is conceived to be drawn on the 
surface of a right circular cone which is tangent to the sphere 
or the spheroid along a single parallel of latitude, usually the 
middle latitude. The apex of the cone lies in the prolongation 
of the axis of the spheroid. From Fig. 138 it is evident that the 
distance TA from the apex to the parallel through A is equal to 
N cot ¢. If the cone is developed on a plane surface we shall 


have a sector whose center is T and whose radius is N cot ¢. 
336 
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(Fig. 139.) All other parallels of latitude on the map will be 
circles drawn about the same center 7, and all meridians will be 
represented by straight lines passing through T. The spacing 
between the parallels of latitude is obtained by laying off dis- 
tances along the central meridian which are proportional to the 
distances between the same parallels on the spheroid. The 
position of the meridians is found by subdividing the middle 


----—— 


N eot ? 


Fic. 138. Fic. 139. 


parallel into spaces which are proportional to the lengths of the 
arcs of the same parallel on the spheroid. Straight lines are then 
drawn from the center 7 through these points of sub-division. 
Any meridian or any parallel may be assumed for the central 
meridian and middle parallel of the map. It is evident from the 
above that this is not a true projection, that is, the points are not 
those that would be obtained by projecting radially from the 
center of the sphere onto the cone. If the scale of the map is 
such that the position of the center 7 cannot be represented on 
the paper, the curves may be laid off by plotting certain points by 
means of their rectangular coédrdinates as described later under 
the polyconic projection. Tables X, XV, XVI and XVII may 
be used for this purpose. 

It is evident that the meridians and parallels of a conic pro- 
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jection intersect at right angles in all parts of the map, as they 
do on the sphere. The scale of the map is not correct, however, 
except along the middle parallel. For a map having a great 
extension in the longitude and but little in the latitude, the 
conic projection is fairly accurate. Figure 140 shows a com- 
pleted conic projection covering the area of the United States. 

177. Bonne’s Projection. 

This projection is a modification of the simple conic and meets 
the objection that the scale of the latter becomes inaccurate as 
the distance from the middle parallel increases. The parallels 
of latitude are concentric circles as before, but each parallel is 
sub-divided into spaces which are proportional to the corre- 
sponding spaces on that parallel on the spheroid. The central 
meridian and all parallels are therefore correctly sub-divided. 
The meridians are obtained by joining the points of sub-division 
on the parallels. The meridians in this projection are all 
curved, except the central one, and they intersect the parallels 
nearly, but not quite, at right angles (Fig. 141). The distortion 
in this projection is very small, and for small areas it is practi- 
cally a perfect projection. It has been much used in Europe. 

178. The Polyconic Projection. 

The idea of using several cones, or the polyconic projection, 
is due to Mr. F. R. Hassler, the first superintendent of the Coast 
Survey. Each parallel of latitude shown on the map is de- 
veloped on a cone tangent along that parallel. The radius 
(TA) for any parallel (latitude ¢) is N cot ¢; and the angle 
between two elements of the cone when developed is approxi- 
mately @ = (dd) sin ¢, as will be evident from Fig. 142. See also 
Equa. [68], p. 218. 

In constructing the map the degrees of latitude are laid off 
along the central meridian, the spacing corresponding to the 
distances on the spheroid. (Table X.) The points where the 
meridians intersect the parallels are plotted by means of their 
rectangular codrdinates, the codrdinate axes being in each case 
the central meridian and a line at right angles to it drawn through 
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130° 1252p 120. 11 eee L0cemen1 05° 61002 95° 90° 85° 80° 1° 70° 65° 60° 


Fic. 140. Simple Conic Projection. 


Fic. 141. Bonne’s Projection. 
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the latitude in question. The codrdinates themselves are found 
as follows: In Fig. 143, let A be the intersection of some meridian 
and parallel which are to be drawn on the map. Then the 
radius TA = N cot ¢ may be computed from the known lati- 
tude of A, and the angle 6 may be computed from the known 


Central Meridian 


iG A2s Fic. 143. 


difference in longitude between O and A by the equation @ = 
(dy) sin ¢. Then for « and y we have 


x = TA siné@ = N cot ¢sin (d\ sin ¢) [131] 
x 
and 4 = TA vers? =—— vers ¢ 
a sin @ 
0 
= x tan 
2 
= « tan 3 (dd sin 4) [132] 


Values of these numbers will be found in Tables XVI and 
XVII which are taken from a large general table in Coast and 
Geodetic Survey Special Publ. No. 5. 

It is evident that the parallels and meridians do not intersect 
at right angles except at the central meridian. The meridian 
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and parallels are both curved, as in Bonne’s projection, but 
since the lower parallels are flatter there is a separation of the 
parallels which becomes more marked toward the east and 
west margins of the map. For this reason this map becomes 
less and less accurate as the longitude is extended. In mapping 
areas which extend principally north and south, it is superior to 
other projections. It is in general use in the United States 
for Government maps. Figure 144 shows a polyconic projection 
covering the area of the United States. 

Another advantage of the polyconic projection is that it is 
adapted for use in any part of the globe. Ifa map is to be made 
in any region a central meridian is selected and the limits of 
latitude determined. Then the same tables of coérdinates may 
be used for this map without any special computations. In any 
form of projection in which the standard parallels are fixed, 
such as the Lambert or the Albers projections, this cannot be 
done; the map must still refer to the same standard parallels, 
which may be far from the area being mapped. 

There is one disadvantage in the Polyconic and the Bonne’s 
projections, namely, that if two maps of adjoining areas are 
to be placed side by side they cannot be placed exactly in con- 
tact because the limiting (common) meridian curves in opposite 
directions on the two maps. In the simple conic and in the 
Lambert projection, to be described in the next article, the 
meridians are straight and this difficulty does not exist. 

179. Lambert’s Conformal Projection. 

The Lambert projection having two standard parallels was 
invented about the middle of the eighteenth century, but has 
recently been brought into prominence through its use in the 
French battle maps. The fundamental notion is that of a cone 
tangent along the middle parallel of the map, the radius of this 
parallel (on the map) being N cot ¢, and the angle between 
the central meridian and any other meridian being (dd) sin ¢. 
This would give a map in which one parallel, and only one, is 
correctly divided. We may, however, modify the projection 
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so as to have two standard (correct) parallels. This is done by 
reducing the scale (multiplying by a constant) and is practi- 
cally equivalent to employing a cone which cuts the spheroid in 
the two standard parallels. 

The other parallels are so spaced that the scale of the map is 
the same for all azimuths at any one place, that is, the scale 
along a meridian is the same as the scale in an east and west 
plane. A projection having this property is said to be ‘“‘con- 


formal.” It may be proved that this condition is true if the 
3 

spacing between parallels is 8 + a. where @ is the arc of the 

0 


meridian between parallels on the original tangent cone meas- 
ured from the parallel of contact, and po is the mean radius of 
curvature of the spheroid at a point on this tangent parallel. 


Fic. 145. Lambert Projection. 


Since the projection is conformal, all lines on the map cut each 
other at the same angles as do the corresponding lines on the 
spheroid. There is a tendency, therefore, for small figures to 
have the same shape on the map that they have on the earth’s 
surface. The scale of this map is correct on the two standard 
parallels. Between these two parallels the scale is a little too 
small and outside these parallels the scale is too large. The 


344 MAP PROJECTIONS 


error is not serious, however, if the standard parallels are 
chosen, as is usual, one sixth and five sixths the length of the 
meridian arc to be shown. Figure 145 shows a Lambert pro- 
jection. 

This projection may be extended indefinitely in an east and 
west direction without error. The error becomes greater and 
greater as the map is extended to the north and south. In 
this respect it is just the contrary of the polyconic projection. 
As compared with the polyconic projection for an area like that 
of the United States proper, the Lambert will give long diagonal 
distances (Maine to Arizona, for example) with a much smaller 
scale error than the polyconic. For a complete description of 
this projection, together with tables for projecting maps, see 
United States Coast Survey Special Publications 47, 49 and 52. 

179a. Albers Equal Area Projection. 

This is a conical projection in which the meridians are shown 
by straight lines and the parallels by concentric circles. It is 
also an ‘‘equal area”’ projection, that is, areas on the map are 
proportional to the areas on the globe. The scale along two 
standard parallels is exact, as in the Lambert. This projection 
not only has a correct scale along the two standard parallels, but 
it has a minimum error along the borders and has no scale errors 
along two curves which lie close to the diagonals of the map. 
On the whole it has a smaller scale error than any other pro- 
jection that has been used. This projection is well adapted for 
constructing a large map of the whole United States. (See 
U.S. Coast and Geodetic Special Publ. No. 130.) 

180. The Gnomonic Projection. 

In the gnomonic, or central, projection the projecting point 
is at the center of the sphere and the plane of the map is tangent 
to the sphere at some selected point. Every plane through 
the center cuts the sphere in a great circle and cuts the map in 
a straight line; hence every great circle is represented by a 
straight line and every straight line on the map must represent 
a great circle. 
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Figure 146 shows the Atlantic Ocean projected on a plane 
tangent at ¢ = 30° N and \ = 30° W. 

The meridians and the equator are of course represented by 
straight lines. The parallels of latitude are conic sections, in 
this case hyperbolas. The parallels are best constructed by 
employing the equations of the curves and plotting points by 
means of codrdinates. 

If a gnomonic chart is constructed on a plane tangent at the 
earth’s pole the construction is quite simple. The angles between 
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Fic. 146. Gnomonic Projection or Great-circle Chart. 


meridians are equal to the actual longitude differences, and the 
radius of any parallel of latitude is given by R cot ¢, where R is 
the radius of the sphere. 

The gnomonic projection is used almost exclusively for deter- 
mining the positions of great circles for the purposes of naviga- 
tion. By joining any two places by a straight line the great- 
circle (or shortest) track is at once shown. The latitudes and 
longitudes of any number of points on this track may be read 
off the chart and, if desired, may be transferred to any other 
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chart and the curve sketched in. The point where the great 
circle approaches most nearly to the pole is found at once by 
drawing from the pole a line perpendicular to the track. The 
foot of this perpendicular is the vertex, or point of highest 
latitude. 

181. Cylindrical Projection. 

If a cylinder is circumscribed about a sphere so as to be tan- 
gent along the equator, and if points be projected onto the 
cylinder by straight lines from the center, the cylinder, when 
developed will give a map in which the meridians and parallels 
are all straight lines cutting each other at right angles, the relative 
distances between points being approximately correct near the 
equator but distorted in high latitudes. The meridians will all 
be parallel to each other. The parallels of latitude will be parallel 
to each other and will be spaced wider and wider apart as the 
latitude increases. Evidently the scale of the map is different 
for different latitudes. It is also true that at any point the scale 
along a meridian is not the same as the scale along a parallel. 
Such a projection is of no practical value, but its description aids 
in understanding the Mercator projection which is described in 
the next article. 

182. Mercator’s Projection. 

A modification of the above projection, known as Mercator’s, 
consists in so spacing the parallels of latitude that the relation 
between increments of latitude and longitude on the chart is 
the same as the relation between increments of latitude and longi- 
tude at the corresponding point on the earth’s surface, or ap- 
proximately, 1 lat. on’ ehart: x long.om ‘chart\= 2! Jat. on 
spheroid: 1’ long. on spheroid. If this relation is preserved, 
it will be found that any line of constant bearing (called the 
loxodrome or rhumb line) will be represented by a straight line 
on the chart. 

In Fig. 147 let AB on the earth’s surface be represented by 
A’B’ on the chart (actual size). In order that the two lines 
may have the same bearing it is necessary that 
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dy AC Rad 
dx CB R,dx 


dx 


or dy = R,dd -Rydd. (a) 


In other words, since the longitude has been expanded (in the 
5 : aes 
ratio =) by the method of constructing the chart, it is neces- 
p 


sary to expand the latitudes in the same ratio in order to preserve 


Pole 


P24 
LQquator 


Fic. 147. 


the scale and give AB the same bearing. Now since dx is rep- 
resented as large as the corresponding arc on the equator, we 


have 
dx adn a 


RON” Ts ey 


Substituting in (a), we obtain 


dy = z - Ryde 
or, since Ry = N cos ¢ 
Rn 
dy ~ N cos Kase 
a(x — e?) 


dp 


~ cos ¢ (1 — e? sin? ¢) 


ole 
= >... : do. 
19 8 ener ey) 
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Multiplying e? by sin? ¢ + cos’ ¢, the integral may be sep- 
arated into two, giving, after multiplying numerator and de- 
nominator by cos 4, 


a *cos ¢ dd * ecos¢dd 
ol af, cos? f —ae f 1 — 7 sin? > 
al 1+sing anne) 


deliver ea : 
MM De ear CORR rs cad 


0 


where M = 0.43420945, the modulus of the common logarithms. 
Employing the formule, 


ys 
eae (:+"4---) 
r= "x 3 
oe r+ sine _ tam(45° +*) 


the equation may be expressed 


@ -a\3 $ 
y= 47 log tan(4s°+*) | ae ¢ sin Ps see | [133] 
0 


0 o 


in which y is the same linear units as a. 
In order to express y in nautical miles or minutes of arc on the 


equator™ it is nece ete ethene OO! ROSE see 
q ecessary to multiply by ae BO, 


eee ie e* sin’ 
Vi [OE5. 75 log tan(45 +2) —34377(esin o+ )) [134] 
vo 


> 


or 


dS |-@ 


y= 7015-705 log tan (45°+ ) =22/.045 sin g—o.051 sin’. [135] 


Also RE=SOO XEN [136] 


the unit being the nautical mile. Values of y, called meridional 
parts, will be found in works on navigation. (Bowditch, Table 3.) 


* The Nautical Mile contains 6080.20 ft., (Clarke Spheroid and U. S. legal 
meter); this is not identical with the number of feet in one minute of arc on the 
earth’s equator. For a discussion of this matter, see Appendix 12, Coast Survey 
Report for 1881. 
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This chart is much used by navigators because it possesses 
the property that the bearing of any point B from a point A as 
measured on the chart is the same as that bearing on which a 
vessel must sail continuously to go from A to B. The track 
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cuts all meridians on the globe at the same angle, just as a 
straight line on the chart cuts all meridians at the same angle. 
This track is not the shortest one between A and B, but for 
ordinary distances the length differs but little from that of the 
great-circle track. In following a great-circ'e track the navi- 
gator may transfer to the Mercator chart a few points on the 
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great-circle obtained from his great-circle chart, by means of 
their latitudes and longitudes, and then sail on the rhumb lines 
between consecutive plotted points. Figure 148 shows a Mer- 
cator chart. 

183. Rectangular Spherical Coordinates. 

A system of rectangular spherical coédrdinates, used in Europe, 
consists in referring all points to two great circles through some 
selected origin, one of them being the meridian, the other the 
prime vertical. Within small areas these codrdinates are prac- 
tically the same as rectangular plane codrdinates. When the 
area is so great that the effect of curvature becomes appre- 
ciable, small corrections are introduced, so that the form of the 
plane codrdinates is retained without loss of accuracy. Such a 
system is very convenient when connecting detail surveys with 
the triangulation, particularly for local surveyors who may 
not be familiar with geodetic methods of calculating latitudes 
and longitudes. The method is not well adapted to mapping 
very large areas. (See Crandall’s Geodesy, p. 187.) 


GEA PAE Re XL 


APPLICATION OF METHOD OF LEAST SQUARES TO 
THE ADJUSTMENT OF TRIANGULATION 


184. Errors of Observation. 

Whenever an observer attempts to determine the values of 
any unknown quantities, he at once discovers a limit to the 
precision with which he can make a single measurement. In 
order to secure greater precision in his final result than can be 
obtained by a single measurement, he resorts to the expedient 
of making additional measurements, either under the same con- 
ditions or under different conditions. Under these circumstances 
it will be observed that the results are discordant and that the 
same numerical result almost never occurs twice.* The ques- 
tion at once arises, then, What are the best values of the un- 
known quantities which it is possible to obtain from these 
measurements? 

The method of least squares has for its main objects (1) the 
determination of the best values which it is possible to obtain 
from a given set of measurements, and (2) the determination 
of the degree of dependence which can be placed upon these 
values, or, in other words, the relative worth of different deter- 
minations; (3) it also enables us to trace to their sources the 
various errors affecting the measurements and consequently to 
increase the accuracy of the result by a proper modification of 
the methods and instruments used. The method is founded 
upon the mathematical theory of probability, and upon the 

* This is only true, however, when the observer is taking each reading with the 
utmost possible refinement. If, for example, angles are read only to the nearest 
degree, the result will always be the same no matter how many times the measure- 
ment may be repeated; but if read to seconds and fractions, they will in general all 


be different. 
351 
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assumption that those values of the unknowns which are ren- 
dered most probable are the best that can be obtained from the 
measurements. 

185. Probability. 

If an event can happen in a ways and fail in 6 ways, and all 
of these ways are equally likely to occur, the probability that 
ae event will happen in any one trial is expressed by the fraction 

=F ee and the probability that it will fail is expressed by — 2 
Since it must either happen or fail, the sum of the two prob- 

a b 
atbtats 
Therefore the probability of the happening of an event is repre- 
sented by some number lying between o and 1, the larger the 
fraction the greater the probability of its happening. For ex- 
ample, a die may fall so that any one of its six faces is uppermost, 
and all of these six possibilities are equally likely to occur; the 
probability of any one of its faces being up is § 

186. Compound Events. 

If a certain event can happen in a ways and fail in 0 ways, 
and if a second, independent, event can happen in a’ ways and 
fail in 6’ ways, and all are equally likely to occur, then the total 
number of ways in which the events can take place together is 
(a + 6) (a’ +b’). The number of ways in which both can hap- 


abilities represents a certainty. This sum is =I. 


aa’ : 
(a+6)(a' +0’) 
For example, the probability of double six being thrown with a 
pair of dice is § X § = y's. It is evident that the probability 
of the simultaneous occurrence of two events is the product of 
the probabilities of the occurrence of the component events. 
In a similar way it may be shown that the probability of the 
simultaneous occurrence of any number of independent events 
is the product of their separate probabilities; that is, if Pi, Pe, 
P;... are the probabilities of the occurrence of any number 
of independent events, the probability of their simultaneous 


pen is aa’ and the probability of its happening is 
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occurrence is 
Pee ae eG Psa ot [137] 


187. Errors of Measurement — Classes of Errors. 
Every measurement of a quantity is subject to error, of which 
the following kinds may be distinguished. 


1. Constant Errors. 
2. Systematic Errors. 
3. Accidental Errors. 


188. Constant Errors. 

A constant error has the same effect upon all observations in 
the same series of measurements. For instance, if a steel tape 
is 0.01 ft. too long, this error affects every 100 ft. measurement 
in just the same way. 

189. Systematic Errors. 

A systematic error is one of which the algebraic sign and the 
magnitude bear a fixed relation to some condition. For ex- 
ample, if the measurements with the tape are made at different 
temperatures, the error resulting from this variation of tem- 
perature is systematic and may be computed if the tempera- 
tures and the coefficient of expansion are known. 

190. Accidental Errors. 

Accidental errors are not constant from observation to ob- 
servation; they are just as likely to be positive as negative; in 
general they follow the exponential law of error, as will be 
explained later (Art. 197). The error of placing a mark opposite 
to the end graduation of the tape is of this class. 

191. Comparison of Errors. 

There is in reality no fixed boundary between the accidental 
and the systematic errors. Every accidental error has some 
cause, and if the cause were perfectly understood and the amount 
and sign could be determined, it would cease to be an accidental 
error, but would be classed as systematic. On the other hand, 
errors which are either constant or systematic may be brought 
into the accidental class, or at least made partially to obey the 
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law of accidental error, by so varying the conditions, instru- 
ments, etc., that the sign of the error is frequently reversed. 
If a tape has o.or ft. uncertainty in length, this produces a 
constant error in the result of a measurement. If, however, we 
use several different tapes, each with an uncertainty of o.o1 ft. 
this error may be positive or negative in any one case. In the 
long run these different errors tend to compensate each other 
like accidental errors. 

In the class of systematic errors would be placed such errors 
as those due to changes in temperature, light, and moisture, 
or change in the adjustments of instruments. These errors 
may be computed and allowed for as soon as we know the law 
governing their action, or they may be partially eliminated 
by varying conditions under which the measurements are 
made. 

Under the constant class comes the observer’s error, which 
tends to become constant with increased experience in observing. 
This error may be allowed for as soon as its magnitude and sign 
have been determined, or it may be eliminated by the method 
of observation. Certain errors in the instrument may have a 
constant effect on the result; these may be dealt with in the 
same manner as the personal error. It should be noticed that 
after the constant error or the systematic error has been elimi- 
nated, there still remains a small error due to the fact that the 
magnitude of the constant error itself was not perfectly deter- 
mined or that its elimination was imperfect. This remaining 
error must be regarded as an error of the accidental class, since 
its magnitude is unknown and it is just as likely to be positive 
as negative. 

Under accidental errors are included all those which are sup- 
posed to be small and just as likely to be positive as negative. 
They are due to numerous unknown causes, each error being in 
reality the algebraic sum of many smaller errors. Under this 
class may be noted errors in pointing with a telescope, errors in 
reading scales and estimating fractions of scale divisions, and 
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undetected variations in all of the conditions governing syste- 
matic errors. 

192. Mistakes. 

These are not errors, but they must be considered in connec- 
tion with the discussion of accuracy of observations. They in- 
clude such cases as reading one figure for another, as a 6 for a o, 
or reading a scale in the wrong direction, as reading 46° for 34°. 

193. Adjustment of Observations. 

When the number of measurements is just sufficient to de- 
termine the quantities desired, then there is but one possible 
solution, and the results must be accepted as the true values. 
When additional measurements are made for the purpose of 
increasing the accuracy of the results, this gives rise to discrep- 
ancies among the different measurements of the same quantities, 
since each is subject to errors. The method of least squares 
enables us to compute those values which are rendered most 
probable by the existence of the observations and in view of 
the discrepancies noted; it cannot, however, tell us anything 
about the existence of constant errors, unless new observations 
made under different conditions reveal new discrepancies. For 
example, if a pendulum is swung and certain small variations 
in the last decimal place of the period are noticed, these may be 
regarded as due to small errors in the running of the chronom- 
eter and to accidental errors of observing; but if the pendulum 
case be mounted on a support whose flexibility is very much 
greater than that of the first, and larger variations are now 
observed, it becomes apparent that an error of the systematic 
class is affecting all our observations, though it does not appear 
at all in the first observations, because all the measurements 
were affected alike. An investigation of the law governing 
this error, and the determination of its magnitude and sign, 
enable us to correct the result for such part of the error as we 
are able to determine. There remains in the result, however, 
an accidental error, namely, the error in the measurement of 


the flexure correction. 
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194. Arithmetical Mean. 

The formule employed in adjusting observations are usually 
made to depend upon the axiom that if a number of observations 
be made directly upon the same quantity, all made under the 
same conditions and with the same care, the most probable 
value of the quantity sought is the arithmetical mean of all 
the separate results; that is, if the results of the observations 
are M,, M2, M;,. . .M,, the most probable value of the quan- 
tity, Mo, is given by 
—M+Me+:--M,_ >M 

n 


nN 


Mo [138] 

It is to be carefully noted that this is not the true value, M, 
but simply the most probable value under the circumstances; 
if additional measurements be made, My changes correspond- 
ingly in value, because we know more about its real value than 
we did at first. 

195. Errors and Residuals. 

It now becomes necessary to distinguish between errors and 
residuals. The error is the difference between any measured 
value and the true value. Its magnitude can never be known, 
because the true value can never be known. The residual is 
the difference between a measured value and the most probable 
value. This is a quantity which may be computed for any set 
of observations. In a set of very accurate observations which 
are free {rom constant and systematic errors the residual is a 
close approximation to the true error. It may be shown that 
for the case of direct observations the algebraic sum of the 
residuals is zero; that is, if we compute 1 = M, — Mo, » = 
M, — Mo, etc., then > = 0, where 2, % . . . are the residuals. 

196. Weights. 

In case the measurements are of different degrees of relia- 
bility, they are given different weights. The weight of an 
observation may be regarded as the number of times the ob- 
servation is repeated and the same numerical result obtained. 
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It expresses the relative worth of different measured values. 
Weights are purely relative and may be computed on any base 
desired. To say that two measurements have weights 2 and r 
respectively, is the same as saying that they have weights 3 
and ~. From the above definition it is apparent that the 
weighted mean is expressed by 


is pM, a P.M), a S45 7 > pM 


Si oy, ; [139] 


that is, the weighted mean is found by multiplying each ob- 
servation by its weight, adding the results, and dividing by the 
sum of the weights. . 

Multiplying an observation (M,) by its weight (p.) is the 
same as taking p, observations each equal in value to M,. 


My 


7 


O 
FIG. 149. 


197. Distribution of Accidental Errors. 

An inspection of the results of a large number of measure- 
ments will show that 

(1) + and — errors are equally numerous. 

(2) Small errors are much more numerous than large ones. 

(3) Very large errors seldom occur. 

The curve which expresses the law of variation of such errors 
will be of the form shown in Fig. 149. In accordance with (1) 
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the curve is symmetrical; in accordance with (2) its maximum 
is at the axis of Y; from (3) it is evident that the curve cuts 
the axis of Y at some distance from O. 

The manner in which observations are affected by accidental 
errors is shown by the ‘‘shot apparatus” shown in Fig. r50. A 


Fic. 150. ‘Shot Apparatus.” 


large number of small shot, representing observations, are 
allowed to drop through an opening in the middle of the case. 
If there were no obstructions the shot would fall directly into 
the central (vertical) compartment. Between the opening and 
the vertical compartments a number of pegs are interposed, 
each representing a source of error or deflection of the shot 
from its natural course. The shot are therefore diverted some- 
what from a straight course and arrange themselves in the 
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different columns in the manner shown. The curve joining the 
tops of the columns is seen to resemble closely the “curve of 
error.” 

In order to obtain a formula expressing the law of error we 
suppose the curve asymptotic to the axis of X, and write the 
equation of the curve in the general form 


Nhe js) [140] 


where « represents the magnitude of an error and y the fre- 
quency with which this error occurs on a large number of measure- 
ments; f represents some unknown function of x. It is neces- 
sary to assume that the number of observations is very large; 
otherwise the supposed balancing of + and — errors will be 
imperfect. The true error x can never be known, but the 
distribution of the residuals about the most probable value 
will evidently follow the same general law, so we may write 
also 


y = fv) [141] 


as the law to which the residuals must conform. This equation 
also expresses the probability of the occurrence of a residual v. 

If we let the total area between the curve and the axis of X be 
represented by unity, then the probability that a certain residual 
will fall between the limits v and v + dv will be represented by 
the area included between the curve, the X axis, and the two 
ordinates at v and v + dz, since in the long run the number in a 
given column will be proportional to the probability expressed 
by the ordinate at that point, that is, 


y dv = f (v) dv. [142] 

If we suppose 7 observations of equal weight, giving the results 
My, Mz, . . . My, to be made on any functions of the unknowns 
Zi, 2, 8.) 4%, giving the residuals 4, %,... , %, then the 


probability of the occurrence of these residuals is f (v) dz, 
f (v») dv. . .f (a) dv. The probability of the simultaneous 
occurrence of these residuals is the product of the separate 
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probabilities, that is, 
P =f) dv X f@) wx. -f @,) do [143] 
or, taking logs of both members of the equation, 


log P = logf (1) + logf (m) +. . .logf (vm) +7 X log do. 


The results desired for z:, 22, etc., are those for which the prob- 
ability of the occurrence of 7, %,...is amaximum. Therefore 
P must be a maximum. To find the conditions for this maxi- 
mum, differentiate log P with respect to each variable, 2:1, 2,..., 
and place the results equal to zero. This gives 


dlog PL raf (ay) 4 Dey Of Ase. 
dz f(u) oa f@) 04 — os 
0 log P I of (v1) ee a es 
des io} ye ee fea) ar weer ee Ean 
“aa a Eq Ma iOls eeu memE ae is oat 
But we observe that 
# ae 
Se ) <2 [745] 
in which f’ represents some new function of 2. 
For brevity place 
f' () 
= (9). 
ae. [146] 
Then Equa. [144] become 
0 2 U 
FO) + FO) 52 + F (2) — = 
OV, OVs OUn 
F (%) nye + F (v) a9 +.--+-+F (a) ae [147] 


Ped Ol 16 CO Le.” ee 0] fo 6, kel ey met taba 


These equations contain all the unknown quantities (z) and 
are equal in number to q, the number of unknown quantities. 
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Hence, if the form of the function F were known, the solution of 
these equations would give the most probable values of 2, 22, etc. 

The above equations, being perfectly general, hold true for all 
cases, so they must hold true for any special case. The form of 
F determined for the special case must therefore be the form of 
this function for all cases. 

Consider 7 direct observations of equal weight on one unknown 
quantity 2, the results of the measurements being Mi, M2, 
... M,, and the residuals being denoted by m, v,. . . 2%. 
The most probable value of 2 is given by 


f= Mi —1= M,—-n=-- -My,— %. 
Differentiating with respect to 21, 
Oe ure _ _ On (a) 
: dan) tonne ~ 8a, 


Substituting these values in Equa. [147], we obtain 


F (v1) +f (v2) Sip ee sen al (Up) srs (d) 
But in this special case (Art. 195), 
Yyt+m+:+:-++t+uy,=0. (c) 


Hence, if both Equas. (0) and (c) are true, # must signify mul- 
tiplication by a constant; that is, 


Fv) = ov. [148] 
Substituting in Equas. [146] and [145], 


of (v) a) 
ee Ae 3, 
1 af) ae 
and FO oe =O 57 


Integrating both members, 
logf(v) =4er%+C'. 
Therefore f(x) = eet” 
= ke, 
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Substituting this in the equation of the curve of error (y=f(2)), 


we have 
qienekes 


In reality y decreases as v increases; the exponent of e is there- 
fore negative, and, since the constants may be combined, we have 


y = ke, [149] 


in which /? and k are constants depending upon the character of 
the observations. This equation expresses the law in accordance 
with which the residuals must be distributed in order to give a 
maximum value of P. If we replace v by x, the equation also 
shows the law governing the distribution of the actual errors. 

It is important to note that the law governing the distribution 
of accidental errors holds true in the long run; in order to have a 
close agreement of the theory with the results actually observed 
it is essential that the number of observations should be very 
large. With a limited number of observations we should expect 
that the residuals would follow the law only approximately. 

198. Computation of Most Probable Value. 

From Equa. [143] we have seen that 


P=f ao) Xfi): - xt @,) Go)" = a maximums fiso] 
Applying Equa. [149], this becomes 
P= Re EO 6. (dp) =a Maxum. [151] 
It is evident that P is a maximum when 
Vy? + vm? ++ + + v2 = a minimum, [152] 


that is, when the sum of the squares of the residuals has its least 
value. 

Equas. [147] express the conditions necessary to make P a 
maximum or to make the sum of the squares of the residuals a 
minimum. Since the function F means multiplication by a con- 
stant, Equas. [147] become 
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Ov, OV2 OV, ] 

(ps eee TA 
O71 OV2 OVy, 

Bie one [r53] 
OV, OVe OV, 

co a, Ue ay. Un Te fo) 


These equations are equal in number to the number, q, of un- 
known quantities, and their simultaneous solution gives the most 
probable values of the unknown quantities. They are usually 
called Normal Equations. 

199. Weighted Observations. 

If the observations are of different weights, each observation 
equation should be used (Art. 196) the number of times denoted 
by its weight. Hence, in forming the normal equations we 
should multiply each observation equation by the coefficient of 
the unknown and by the weight of the equation. The normal 
equations in this case are as follows: 


OV2 
prose Zt bate 5. + 50 0 == ©} 
Ov; ov ' [154] 
prr1 jz, + 23% 3g, + a6 0 = © 
22 
= 0, 


This same result will be obtained if we first multiply each obser- 
vation equation by the square root of its weight. This shows that 
multiplying a set of equations by the square roots of their weights 
reduces them all to observations of weight unity (equal weights). 

200. Relation between h and p. 


If the 2 observations have weights f1, fo,. . ., and the con- 
stant his Iu, 2,. . . for these observations, then 
P= kee P Roe er | 
Sa LU ee Ne [155] 


and Jry2012 + Iy?v.2 + + + -is to be a minimum. [156] 


364 ADJUSTMENT OF TRIANGULATION 


The conditions for this minimum are 


Ov, Oe } 
2. — 2a), — ce = i 
hy Vy az; + hin V2 Eye + e) 
dv dv [157] 
hy?v 4a: + hy?» os ap ge NE 


Equas. [154] and [157] express the same conditions. 
Hence Pistia =e he [158] 


? 


showing that the weight of an observation varies as the square of 
the constant / for the observation. Consequently the more 
accurate the observation the greater the value of h. 


Example. As an illustration of the manner of applying these equations to the 
computation of the most probable values of the unknowns, suppose that at a tri- 
angulation station O (Fig. 151), the angles have been measured as shown. 

Denoting the most probable values of these 
angles by 1, 22, and z3, the measurements are 
given by the following equations: 


“= 3L Loo a4" 0, 

2 = 40 50 10 .o, 

Z3=— 42 XO EQ <7, 

2% +2 = 72 00 26 .0, 

s+ 22+ 23 = 114 10 46 .o, 
zo+s3= 83 00 30 .2. 


Denoting by 1, v2, etc., the residuals of the 
different measurements, these may be written 


C 

Fil 3L 0 ny .o = ay. 

2y— 40) 50° ro o = vs 

&— 42 I0 I9 .7 =v, 

£1) #2 —' 72) 00.20 60/19), 

2 2 82 1128 — ETA TO) 46) 01 — ye. 
ze +23 — 83 00 30 .2 = 2%, 

Fic. ie which are called observation equations. 


If we apply equations (153), differentiating 
each v with respect to the three unknown quantities in succession and adding, we 
obtain the normal equations, — 


3a t+222+ 23 — 217° 21’ 290.0 = 0, 
221 = 4 2e\-- 2) 33 — 310 O15 


2 fo) 
Ge Opa. 3 Se = ge) 2 AS 


> 


Oo b O 
ll 


= AO} 
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Solving these simultaneously, we obtain 


Fah = gatee nike}. ane p4evilis 
52 = 40 50 09 .875, 
23 = 42 IO IQ .go. 


These are the most probable values of the angles. 


201. Formation of the Normal Equations. 

It should be observed that since the observation equations are 
linear in this case, the differential coefficients are equal to the 
numerical coefficients. Hence, to form the normal equations we 
may proceed as follows: For each unknown, form a normal equa- 
tion by multiplying each observation equation by the numerical 
coefficient of the unknown in that equation, adding these results and 
placing the sum equal to zero. ‘This rule is simply a statement in 
words of what is expressed in Formula [153] as applied to linear 
equations. If the observations are of different weights, the only 
change in the above rule is that each observation equation is 
multiplied by its weight as well as by the coefficient of the un- 
known. 

In regard to the observation equations it should be understood 
that they are not like ordinary equations. They are often 
written, however, with zero in place of the v in the right-hand 
member. Observation equations cannot be multiplied by any 
number or combined with each other (except when forming nor- 
mal equations); for if this is done, the weight of the observation is 
thereby changed. 

202. Solution by Means of Corrections. 

If the independent terms* in the observation equations are 
large, it will often save labor in the calculations if we place the 
unknown quantity Z; equal to an approximate value M; plus a 
correction 21, Z2 = Mz, + %, etc. Substituting these values in 
the original observation equations, we obtain a new set of equa- 
tions in terms of the corrections and in which the independent 
terms will be small. By forming normal equations and solving 


* The independent term in any equation is that term which does not contain 
any of the unknowns. 
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as before, we find the most probable values of the corrections. 
Adding these corrections to the approximate values, we find the 
most probable values of the unknown quantities themselves. 


Example. In the example just solved, suppose we assume for the approximate 
values the results of the direct measurements, and let 21, 22, etc., represent the most 
probable corrections. Then the observation equations become 

“AL — 9; 

27 = 0; 

23 = 0. 
aite2a+1”.0=0, 
Bi Par ar O) of = @ 

O° 


2p 1 23 — ©) 5 


These equations may also be written with 2, 7, etc., instead of zeros in the right- 
hand member. 
Forming the normal equations as before, we have 
Seige 2 Ose Eaae as 
Dei ay Al Bol} 2 23) 
Bla OD = ia ©) 


The solution of these equations gives 


iS) is ~I 
ll 
{e) 


he eT 

Sa OD) 
i) = SO) alas. 
53 = --O .20, 


which, added to the values observed directly, give the same results as before. 


203. Conditioned Observations. 

If the quantities sought are not independent of each other, but 
are subject to certain conditions, the solution must be modified 
accordingly. Each observation gives rise to an observation 
equation, and each condition may be expressed by a condition 
equation. The solution may be effected by eliminating, between 
the two sets of equations, as many unknowns as there are equa- 
tions of condition. From the remaining equations we may form 
the normal equations and solve for the most probable values of 
the unknowns. Substituting these values back in the original 
condition equations, we obtain the remaining unknowns. 

Example. The three angles of a triangle are A = 61° 07’ 52.00; B = 76" so'— 
54”.00, and C = 42° ox’ 12’’.15. The spherical excess is 02/11. The weights 


assigned to the measured angles are 3, 2, and 2, respectively. These angles are 
subject to the fixed relation A + B + C = 180° 00! 02’.11, 
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Letting 2, %, 23 be the most probable corrections to the observed values, the 
observation equations are 


DS ii wt. 3 
V2 = Da, oD 
Un 3), Se) 


and the condition equation is 


M1 -F v2 + 2 — 3.06 = 0. (d) 
Eliminating v3, there remain 
y= a, wt. 
2 = , S 


no vw wW 


vg = —%u —m+ 37.96 “ 
Forming the normal equations and solving, 
21 = +0’’.99, 
do = +1 .485. 


Substituting these values in equation (d), 
v3 = +1’’.485. 


These corrections, added to the measured angles, give the adjusted angles, as 
follows: 
A = 61° 07’ 52” .90, 
B=76 50 55 .48, 
(C= eo srs or: 


Notice that the discrepancy is distributed inversely as the weights. This will 
always be the case when each unknown is directly observed, and there is but one 
equation of condition; that is, the correction to the first is 

1 
3 eres 
user qaay! Xone 3) 00:= 0.09, 


and the correction to the second is 


eg 90 = a8 2465, 


bole | bole 


pth) 


The correction to the third is the same as the correction to the second. 

204. Adjustment of Triangulation. 

The adjustment of the angles of a triangulation net naturally 
divides itself into two parts: (1) the adjustment for the dis- 
crepancies arising at each station, and (2) the adjustment of 
the figure as a whole. According to theory these should all be 
adjusted simultaneously in order to obtain the most probable 
values of the angles. The usual practice, however, is to deal 
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with the two separately. The local, or station, adjustment is 
made first if the method of observing is such that a local adjust- 
ment is required. If the observations are made in accordance 
with the program given in Art. 45 (p. 88), no station adjust- 
ment is necessary. If the angles are measured by the repetition 
method and the horizon is closed, the error is distributed in in- 
verse proportion to the weights (see Art. 203). If there are con- 
ditions existing among the angles, due to measuring sums of the 
different single angles, the adjustment may be effected by ex- 
pressing these as condition equations and then forming normal 
equations and solving, as in the example, p. 366. 

This method of making the local adjustment first is justified, 
not only on the ground of saving labor, but also because of the 
well-known fact that the most serious errors are those due to 
eccentricity of signal and instrument, phase of signal, refraction, 
etc., which do not appear to any large extent in the local ad- 
justment but which do appear in the figure adjustment. If 
we compute the precision of angles from the discrepancies noted 
at each station, and then estimate from these values the error 
of closure to be expected in the triangle, we find that these are 
smaller than the errors of closure actually occurring, showing 
the presence of constant errors, which do not appear in the 
local adjustment. 

205. Conditions in a Triangulation. 

The geometric conditions connecting the angles in a net are 
of two classes: (1) those which express the relation among the 
angles of a triangle or other figure, and (2) those which express 
the relation existing among the sides of the figure. If we plot, 
for example, a quadrilateral figure, starting from one side as 
fixed, we shall find that if the sum of the angles in three of the 
triangles equals their theoretical sums, all sums in the other 
triangles will also (necessarily) equal their theoretical amounts, 
namely, 180° +e”. This shows that of all the possible angle 
equations which might be written for this figure only three are 
really independent. 
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In order to determine the number of angle equations in any 
net, let s be the total number of stations, s, the number of 
stations not occupied, / the total number of lines in the figure, 
and /, the number of lines sighted over in one direction only; 
then the number of angle equations in the figure is 


coy Seales ae or, [159] 
In a triangle it is necessary that all stations should be occu- 


pied and that all lines should be sighted over in both directions, 
in order to have one angle equation, that is, 
Ie AY Se ce oe) ee tte 

If a new station is added, it must be occupied and the two lines 
sighted over in both directions, in order to yield a new angle 
equation. If this is done, the quantity / — s is increased by 
2—12=1. I a line is drawn between two stations already 
located, / is increased by 1 and there is a new angle equation 
corresponding. For each new line sighted in one direction 
only, / is increased by 1 and /; is increased by 1, so that the total 
is unchanged. 

The number of side equations in a net may be estimated as 
follows: Starting with one line as fixed, it is evidently neces- 
sary to have two more sides in order to fix a third point. Hence, 
in order to plot a figure, we must have at least 2 (s — 2) lines 
in addition to the base, that is, 2s — 3 lines in all. Any addi- 
tional lines used must conform to those already used, in order 
to give a perfect figure; hence the number of conditions giving 
rise to side equations will equal the number of superfluous lines, 
that is, / — 2s +3, where / is the total number of lines and s 
is the number of stations. It should be observed that while 
the side equation is primarily a relation among the sides, it is 
also a relation among the sines of the angles, and this fact en- 
ables us to adjust the figure by altering the angles. 

A check on the total number of conditions is obtained as fol- 
lows: If mis the total number of lines, z’ the number of lines ob- 
served in both directions, s the total number of stations, and s’ 
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the number of occupied stations, then the number of conditions is 
(w’ — s’ +1) + (n—25+4+3) 


206. Adjustment of a Quadrilateral. 

For any quadrilateral figure in which all of the (eight) angles 
have been measured there may be found three equations which 
express the condition that the triangles must all “close.” There 
are more than three equations which may be formed; but if 
any three of these equations are satisfied, the others necessarily 
follow and hence are not independent. There will also be one 
side equation expressing the condition that the length of a side 
(AB), when computed from the opposite side (CD), is exactly 
the same, no matter which pair of triangles is employed in the 
computation. 

In selecting the three angle equations we may take any three 
triangles and write an equation for each expressing the con- 
dition that the sum of the three angles equals 180° + e””. It 
is advantageous in this case to avoid triangles having small 
angles. In selecting the side equation it is well, however, to 
select one involving small angles, so as to give large coefficients 
of the corrections. If the angle equations were also chosen so 
as to involve the small angles, the solution would be likely to 
prove unstable, on account of the equality of some of the co- 
efficients. 

A convenient method of writing a side equation is to select 
some point, called the pole, and write the three directions from 
it to the other stations in the order of azimuths. For example, 
taking the pole at A, Fig. 152, write first 


AB=ADRAG 
Then from this write the ratios 


AB AD AC 
AD AC AR 


the method of forming which is evident. If we now replace 
each line by the sine of the angle opposite to it in the triangle 
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which is indicated by the fraction, and place the whole equal 
to unity, we have 


snADB® sin ACD sin ABC s 
See) © GDC. cai = 


i [160] 
It may be shown, by solving the different triangles and elimi- 
nating the sides, that this equation expresses the condition that 


B 


Sie 


Fic, 152. INO, THR, 


the length of AB as computed from CD is the same no matter 
which route is followed in the computation. 


Problem. Prove by a direct solution of the triangles in Fig. 152 that Equation 
[x60] is true 

Designating the angles by means of the numbers shown in 
Fig. 153, the equation becomes 


sin 2 sin (4 ae 5) sin 8 " [161] 
sin (1 + 8) sin 3 sin 5 


Before this equation can be used, however, it is practically 
necessary to reduce it to linear form, since an application of 
Equa. [153] to any but linear equations would be complicated. 

Suppose our equation to be put in the general form 


sin (M, + 1) g sin (M3 + 23) Useeias [160] 
sin (M2 + vm) “sin (M4 + %) 
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in which the angle is written as an approximate value M plus a 
small correction v. Taking logs of both members and then 
applying Taylor’s theorem, we have, neglecting squares and 
higher powers, 


0 
log sin M, + oz, (log sin Mn) ‘ips = che 
1 


te) 
— (toe sin M, + par, (08 sin Mz) 2+: - Jp oO.) (1631 


; 0 : 3 ive : 
The quantity Ae (log sin M,) is the variation per 1”’ in a 
1 
table of log sines, the correction v being in seconds. Hence, 
. ) : 
placing 6, = =; (log sin M;), etc., we have 
OM, 


610; — O22 +> 6303 — 6404 4- °° ° 
+ log sin M,; — logsin M, +-++=0. [164] 


The algebraic sum of the log sines represents the amount by 
which they fail to satisfy the condition equation. Placing this 
sum equal to J, the side equation given above becomes 


5% + SatsVats + 4303 — (Sitsdits + 533 + 5575) +1 = 0. [165] 


Example. Let us suppose that the measured angles are (Fig. 153), 


i) 
° 
12) 


Of 
HO 
Oo 0 
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:20 
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i) 
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These angles are supposed to have been adjusted for local conditions. 

To form the angle equations, take the triangles ABD, ADC, and ABC for which 
the values of the spherical excess are 1/’.36, 1.77 and 1’’.02, respectively. The 
computation is shown in tabular form as follows: 
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r+ 8 92° 04’ 59’’.10 


2 38 28 34 .90 
7 E@, AS Be L335 


179 59 55 -85 
180 00 of .36 


Sey aby 


3 38> 22! 10//.t0 
445 5 ie 8S AG oe 
6 79 21 50 .20 


180 00 03 .30 
180 00 OI .77 


Orr nan 
~ 
fo) 
ce) 
vd 
Lal 
an 
oO 
iS) 
ie} 


This gives for the three angle equations 


(x + 8) + 2+ 7 = 180° oo! o1’’.36, 
3 + (4+5) +6 = 180 00 o1 .77, 
Gp Oli 7 ioe —2 160) ONO .02, 


or, written as corrections, 


M48 fF 02 -F 07 — 5.51 =" 0) 
V3 + Vat5 4+ U6 4 1.53 ="; 
Us + Ve + v7 + vg — 0.02 = 0 


the corrections being the same as the residuals in this case. 
To form the side equation, take the pole at A. Then we have 


AB AD AC 
giving 
sin 2 sin (4-+ 5) sin8 _ 
sn(i+8) sin3 sings” 
or 


log sin 2+]og sin (4+5)+log sin 8—log sin (1+8) —log sin 3—log sin 5 = o. 


The computation of the constant term of this equation is given in the following 
table. The log sines of those angles appearing in the numerator, together with 
their diff. for 1” (in units of the 6th place of decimals) are placed in the left-hand 
column, and those in the denominator are placed in the right-hand column. The 
constant / is the difference in the sums of the log sines. 
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log sine (++). IDybai, BM Angle. log sine (—). 
9 -7939242 +2 .65 1-8 9 .9997129 
9 .9703501 -++0.72 8 9 .7929268 
Q.7112329 SPB 5H 5 9 .6888702 
9 .4815072 g 4815099 
Ge 
—37 

Therefore [P= = Deve 


The side equation becomes 
2.65 02 + 0.72 V445 + 3.51 U3 + 0.08 43 — 2.66 03 — 3.76 U5 — 2.7 = 0, 
or, combining the v5 and the vs terms, 


+.08 1 + 2.65 v2 — 2.66 v3 + .72 4 — 3.04 U5 + 3.590 Vg — 2.70 = O. 


207. Solution by Direct Elimination. 

The observations are all direct and equal in number to the 
number of unknown angles, eight. The four condition equations 
have just been stated. We might, therefore, proceed as in Art. 
203, that is, eliminate four of the unknowns between these two 
sets of equations and then form normal equations and solve for 
the remaining four unknowns. Substitution back in the con- 
dition equations will enable us to find the four unknowns that 
were first eliminated. 

The foregoing process is not the shortest one available, nor is 
it the best from the standpoint of accuracy. The labor involved 
in eliminating the four unknowns, that is, expressing all of the 
residuals in terms of four selected unknowns, is often consider- 
able. Furthermore the coefficients are often such that an accu- 
rate determination of the unknowns is difficult. The method 
of correlatives (Art. 210, p. 377) is generally more suitable for 
such adjustments. 

208. Gauss’s Method of Substitution. 

In solving a large number of equations simultaneously it is 
convenient to use some definite system of eliminating the un- 
knowns, in order to avoid labor and the danger of mistakes. 
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Let us suppose that the observation equations are of the form 


Oe by +oz+h = U1, 


and that the normal equations are represented by 


[aa]x + [ably + [ac] s +[al] = 0, 
[ab]x + [bd]y + [bc] z + [bl] = 9, [166] 
[ac]x + [bc]y + [cc] z + [el] = 0, 
in which the brackets indicate the sum of all the terms found 
by multiplying the numerical coefficients according to the rule 
on p. 365. 
If the first normal equation be divided by [aa] and solved 
for x, the result is 


Substituting this in the second equation, we have 


(100) — 12°) a) 9-+( oe) — FA fab} =-+( [ol — (2 ad] ) =o. [67 


This is usually abbreviated 
[bb- 1]y + [bc - 1]s + [Bl - 1] =0. [168] 
Substituting this in the third equation, we have 
[boealy 4 lee+ thle +1] = 0, [169] 


These two equations, [168] and [160], are called the “first 
reduced normal equations.” 
Solving [168] for y, 
(Bema) lbh 1), 


Ae Nise (ea 


whence [cc - 2)2 + [cl - 2] = 0, [70] 
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in which [ec - 2] = [cc - 1] — i s [bc + 1] 
and [cl - 2] =[d- 2] — a : [bl - x]. 


The solution of [170] gives the value of z. By substituting 
this in [168] and [169] the value of y may be found. Finally, 
from [166] the value of x may be found. 

An inspection of [166] will show that all coefficients below and 
to the left of a diagonal drawn from the x term of the first equation 
to the z term of the third equation are duplicates of the others. 
These may be omitted in writing the equations. 

Doolittle’s Abridged Method. 

In carrying out a solution by the Gauss method it will be 
observed that certain steps are taken which are not essential to 
the final result. In eliminating « from the equations the coeffi- 
cients of x are purposely made to add up to zero, so it is unneces- 
sary to write these coefficients and they may be omitted in the 
solution. Similarly, in eliminating y from the first reduced nor- 
mal equations the y coefficients need not be entered. Further- 
more the Gauss method calls for the addition of two equations 
(in the second elimination) to form a third, and then this third 
is later combined with a fourth, but is not used again. In the 
short method the first, second and fourth equations are combined 
directly and the third is not written at all. In each successive 
elimination the number of equations that are added at one step 
is increased. This method will be illustrated in detail in the 
examples in Art. 210. An explanation of the method will be 
found in Appendix 8 of the Report of the Superintendent of the 
U.S. Coast and Geodetic Survey for 1878. 

209. Checks on the Solution. 

In practice it would not be advisable to proceed in the solution 
of a large number of equations without some safeguard against 
mistakes of computation. A valuable check consists in adding 
to the normal equations an extra term which is merely the sum 
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of all the coefficients of 2, », etc., and treating this term like any 
other term of the equation. This is illustrated later in the 
example on pp. 381 and 388. 

210. Method of Correlatives. 

When there are many condition equations, the method of sub- 
stitution is likely to prove laborious. If, as is usually the case 
in triangulation, the observations are direct and equal in number 
to the number of unknowns, the ‘‘ Method of Correlatives’”’ will 
be found preferable. By this method we eliminate one unknown 
for each condition equation, employing for this purpose the 
method of undetermined multipliers. 

Suppose that we have made m direct observations, M,, 


M,,: +--+, Mm, of m different quantities, of which the most 
probable values are 
a=M+n, Gap toon 4, Sm = May, + Um. 


Let these m unknowns be connected by the following  con- 
dition equations: 
QyV1 + Ad... . Am’m th =o, | 


63; + bod, Ae ee Dyn + & == ©), f [171] 


the a’s being the coefficients in the first equation, the 0’s those of 
the second, etc. The quantities h, /2, etc., represent the amounts 
by which the observations fail to satisfy the condition equations. 
If the original condition equations are not linear in form, they 
must be put in linear form by a method similar to that given on 
PP. 371772. 

Since the most probable values of the v’s are to be found, we 


must have 
v2? + wm? ++ + + = a minimum, [172] 


or V7, dy, + mdte +++ +:=0 [172a] 


for all possible simultaneous values of dv, dv», etc. 
Hence it must hold true for the equations 
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a, dv, + a, dtz2 +++ + =0, [173] 
b, dv, + bg dv, ++: ; O, 


I 


obtained by differentiating [171] because the values of v must 
satisfy the condition equations [171] as well as [172] or [172¢]. 
The number of these equations is 7. The number of terms in 
[172] is m, m being greater than n. Let the first equation in [173] 
be multiplied by k:, the second by kz, etc., and Equa. [172] by 
—1. The products are then added, giving 


(aik1 + dikg ++: - —;) dv, 
4. (dok1 a boke a OOS) — V2) dz oe Op 90) = 18} [174] 


The k’s are to be so determined that this equation will hold true. 
This equation will be satisfied if the coefficient of each differential 
in it is placed equal to zero, that is, if 

Ria, + Roby ap eth Rylr =) U1, 


bayer bob ely oe [175] 


Substituting these values of 2, %, etc., from Equa. [175] in 
Equa. [171], we obtain 


k, [aa] + ko [ab] + - + - ky [al] +h = 0, 
ky [ab] + ko [bb] ++ + -k, [bl] +h = 0, [176] 


oy ie) 9 fe, ve) et ce Niet Ont ie cote! ae Mian Vom (eee ee te 


The solution of these equations gives the values of ki, ks, ks, 
etc., which are the correlatives of the condition equations. By 
substituting these values in Equa. [175] the v’s are found. Since 
the form of Equa. [176] is the same as that of normal equations, it 
is evident that they may be solved by the method of substitution. 

In case the observations are of different weight, the minimum 
equation would be 


Pid? + pod.? + + + + PmYm? = a minimum, [177] 


and the other equations would be modified accordingly. 
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Equations [175] and [176] may also be derived by the follow- 
ing method. If we multiply the condition equations [171] in 
succession by —2 ki, —2 ks, etc., we have 


——"2) kav 2 Ry Aor 2 = © 
—2 Roby, —2 Robo . . . = 0. 


Adding these to [172] and grouping the coefficients of the differ- 
ent v’s, we have 


v4” me aU (aiky + by Re + 9 Oy 0 ) 
02? — 2 U2 (Gok: + bok, + - - - ) 
5 howe = a minimum. 


For a minimum the derivative of this expression with respect 
to each separate v must be zero. Therefore, 


DUR — PP) (ak, + biky + OG \=0 
2. —2 (2k: + boke +--+) =O 
Solving for the v’s, 
M% = ki + bike +: - : 
Vg = Aoky + bok + eo ae [r75] 


which express the residuals in terms of the correlatives. 
Substituting these values of v in the condition equation [171] 
we obtain the final equations [176]. 


Example. As an illustration of the method of correlatives and also the method 
of (abridged) substitution we will adjust the quadrilateral given on page 372. The 
four condition equations are, 

[ee eas a 5 =, 
Angle equations } v3 + 4 + % + % + 1.53 = 0, 
| Vs + vg + 07 + vg — 0.02 °. 


ll 


Side equation, 
+0.08 v + 2.65 v — 2.66 v3 + 0.72 V4 — 3.04 U5 + 3.59 Vg —' 2.70 = O. 


In order to facilitate the formation of the coefficients in the so-called “correlate” 
equations, [aa], [ab], etc., the coefficients of the four conditions will first be tabulated. 
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CONDITION EQUATIONS 


v1 v2 v3 v4 U5 U6 07 Ug Const. 
a Seh apa sei +1 =§ 50 
b apt ae sea 5Pa +E .53 
G +1 ia EE +1 —0.02 
d |+o.08 |+2.65 |—2.66 |+0.72 |—3.04 SPR 80) || 2s 7 


Forming the coefficients and substituting in the correlate equa- 
tions [76] we have the following equations for determining the 
k’s, which are often called Normal Equations. 


4hi tok, +23 + 6.32 kg — 5.51 =0, 
oh | +4 ks + 2k; — 4.08 ka + 1.53 =0, 
2k, + 2ho| + 4k: + 0.55 ka — 0.02 = 0, 


+ 6.32 h1 — 4.08 ke + 0.55 ka | + 36.75 k4 — 2.70 = 0. 


All those terms below and to the left of the zig-zag line are 
seen to be duplicates of others above and to the right; that is, 
the coefficients in the first column are the same as those in the 
first row; those in the second column as those of the second row, 
andsoon. ‘The coefficients of these equations are next tabulated 
in the form used for the solution. The terms to the left of the 
diagonal are omitted. For reasons which will be seen later on 
the first equation (p. 381) is assigned the Roman numeral I and 
the next three are assigned the Arabic numerals, 2, 3, 4. 

The first step in the solution is to eliminate k, between Equas. 
Iand 2. This is done by transferring Equa. 2 below and writing 
beneath it Equa. I multiplied by the coefficient of ky and divided 
by the coefficient of k,, and with the sign reversed; the operation 
is indicated in the column at the right. This equation (not 
numbered) is then added to Equa. 2. In this case the equation 
added happens to have only zeros for coefficients. The result 
is Equa. II, the first reduced normal equation. In a similar 
manner we add to Equa. 3 the result obtained by multiplying I 
by the coefficient of ’3, dividing by the coefficient of &; with sign 
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changed. We also add to 3 the result obtained by multiplying 
II by the coefficient of ks, dividing by the coefficient of k2, and 
changing the sign. The sum of these three gives III, which 
contains only k; and ks and which is the second reduced normal 
equation. The last step is similar, giving Equa. IV, which con- 
tains only ks and may be solved for this correlative. 


| kt ke ks ka Const. Check. 
I 4 fo) 2 I+ 632 |— 551 |+ 6.81 
2 4 By a4 - OS et 253 ict 28 5 
3 |S ©.8R |= ©O.02 jap S Fe 
4 +36.75 |— 2.70 |1+35.94 
2 4 2a RAE OS EI G3 M2355 
{e) ° fe) fe) LS —4 
iit 4 ZA je AOR Ne ose ae Basin, 
B At O25 5 fl O-02 toe 53 : 
=k = Baily Fe QoiGey |=. Bakley Ix -3 
—T | 92.49 0.705 |= 1-275 Il x —2 
IT] XZ N= ©.02 jar Oy lar Boas 
4 OAT |= 2a lasek! 6.32 
= O00 |S S760 |= TO. 710 it S< fi 
.98 
= 6.200 |-- 1.905 |-- 3.175 Diver. 
— 0.007 |+ 0.118 |+ 0.231 INN S< aus 
IV +20.557 |+ 8.029 |+28.586/7 


The general process to be followed in writing any set of these 
partial equations may be seen by examining one group, as for 
example, those to be added to 3 to obtain III. The first coeffi- 
cient appearing in Equa. 3 is 4. Following this column to the 
top we find 2, which is the numerator of the multiplier of I. The 
denominator is the first coefficient in I, or 4. In forming the 
next equation follow up the same column until we reach Equa. 
II, the numerator of this multiplier being 2; the denominator is 
the first coefficient of Equa. II, which is 4. The same system 
will be seen to give the multipliers for the last group. 
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The check term in any equation is the sum of all of the other 
coefficients in that equation. Every operation performed on the 
coefficients of an equation is also performed on the check term. 
In all complete equations, therefore, like II, III, and IV, the 
check term should still equal the sum of the coefficients. In the 
other equations it should not, because some terms in these equa- 
tions have been omitted in writing. In summing the coefficients 
in any equation, say Equa. 3, start from the top of the ks column 
and follow down to the line of Equa. 3, then to the right. The 
coefficients for this equation are 2, 2, 4, + 0.55, —0.02; the sum 
is +8.53. 

From the four equations IV, III, II, and I we obtain the 
values of ka, k3, Ro and &; as follows: 


==0,02010e 


ky = oe — 0.3906 
ae ape eS sect =e © ee 
—2 X —1.008 + 4.98 X —.3906 — 1.53 
ky = = —.365 
4 
2 —1.008 —6.32 X —.3906 Ss 
ky = zs sae 7 39° BE 5:5? = 2.50% 


In finding the values of 2, v2, etc., from the equations corre- 
sponding to those given in Equa. [175] it will be convenient to 
tabulate the correlatives as iollows: 


ky |+2.50 |+2.50 +2.50 | +2.50 
ke ==. 805 || eae sOSi ae 305]. 5305 

ks —1.008] —1.008] —1r.008] —1.008 
Rg — ,031|—1.036|/-+-1.0o40 | —.281| +1.189 —I.404 


tt A vr vr vt tr vt tr 


Corr. |+2.47 |+1.46 |+0.675 |—o.65 | —o.18 | —1.37 | +1.49 | +0.09 


In this particular example the coefficients of ki, k2, and k3 are 
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all unity; in the last line each k, is multiplied by the correspond- 
ing coefficient in the side equation. 


Applying these corrections to the original angles we obtain, 


Bom Ol/ 07/0524, 00% 82) GAIA, 
DB 89 23 PA Gyseu JG = 36 26 
Go gs 22 1 Oso O75 = Ow GE 
4p AA OR UD =O OF = wn Fo 
Go A TA, BP B53 = © 3 = BP {HH 
©, GO. 2 50 2OS=t 67 =F? se 
is EQ) BO OE SF4pu Ae) =] 2 ey 
SS 29 57 O7 mOsO 9) =Oy no 


To test these results the v’s are substituted in the condition 
equations. 


ANGLE EQUATIONS 


(2) +2! 47 
(2) Spe gale 
(iy Get .40 
(8) =O) 200 
sum = +5 .51 Check 
(3) +0!'.675 
(4) =o) .05 
(5) —o .18 
(6) a ey 
sum = —1 .525 Check 
(5) —o'’.18 
(6) =) OF 
Gy at AG 
(8) +o .09 


sum = +0 .03 Check 


SIDE EQUATION 
+0.08 v1 + 2.65 v2 — 2.66 v3 + 0.72 V4 — 3.04 U5 + 3.59 Vg — 2.70 = —0,027 


The side equation may also be tested by taking out the log 
sines of the corrected angles. 


Angle log sin (+) Gite. t” Angle log sin (—) Citta k” 
2 9.793 9281 +2.65 1+8 9.999 7127 —0.08 
6 +2.66 
4+5 9.976 3495 rg 72 3 9.792 928 
8 OQ). jl DBE So Rt 5 9 688 8695 +3.76 
9.481 5108 9.481 5108 


| ree | eee ee 
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The test of the sums of the angles in the triangles is as follows: 


ANGLE EQUATIONS 
(1) 547-47 
(2) 


36 .36 
C7)" 0923-34 
(3), _ 07-19 
sum = 17.36=e 
Check 
(3h) 20%278 
(4) «EE .50 
(5)! = 32-60 
(6) 57 -83 
sum = 1.77 =e 
Check 
() g2"”.06 
(OR FS7 -33 
(7) 23-34 
(8) 07 .19 
Stim) ste ,021— e 
Check 


211. Method of Directions. 

The method of correcting the directions instead of the angles is 
particularly applicable when the measurements have been taken 
by the method of directions, Art. 
43. In the United States Coast 
Survey office it is the usual practice 
to employ this method of adjusting, 
whether the observations were 
made by the direction method or 
by the method of repetition. 

In the quadrilateral adjusted in 
Art. 210, let us denote the direc- 
tions by the numbers 1 to 12 (Fig. 
154) and the corrections to those 
directions by the same numbers, (1), (2), etc., enclosed in 
parentheses. Each angle is expressed as the difference of two 
directions; that is, the angle —4 + 5 means the angle between 


Fic. 154. 
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the directions marked 4 and 5. The four condition equations 
are the same as before except as to the change in notation. 


m4 )cbS)aae (1) 13) (10) (F2) 5.51 =O, 
Angle equations }—(5)+(6)—(7)+(9) — (40) +(41) +1.53 = 0. 
mea) aint 3) (7) ch (8) = (4) tom 6) 0.02. — 0. 


Side equation, 


aay 5 EL idee? 05 (12) 113.04. (7) <b 101721(9) 93.57 (2) 
+3.59 (3) — 0.08 (1) + 2.66 (10) — 3.76 (8) — 2.7 =0. 


If CD were a fixed line obtained by a previous adjustment, the 
corrections (g) and (10) would be omitted. The angle equations 
could be simplified in this case by selecting two equations which 
involve angles depending upon those two directions. 

The first table for the coefficients of the corrections is given 
below. 


Direction a b c d 

ii —I —0.08 
2 aa “saioey 
3 sie ap +3-59 
4 ae a 

5 ari =a 

6 ae Sight 

7 —1I —TI =-3'.04 
8 oiat —3.76 
9 aru +0.72 
Io att +2.66 
II —I Sat rece! 
12 +1 Sez 


The remainder of the work, that is, the calculation of co- 
efficients daa, >, etc., and the solution of the numerical equa- 
tions, is carried out as in the preceding example (Art. 210). The 
solution of the normal equations gives the corrections to the 
directions. The correction to any angle is the difference of the 
corrections to the directions of its sides. 
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212. Adjusting New Triangulation to Points already Adjusted. 

PLeB In the quadrilateral 
shown in Fig. 155 the tri- 
angle BDE is supposed to 
have been previously ad- 
justed. Point C is deter- 
mined by the directions 1, 
2, and 3 in connection with 
the directions along the 
sides of the fixed triangle, 
and also by directions 4, 5, 
and 6. ‘The directions to be found are 1, 2, 3, 4,5, and 6. The 
directions as taken from the field-notes are as follows: 


Fic. 155. 


Point sighted. HERES Gs SSS Corrected seconds. 
adjustment. 
ATG 
° , ne. 
D © 00 00.00 
B 123 49 24.97 
E 207 52 33.50 
At D 
A © 00 00.00 00.67 
C 296 57 55.83 
E 3I1I 12 14.48 12.69 
B 258 27 57.39 57-18 
At E 
° , a” a” 
D © 00 00.00 OI .32 
C 13 38 27.54 
B 81 28 43.98 43 .05 
At B 
F © 00 00.00 or .o6 
E I22 32 I1.2 12.56 
Cc 50 38 41.62 
D 168 19 14.81 15.48 
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In taking directions from this table, the corrected seconds 
should be used whenever an adjustment has been made. 

The number of angle equations in the figure is ] — s + 1, or 
6 —4-+1= 3. The number of side equations is 1] — 25 +3, 
or 6—8+3=1. Since, however, the exterior triangle is 
already adjusted, there will be but two angle equations needed 
in the adjustment. For these two angle equations let us take 
the triangles DCE and BEC; 


Pe Oe iat) 2) ta) a O)cii(4)t- 91050 — 0 
37d Mag (alg) E5) 1 (0) 116) a. (2) 6: 208 = 0. 

But since the exterior lines are not to be changed, (a), (f), 
(b), and (c) are all zero. 

The absolute terms in the angle equations are found as fol- 
lows: 


—(a) + (1) 13° 38’ 26'’.22 
—(3)t= (fe 14514 10" 86 
—(6)-- (4) 152 07 26 .50 
180 00 09 .58 
180 00 00 .02 


—o9’’.56 


—(1) + (6) 67° 50! 15”.51 
—(5)-- (6) ) #84" 0308 353 
—(c) + (2) 28 06 29 .06 


179 59 53 -10 
180 00 00 .08 
+6!’.98 
For the side equation take the pole at C. 
sin (—(2) + (d)) sin (—(2) + (@)) sin(-G) +) _ 
ete PG). un (0-2) sin (—(a) + (1) = 


Tabulating the log sines, 


log sin (+) Ghee, al 
—(2) + (d) 17° 40’ 33".86 9.4823521  +66.1 
—(z) + (b) 67 50 15 .51 9.9666666 + 8.6 
—(3) + (f) 14 14 16 .86 9.3908478  +83.0 

8.8398665 


—(e) + (3) 38° 20’ 58.65 9.7941460 +26.5 
—(c) + (2) 28 06 29 .06 9.6731464 +39.5 
—(a) + (1) 13 38 26 .22 9.3726010 +86.7 
8.8398934 
8665 


constant = — 269 
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The side equation is therefore 
+ 6.61 X — (2) + 0.86 X — (1) + 8.30 X — (3) 
— 2.65 X (3) — 3.95 X (2) — 8.67 X (2) — 26.9 = o. 
Carrying out the same process as outlined in Art. 210, we have 
the following: 


CONDITION EQUATIONS 
VL v2 U3 U4 
a +1 —I +1 
i +1 
G —9.53 SHO. 49 || 1) 0)5 


Forming the correlate equations and tabulating as in Art. 210 
we find for the equations determining :, k,, and k; the three 
numbered I, 2, and 3 in the following table. 


kt ky ks Const. Check 


+4 —2 Sp le + 9.56 12.98 
mel OI 


From I, II and III we find 


1s ISS, 
9 327.70 
32) X .0049 ++ 2.20 
y= Sa ae es = ee 


= +.0949 


3 
Fae 2K 74331-1242) 6 0940 — 0.50 
|) == pane ee eee OLB 


4 
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Tabulating the corrections, we have 


V1 U: v viet v5 V6 
Ry 2.052 2.052 =2-052 26052 
ko SSnGAS |) SHG Onis || Os 
ks —0.904 —1,002 Il ORO) 
Corr. | —3.699 —o.262 +1 .013 —2.052 —0.743 +2.795 


Applying these corrections to the observed directions, we have 
the final adjusted values. 


Direction No. Observed directions Correction Corrected seconds 

° , ar vr [ste 

4 © 00 00.00 2505 57-95 

5 123 49 24.97 —9.74 24.23 
20715 2)93350 Oo 36.30 

I 1 BS By oye = 39) 23.84 

B 150 38 41.62 == On20) 4I .36 

3 296 57 55.83 ap OL 56.84 


212a. Adjusting Traverses to Triangulation. 

Whenever a traverse starts from a fixed triangulation point 
and closes on another the angles of the traverse, or the sides, or 
both, must receive corrections so that the final results are in 
agreement with the fixed triangulation. The method of making 
such an adjustment as usually practiced is more or less arbitrary 
in character and depends upon the sort of errors of closure 
revealed by the particular traverse in question. There is no 
general rule which applies to all cases. The amount of error 
that is to be attributed to lengths and to angles differs according 
to circumstances. In Special Publication No. 137 of the U. S. 
Coast and Geodetic Survey will be found a discussion of the 
methods used for first-order traverse of that survey. 

The traverse is ordinarily treated as a plane figure because 
the area covered is not great, except in the case of some first- 
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order traverses. When the assumption of a plane figure can be 
made the only effect of curvature that must be provided for is 
the convergence of the meridians. This may be avoided by 
referring all bearings or azimuths to the initial meridian (or any 
other selected meridian). With such azimuths the entire trav- 
erse may be balanced according to the usual methods of plane 
surveying so that it will have the required length and direction 
between its terminal points. 

212b. Adjustment of Level Circuits. 

Whenever lines of levels have been run in circuits the resulting 
differences in elevation between bench marks will require an 
adjustment in order to remove any inconsistencies in these 
differences. The adjustment is made by writing a condition 
equation for each circuit closure and solving by the method of 
correlatives. (Art. 210.) In making this adjustment, it is 
advisable to draw a sketch showing all the lines that have been 
run; from this sketch the condition equations may be formed. 
On each line of the sketch are written (1) the distance between 
bench marks, (2) the observed difference in elevation, with its 
algebraic sign, (3) an arrow showing the direction in which the 
difference in elevation applies, and (4) a reference number. 
Inside of each circuit is written the amount of the error of closure 
of that circuit and also a reference number or letter. 

The errors of leveling are treated as accidental and the ob- 
served differences of elevation are therefore given weights which 
are inversely proportional to the lengths of the lines. This is 
done by dividing some arbitrarily chosen number by the different 
distances. 

In writing the condition equations it should be noted that 
there are as many equations as there are superfluous lines, that 
is, for each line which runs to a bench already established there 
will be a condition. The number of conditions will equal the 
number of lines — the number of bench marks +1. When 
forming these equations proceed around each circuit clockwise 
from start to finish. If any difference in elevation has an arrow 
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pointing in the opposite direction from this, the sign of the 
corresponding difference in elevation must be reversed. 

When the condition equations have been stated then Equas. 
[176] for the correlatives may be formed and solved. Substi- 
tuting the resulting values of the correlatives in Equas. [175] the 
corrections themselves are found. Adding these corrections to the 
observed differences in elevation the final adjusted differences in 
elevation are obtained. After the completion of the adjustment, 
the elevation of any bench mark as found by following any route 
should be the same as that found by following any other route. 

It is possible to make this adjustment by assuming approxi- 
mate elevations for the various bench marks and solving for 
corrections to these assumed elevations, instead of dealing with 
the differences in elevation for each line. 

If the elevations of more than one bench mark are to be held 
fixed in the adjustment extra equations must be introduced for 
this purpose. 

For examples of adjustment and details of the method see 
Leland’s Practical Least Squares, p. 64, and U. S. Coast and 
Geodetic Survey Special Publ. No. 140, p. 53. 

213. The Precision Measures. 

Referring to the equation of the curve of error, Art. 197, 


—fi2x2 


QE BC ot [49] 


we see that there are two constants to be determined for any 
particular set of observations. These two constants are not 
independent, however, as will be shown. The total area be- 
tween the curve and the X axis was taken equal to unity; there- 


uM 
kf ere dt 1 
—00 
io a] 
& k iE en dy = 4, 
0 


Feri es h 
from which i; en" hdx = srk 


fore 


392 ADJUSTMENT OF TRIANGULATION 


In order to integrate this expression let ¢ = Aw and dt = h dx. 


Then f Ce edie 4 e*h dx. 
0 0 


Multiplying this equation by 


i "e-* dt = if o-” dh, 
0 0 
we have 
i fee ab E(t (eae hdx dh 
0 0 0 


-{ eT (1 + x?) dh 


ng es Tole? I Asics ik T 
i — ey = 
sal Ware es oe oi 


Therefore i e-" di = va 
0 2 
Vr ih 
and ae = 5 me 
jes wll [178] 
or om ey 17 


which shows the relation between the two constants. 
The equation of the curve of error may now be written 


— fra? 


1 
Raa [179] 

214. The Average Error. 

The average error (7) is the arithmetical mean of the errors, 
all taken with the same sign. To derive an expression for the 
average error, we see from equation (142) that f (x) dx is the 
probability that an observation will fall between the limits x 
and x + dx; that is, it represents the proportion of all the errors 
that will probably fall within these limits. Hence, if 7 observa- 
tions are made, the number in this strip will be 7 f (x) dx. The 
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sum of all the observations will be 
nf Ni) di, 
or on f Ly (yaa: 


The average error equals the sum of the errors divided by the 
number, that is, 


= — Pera e~**(— 2 h?x) dx 


Spores [180] 


215. The Mean Square Error. 

The mean square error (u) of an observation is the square 
root of the arithmetical mean of the squares of the errors. Since 
the number of errors between x and x + dx is nf («) dx, the 
sum of the squares of these errors is 


nx*f (x) dx. 


The sum of the squares of all the errors is 
nf My (2) da. 


J ee 
Therefore w= aE i Ca? dae (d) 


h . —hx? : — fry? VAs 
But <a fl & df =1, or Ee dx =: 


If we differentiate this with respect to / as the independent 
variable, we obtain 2 
Hf a () 


304 ADJUSTMENT OF TRIANGULATION 


Substituting (e) in (d), 
I 


ee 


216. The Probable Error. 

The probable error (7) of an observation is an error such that 
one half the errors of the series are greater than it and the other 
half are less than it; that is, the probability of making an 
error greater than 7 is just equal to the probability of making 
an error less than r. 

The probability that an error of an observation will fall be- 
tween the limits x and « + dx is f (x) dx. The probability 
that the error will fall between the limits +7 and —,r is given by 


[18x] 


— 1g = 2h a — hex? ed! 
Eee “ f@) de = =e f Cr 02.= 5, 


by the definition. 
To integrate, let ¢ = hx, and di = h dx, 


th e260 le —F# dt eet 
en gab é = Fe 


If we evaluate this integral for assumed values of Ar and 
then interpolate for the value of sr corresponding to 3, we 
find it to be 0.47694. 


Therefore a STO, 


[182] 
All the precision measures have now been expressed in terms 
of h, and it is evident that, 


T= 0.8453 n [183] 
= 0.0745 p. [184] 


The mean square error (u) is the largest, and the probable 
error (r) is the smallest, of the three precision measures. 

Any one of the three precision measures may be used to com- 
pare the relative accuracy of different series of observations, 
provided the different series are made under the same condi- 
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tions, so as to be affected by the same constant errors. In 
Europe the mean square error has been used more than the 
probable error; in the United States the probable error is gen- 
erally employed. There are some advantages, however, in the 
use of the average error (y). Theoretically it is slightly less 
accurate than either of the others; but inasmuch as the quan- 
tity itself is an estimate of an uncertainty in measurement, 
this objection is not a serious one. The value of 7 lies between 
the values of » and r. The method of computing 7 is simpler, 
as will be shown later, than the computation of either wu or +. 

Since in Equa. [158] it was shown that varies as 2, it follows 
that 

pao uae ht [x85] 

that is, the weights of the different observations on a quantity 
vary inversely as the squares of the precision measures. 

Tf uw is the precision measure of a direct observation of weight 
1, and wo is the precision measure of the mean, then since the 
weight of the mean is 7, the number of observations, 


Mo =e (f) 


217. Computation of the Precision Measures. 

Direct Observations of Equal Weight. To find u, the mean 
square error of an observation, suppose that we have m direct 
observations of equal weight made on a quantity M, and that 
the results are Mi, Mo,. . ., and that My is the most probable 
value. Let the errors be 1, %2,. . . and the residuals 1, v,. . 

Then in this case the residuals are 


y= M, a M), 
Oy = M, i Mo, 


x? 
and LS vz" j 
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If My were the true value of M, the residuals would be the 
same as the true errors, and in that case 


But in any limited number of observations this is not suffi- 
To obtain a more accurate expression, place 


[186] 


ciently exact. 
Mi +x=M; 
then 
a = M, — (Mo + x») == UN a0, 
= M,—- ae bie = ib) — EL 


Squaring, ie and dividing by n, 


ze = (2 — 2 x9 >) _ nay?) 


Since ye = 0, Art. 195, this reduces to 
Se 2 
Co a = IR 2 
The real value of x) is unknown; it may be taken as approxi- 
mately equal to the mean square error of Mo, which, from 


Equa. (f), is 
bh 
Va [187] 
h ee ats 
whence Meee + a 
= 
Therefore L= : 
et [188] 


To find yo, the mean square error of the mean value, we have 


by Equa. (f), 
De 
[189] 


Se in 
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From Equa. [184], 


EA SOTAS Not ae [190] 


2 
and Foe 0.6745 y_2e 2 [191] 
To find the average error (n) of a single observation, we see 
that, from Equa. [188], 


> = (n — 1) 


On the average the values of these residuals will be 


/n — I 
* Xy 
i _— n : 


9 


ze 


n 


Therefore =a ) [192] 
d i [193] 
an iy = es Vi = : 193 


The probable error is sometimes computed from the average 
error in order to avoid computing the squares of the residuals. 
From Equa. [183], 


0.8453 >, HM 
_——————<—$—$——————=—$=711) 194 
Vn (n — 1) 2 
0.8453 > 
and i ea [195] 
i ip 


Evidently the mean error may also be computed trom 7. 
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218. Observations of Unequal Weights. 
If the observations have unequal weights, let fi, fz, etc., be 
the weights; then 


oe Mi F Ma ae 
sa —s a 3 
Vv>? V py. 


By Art. 199, if each observation is multiplied by the square 
root of its weight, the observations are all reduced to weight 
unity. The residuals are therefore 


21 Vp, %Vp., etc. 
Applying Formule [188] to [195] to these residuals, we have 


Ma = yz = : [196] 


tel 


eS 


Me = 2 are ev [97] 
>> ae 


con’ of Ye (2 — 1) es 


pe 
rT, = 0.6745 2 4 


1, = 0.0745 Jet Dp [200] 


: ii) 


Set 
lay = CAO) : 201 
nsy/ Ye (n—v eae 


eve 


PEN) (n — at 


> Ve 


= NCTE a [203] 


Also, 
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dove 
io = Ri ae [204| 
>? (n — 1) 
from which 
rm, = 0.8453 m1, [205] 
1 0.8453 Nk) [206] 
1 = 0.8453 no. [207] 


219. Precision of Functions of the Observed Quantities. 
Suppose that a quantity M is defined by 


M = M.+M,, 


where M, and M, are independent and are observed directly. 
Let the mean square error (m.s.e.) of M, be m, and let that of 
M, be m2, the m.s.e. of the function M being denoted by yp. If 
we suppose the errors in the determination of M, to be a’, av”, 
Veen andethose of Wy to bea, i). 4% ,. . . , then the 


real errors of 1/, computed from the separate observations on M, 
and Mz, will be 


a0, 2 tq, ae!" a a¢q, eee 
x (ay" E ae")? + (ay? +”)? +++ - 


and LF 


nN 
Die a 2 > aries +)” 
a n 


But the wr terms will cancel out, because in the long run 
there will be as many + as — products 4% of the same magni- 
tude. 

Therefore Mp? = m2 + po”. [208] 

From Equas. [183] and [184] it is evident that 

tee = 11? + 19" [209] 
and ne? = me? +m? [210] 
Let us suppose that the function is defined by 
M = aM, 
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where a; is a constant; then the real errors of M will be 


/ // AAA 
Q1X%1, GX, , MUN 4,..., 
a? ym? 
naee 
and Me? = ——— = 17m’, 
n 
or in =u [211] 


By combining [208] with [211] it is clear that if 
M=aM,+4M,.+4:M;+:-: hie 


then Mr S aus _ [272] 
ip = ae, [213] 

nF? = dan. [214] 

Suppose that the function is of the general form indicated by 
Me =f (Mi Ms Ms. |). (g) 


Let Mi, = a +m, Mz = a + m, etc., in which qa is a close 
approximation to M,, a2 is a close approximation to M2, and m 
and m, are small corrections such that their squares may be 
neglected. We may regard m, and mp, etc., as containing the 
real errors of Mi, Mz,..., and wi, me,. . . may be considered 
as the mean square errors of mm, m2, etc. Substituting in (g), 
we have 
M =f (a +m), (a2 + me)... ). 

Expanding this function by Taylor’s theorem and denoting 

SAGRes eae byes 
M’ aM’ 


ts) 
— / c 
M=M' +m aun + mz “ie 


see (h) 


in which the terms containing the squares and higher powers of 
M1, M2,... have been omitted. Then the m.se. of M is the 
same as the m.s.e. of the terms in (h). 

By Equa. [212], this is 


0M’ |? 0M’ |? 
2 = 2 92 De oa 
MP ws] SEY + ne] SEY + ) 
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or, with sufficient accuracy, 


OM |? Tirole 12 
bp? Se Ea + py? Ea free, [215] 
Similarly, 
: aM |? ,| aM |? 
te? = 77 Ea oe ral | “Paes es [216] 
q F : aM |? BoM 2 
an ie = ih aM, + 12° aM, ee [217] 


It should be observed that in the preceding cases the unknowns 
are supposed to be independent of each other. If the quantities 
M,, Mz, etc., are functions of the same variable, a different pro- 
cedure is necessary. 

Also, in case the unknowns are subject to any number of con- 
ditions, the computation of the precision measure of any function 
must be so modified as to take into account the effect of these 
conditions. 

220. Indirect Observations. 

The computation of the precision of the adjusted values in the 
case of indirect observations is more complicated than in the 
case of direct observations, because it is necessary to know the 
weight of each of the unknowns, and this can only be found by 
the solution of equations similar to the normal equations 

It may be shown that if there are m observations on q un-- 
knowns, then 

age 
[218] 


oy 


i= 


where p is the ms.e. of an observation of weight unity. 
If p, is the weight of an unknown, then the m.s.e. of this un- 


known is 
Pee ee [219] 
Vo, p:(n — gq) 
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y2 
Similarly, r = 0.0745 ve re [220] 
as 2 
7u=TO.0 Vo cee [221] 
and = eS [222] 
Vinh — 4) 
2 [223] 


eS Von toe @) 


221. Caution in the Application of Least Squares. 

In applying the preceding principles it should be kept in mind 
that the ordinary adjustment by the method of least squares 
deals with the accidental errors only and can tell us nothing 
about the constant or systematic errors which may affect the 
results of observation. The ‘‘probable error” may therefore be 
far from the true error because such constant errors are present. 
We should think of the precision measures as indicating the de- 
viation of the result from the mean result of a large number of 
such observations, rather than its deviation from the true value. 
It is usually true that the constant or the systematic errors are 
far more serious than the accidental errors, the observer should 
be continually on the watch for constant errors which may affect 
his result. So long as the conditions under which a measure- 
ment is made remain exactly the same the systematic errors are 
likely to be the same and are therefore not observed. The 
presence of such errors is most likely to be observed when the 
conditions are varied as much as possible. If observations are 
made at different temperatures, or under different conditions of 
illumination, or with different instruments, the variations of the 
results are usually greater than when the conditions are not 
changed. ‘These variations indicate the presence of systematic 
errors and often enable the observer to estimate their magnitude. 

The computation of the most probable value improves the 
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result with respect to the accidental errors, but leaves the more 
serious form of error untouched. The futility of multiplying 
observations and adjusting them for the purpose of removing the 
small accidental errors, and at the same time failing to remove 
the large constant error, may be illustrated by the results ob- 
tained by a marksman who holds his rifle steadily and places all 
his shots in a small group, but whose rifle sights are so far out of 
alignment that his shots all strike far from the bull’s-eye. Of 
what use is the large number of shots under those circumstances? 
An adjustment of his results by least squares would correspond 
to an attempt to find the center of his group of shots, and would 
tell nothing about the distance from the bull’s-eye. A study of 
the causes of the error so that he could make an adjustment of 
his sights would accomplish more toward hitting the mark than 
an infinite number of shots fired under the original conditions. 
Of course the comparison is quite untrue in one respect; the 
marksman knows where his mark is, while the observer can never 
know the true value of the quantity he is measuring. 

While the method of least squares may not show directly the 
presence of constant errors, a study of the precision of the results, 
and a knowledge of the law governing the behavior of accidental 
errors, may enable the observer to detect the presence of constant 
error, or at least to decide whether it is probably present, and 
consequently to modify his methods of observing so as to reduce 
the effect of such constant error. Variations in the result which 
are greater than the error of observation shown by the precision 
measures is likely to mean that systematic error is present. This 
tracing of errors to their sources, and the consequent modification 
of instruments and methods, may constitute the most important 
application of least squares. 
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PROBLEMS 
Problem 1. The following angles are measured at station O. 


AOB = 31° 10’ 15.6 weight (2) 
BOC = 19 21 17 .4 fh) 


AOC 50) 3G 3 ye es 
COD = 33 5 16 © nn) 
BOD io aries 2 oO coe (Ga) 
AOD = So) 2 Se sea) 


Adjust the angles. 
Problem 2. The angles of a triangle are as follows: 


A 53° 53’ 38.94 wt. (3) 
B 79 22 56.17 “ (4) 
C 46 43 29 27“ (2) 
The spherical excess is 2’”.83. 
Adjust the triangle. 


Problem 3. The angles of a quadrilateral are as follows, the numbers correspond- 
ing to those in Fig. 153. The weights are all unity. The spherical excess may be 
neglected. 
pepe wd ney! 

By OLe2 
67 35 38 
Sed el 216) 
29 56 50 
BO) Sey Sis} 
(237 39) 
46 49 47 


SI AVERY SH 
AOnwosraan 


The sum angles are 


Adjust the quadrilateral. 
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8+1 70° 21’ 05’.0 
Aa 8 Weyl, Bi Cle) 46) 
4+5 81 48 20 8 
Oop 9 Wee 1B Cy a 
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Problem 4. Adjust the quadrilateral given on page 372, taking the pole at O, 


Fig. 153. 
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= 
4 = FS | 
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FORMULA: 


peeres a apr 


x é 
sage gas Sea 


5 7 
MeN aE e428 ic aot? 
T5 315 


Pe et eee 
ext 


ieee ee 
5 7 


BINOMIAL THEOREM 


m (m — 1) 


(a+ b)™ = a™ + ma™—) + To am 2f2 + 2 « 


MACLAURIN’S THEOREM 


f(x) =f) +; =f" (0) + if” 0) + Bf” 0) 


TAYLOR’S THEOREM 


f@+th=f@+Y' @+ Bf”@ ‘+ Bie + 3: 
LOGARITHMIC SERIES 
log (+x) =M(x-S 42" 4 se ) 


log (1 — x) = — 7 Cos : 


OTHER SERIES 


A 


-=ite+epot.. 


= 
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ELLIPSE AND SPHEROID 


Ce be 


= 
oS 5 
ae 


Ree (1 — é&) 
(1 — &sin?$)?” 
a 
Qa-@é& sin’)? 
* NRm : 
N cos?a + Rm sin? a 


Mean radius = p = VVRm 


N= 


Ra 


CONSTANTS 
logio x = M loge x. 
M = modulus of system of common logarithms 
= 0.434 2945. 
log M = 9.637 7843. 
mw = 3.141 592 65. log = 0.497 1400. 


180 
Tee Oat te log = 1.758 1226. 
180° X 60! 
me O48 AT: log = 3.536 2739 
° , iad 
see 206 264.8. log = 5.314 4251. 
Tv 
I I I 
~arcr” sint” tani” (Approx.) 
arc 1’ = 0.000 004 848 137. log = 4.685 5740. 
enh 206 264.806 = number cf seconds in the radian. 


arc 1” = about 0.3 inch at distance of one mile. 


CLARKE SPHEROID (1866) 


a = 6 378 206.4 meters. log = 6.804 6986. 
b = 6 356 583.8 meters. log = 6.803 2238. 
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e2 .006 768 658 log 7.830 5026 — 10 


I— é 9.997 0504 — I0 
a (1 — e?) 6.801 7490 
e? sin? 1”” 
6.426 4506 — 
GE) 426 450 20 
eo I.916 9670 — Io 
A ac) .916 967 
sin? 1/” 
8.2 — 
se 291 9685 — 20 
sin 1” 4.685 5749 — IO 


COAST SURVEY SPHEROID (1909) 


a = 6 378 388 + 18 meters. 
I 

= = 297.0+ 0.5. 

f 9 5 

b = 6 356 909 meters. 


RELATION BETWEEN UNITS OF LENGTH 


(Legal) Meters in one foot = 0.304 8006. log = 9.484 o158. 
Feet in one (legal) meter = 3.280 8333. log = 0.515 9842. 
Inches in one (legal) meter = 39.37. 
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TABLE I.—TABLE FOR DETERMINING RELATIVE STRENGTH 
OF FIGURES IN TRIANGULATION 


* 710°] 12 | 14° | 16° | 18° | 20° |22°124°)26°|98°430°|35°140°145 °150°955°/60°165°|70°175 °180°/85 °190° 


26] 213} 160) 126} 104) 89] 77) 68) 61) 56} 51 
28] 206] 153] 120} 99) 83] 72} 63] 57] 51] 47] 43 


30] 199} 148] 115} 94) 79] 68] 59) 53) 48) 43] 40) 33 
35] 188] 137} 106] 85} 71] 60} 52] 46) 41) 37] 33] 27 
40] 179) 129) 99] 79] 65] 54] 47) 41} 36] 32] 29) 23 
45] 172) 124) 93) 74) 60] 50] 43] 37] 32) 28] 25) 20 


50] 167} 119} 89} 70} 57} 47} 39} 34} 29] 26] 23} 18 
55] 162} 115) 86] 67) 54] 44] 37] 32) 27) 24] 21) 16 
60] 159] 112} 83) 64} 51} 42) 35) 30] 25) 22] 19) 14 
65] 155} 109) 80) 62} 49] 40) 33) 28) 24) 21] 18) 138 


70] 152} 106] 78) 60} 48] 38) 32] 27} 23] 19} 17) 12 
75] 150) 104) 76} 58) 46] 37) 30} 25) 21) 18] 16) 11 
80} 147) 102) 74) 57) 45] 36] 29) 24) 20) 17] 15) 10 
85] 145) 100} 73) 55} 43] 34! 28) 23) 19) 16] 14) 10 


90] 143] 98] 71) 54] 42) 33} 27] 22) 19) 16] 13) 9 


95] 140} 96) 70) 53) 41] 32) 26) 22) 18) 15] 13 
100] 138} 95} 68] 51} 40] 31) 25) 21) 17) 14] 12 
105} 136] 93] 67) 50} 39} 30) 25) 20) 17) 14} 12 
110} 134} 91) 65) 49} 38] 30) 24) 19) 16) 137 11 


115} 132) 89) 64) 48] 37] 29) 23) 19) 15) 13) 11 
120} 129} 88] 62] 46] 36] 28) 22] 18) 15) 127 10 
125] 127} 86) 61] 45] 35] 27] 22) 18] 14} 12] 10 
130] 125} 84} 59) 44] 34] 26) 21) 17) 14] 12} 10 


135] 122} 82] 58) 43} 33} 26) 21) 17) 14) 12] 10 
140] 119} 80) 56] 42} 32) 25) 20) 17} 14) 12} 10 
145] 116] 77) 55) 41) 32) 25) 21) 17) 15) 137 11 
150] 112} 75] 54) 40) 32] 26) 21] 18) 16) 15] 13 


152] 111] 75) 53] 40} 32) 26) 22] 19) 17) 16 
154] 110} 74] 53) 41) 33] 27) 23] 21) 19 
156} 108} 74) 54) 42] 34] 28] 25) 22 
158} 107} 74} 54) 43] 35} 30) 27 
160] 107} 74} 56) 45) 38) 33 


162} 107} 76) 59} 48) 42 
164] 109} 79) 63) 54 
166} 113} 86) 71 
168} 122} 98 

170} 143 
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TABLE II. — CORRECTION FOR EARTH’S CURVATURE AND 


REFRACTION 
Dist. Corr. Dist. Corr. Dist. Corr. 
Miles. Feet. Miles Feet. Miles Feet. 
1 0.6 21 Zoo 41 964.7 
2 P83 22 277.7 42 1012.2 
3 5.2 23 303.6 43 1061.0 
4 9.2 24 330.5 44 1111.0 
5 14.4 25 358 .6 45 1162.0 
6 20.6 26 388.0 46 1214.2 
a 28.1 27 418.3 47 1267 .7 
8 36.7 28 449.9 48 1322.1 
9 46.4 29 482.6 49 1377.7 
10 57.4 30 516.4 50 1434.6 
11 69.4 31 551.4 51 1492.5 
12 SUE O 32 587 .6 52 1551.6 
13 97.0 33 624.9 53 1611.9 
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For factor C 


For factor B use right-hand argument. 


TABLES 
OF TRANSIT OBSERVATIONS 


Top Argument = Star’s Declination (6). 
Side Argument = Star’s Zenith Distance (jf). 


{For factor A use left-hand argument. 


use bottom line.] 


TABLE III.—SHORT TABLE OF FACTORS FOR REDUCTION 
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4(r—r’). 
[The sign of the correction is the same as that of the micrometer difference. ] 


TABLE V.— CORRECTION TO LATITUDE FOR DIFFEREN- 
TIAL REFRACTION 
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TABLE VI.— CORRECTION TO LATITUDE FOR REDUCTION 


TO MERIDIAN 


[Star off the meridian but instrument in the meridian. 
latitude is positive except for stars south of the equator and subpolars.] 


The sign of the correction to the 
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TABLE VII (Con.).— REDUCTION OF LATITUDE TO SEA LEVEL 


[The correction is negative in every case.] 
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*S SS000 SCSOSoSoSo SCSoOCoSD SccoCeo CoOSoSOo CoSceooo ScSoSSCS 
rae a DOCOKH FBNNMM HH19MO OCKRDHDH BQMOOnH BNAAMO W919 
so 2 5 SIGIR VANITY GUCUIEIGIR) GRIGG KONIG seIGo oe) Geicclacioe ae) loslatodiadae 
pila tase Soscco CcoSoSoSo SsoSoSaSo SGeocoeo coeooSD SCOCCOo cOoSoSoS 
a DOHORBO OCHnHAN MMHHH WHOOK DDAOG® OOHnHHN NMOS 
19 1D Sa oe ae OU CGUICN SACNICUGUCNICN D .CNGNAINICN CUAIGUER GEGEsdIGAGe! Selon ad ontod 
Sey SOCCO SCcoeooSo ScooeoSe ScocooeoSe coeoeSo SCCcoScao ocoSoSoSo 
ae OrKR0D OG2GOO FBHAND MMHHD WMOORKR WHHNSS SDOmAN 
SS ECSU Git CN UGC ICA CGA NIC CYC CAIGN ON GSO C1 01 See 
NT al SCOoDoDO coo oSo Coo oSo CoCo oOoD coo eoSo Soo oOoD SCoSooS 
»- & H19100 6 ORR OOH DRROO SHH AN ANMHH WOOGO Ornrwnga 
1% (19 Oe ae a se sa NIN INI CNOA NICU CANIN 
eek SSoOCoOSo cooSeoSo CcooOoS Sooo o ccoeoeo cooooD SCOSoOSoS 
oP a NNN HHH IMOOOR KRRDDND ABNROO SAHA ANON 
2 2 a ae lata ae ares tC CUICNICVICNICN CONN 
age SS6OS0SO Sooo oO ScOoSoSoo SOeeo ScCSoeoeoS COCO oO escoScSo 
ae BROCCO BHA AN ANMMH DAHAHHH 191919190 OOORKR HHOHMH 
eS ee a ee ee ae aay a 
eo SCOSCOOoO ScooeSo ocooSoSo coooe cooeso scosoo coooSo 
ORKKKK KRRODD DHBEGA SSQBSCO SCOCOKnHA FAA HA ANAANN 

SS 2 - ooooo Sooee So See) Sis t Seon oe Sn hee en ee Seen inane hee! 
es SOCOOSO SCoOSCoOS SCSoSoeooO COO oOSD ScOOooo ScScOeoSD SCSOoOSOSO 
4 COC CO SHH HHH HHH HID 1919191919 11D 1911 BOSEOGS LSECOCS 

» 2 » SSeoe Seeoe Soees Sooo e Sos ss SSIS Soo 2 
es Scoooo SoooSSo CoCo oOo Coco So Coo SoSo ScoSooo CcoSooS 
BROONRAD SOTA ANodtt BW9HSO EPEHHHD BOOM AqQoad 
% BSABDHA BHAtKR SHGAN WHF OGOMOABN WHAI90 BYES 
BONA NANO SHH HID 11H OCOS BEER HO OHHODBD® SDOOnn 

Sr | | SaaS | a ANNAN 
[aaooS SeooSe SoeSe SeSeSeSe SSSeS (SeeSee eelerm 

pe $SSSSS5 SSSGSS S0ESESS SSSSSE SSSESS SSSSSE SSSSS 
SSR HOS SMOSH ORHSO ANMNHD SCHHSS BAMHSH SLOSS 
OCOD HAHAHA BHAA InwHidinid wWigigHd GOOGSOS GOOOOK 
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TABLE VII (Con.). REDUCTION OF LATITUDE TO SEA LEVEL 


[The correction is negative in every case.] 
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TABLE VIII.—FOR CONVERTING SIDEREAL iNTO MEAN 
SOLAR TIME 


[Increase in Sun’s Right Ascension in Sidereal h. m. s.] 


Mean Time = Sidereal Time — C’. 


rea i Corr. ve Corr. Ee Corr. ee Corr. an Corr. 
m s Ss Ss Ss s 

i |] ©) gee || @pnos |] Bee | Baer) || Once |) se |) © Ss 
2] o 19.659 Al Ongar | eri || bene 2] 0.005 | 32] 0.087 
3 © 29 .489 3 © .491 ae 5 .406 3 ° .008 83 © .090 
4| 0° 39-318 | 4] 0.655 | 34] 5-570 | 4] o.orr | 34] 0.093 
5 © 49.148 5 o .819 35 5 .734 5 Odom |) 25 © .096 
Ga ons 8207778 | OnlmonOS3 5 n30) ses Sos 6] 0.016 | 36} 0.098 
7 I 8.807 77 I .147 37 6 .062 || Oso SY) || oie 
i} ) te RSS |) i) mehee [ey] Gem || @qo2 || eth |) Cowen 
9 I 28.466 9 I .474 39 6.389 9 | 0.025 39 © .106 
IO | 1 38.296 | Io nS | ZO || Ocs58) ||) Gxewye || 2O' O.ceo 
II t 48.125 | II Rege2 || Ab || Og |e || Og | ce | OLE 
1) | ae GeO aw it (X00) || HI. |) Det || be | foe) | HA |! Scales 
113} Dy Gprheyl, |) 508} @) matey | d216} 7.045 13 © .035 43 ©.117 
I4 GD itp Ow |i iy 2.2904 | 44 7.208 TAN MOLO2 5440 monr2o 
15 2 27.443 | 15 2.457 45 Toye I5 © .O41 45 ©7123 
FO) | 2037-273) 10) |e2).027) 17401) 7536. | 16) | oLo44) 46) | 0. 126 
17 2eAT ALO2a| ei 7, OE TOS 47 7.700 17 © .046 47 0.128 
18} 2 56.932 | 18 2 joyilsy || 443} || yO || Sth) @vor@ | 4D) O.ungw 
mie) || 32 GcqOR || aie) || Bowuey | ZO) Seo? jak) Gsog7 | CoO) Ouege 
a) || 2 AO OM || 2) || 3.277 || FO} Satie || AO | OaoHy || |) Oaey) 
ar || 2 oO fan || 2 || Gee he || gy [pee | Cosy? |e || Coico 
2x | 3 ACH || 22) Bice | 51) Sexe) |) 22) Sxedo | Fe |) Ceie 
26} || 3 AGLOSS || Bey || Bays | Ge) |) Eidoeky wey Odes || Bel) wait; 
By || 2 re (ee) perk || 268 | GVA] waeKi |) eri @xelele) | EYE Com 
25 4 .096 55 g .O10 25 © .068 55 0.150 

AS | ayy | KO|) Oawe |2O]| oop | HO) Ong 

27 | 4-423 |57| 9-338 | 27] ©-074 | 57| 0.156 

|| Ase | 3) @Ayen | 2] Ove | || eanks 

PH) || Ghcvfisis 590 | 9.666 | 29} 0.079 59 | 0.161 

30 | 4.015 | 60] 9.830 | 30] 0.082 | 60} 0.164 
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TABLE IX.—FOR CONVERTING MEAN SOLAR INTO 
SIDEREAL TIME 


(Increase in Sun’s Right Ascension in Solar h. m. s.] 


Sidereal Time = Mean Time + C. 


MS) ont S| cong EN eae | coe) PE) ae 
m Ss s =) s SS 
I o 9.856 I o.204) || SF 5 .093 I © .003 31 ©.0 
Pye woy ley ieee || ill foecwien ila) Ria: 2] o©.005 | 32] ©.08 
3 © 29.569 3 © .493 33 5 .421 3 0.008 33 © .0go 
4] o 39.426 4] 0.657 34 5-595 4 © .OIL 34 © 093 
5 © 49 .282 5 o 821 So 5.750 5 © .Or4 35 © .096 
6) 59.130) 6)| -o-GsG) 1996)) = e074 6 | o.or6 | 36} 0.099 
Valle 995 Vall tk sOm | Oval ee OnORe WT o.08o)) |) SY 4" oso 
8] 4 18.852 8| z.314 | 38] 6.242 8} 0.022 | 38] o.104 
9 I 28.708 9 r.478 39 6.407 fe) © .025 39 © .I07 
EO) |) Sr 8-505 4|e LO) 2.04 3n| 40) soca e IO | @.087) | 404) loarre 
II ce Eisieree |) Wai r.807 | 41 6.735 II 0.030 | 41 ©.II2 
12 PESO e276) alee I.Q7E | 42 6.900 | 22] 6.033 (42 |) G.2r5 
13 OP aSveie ye | (aes) 2.130 43 : 7 064 13 0 .036 43 0.118 
4 | 2 27.99" | 24 | ‘2.300" 44 | 4.228 4.) @.038 | 44) ‘o.ra0 
I5 227.847 TS 2.464 45 7.392 15 © .041 45 O.re 
TO; > 2) ay 2704 | TO) 27628.) 40 |) eeeces Nir Gu eopoaa a tOl| toetaG 
7 2A COONEY 2.793 47 gia we 0.047 47 © .129 
£8) 20547 2aty7 | 18 |) Ye os% | 48) 788s." | 18 4) oLenbin | Asin oeres 
19 S273 nto 2 Lar 49 § .049 19 © .052 490 © .134 
20 By 120 520 3.285 50 8 .214 20 0.055 50 0.137 
ZT |e 3 20 980) |-21 | Vs acom| sT WS. e7o) (lar ergega| OTe aA 
22 3) 20), G42 laa 2 3.614 52 8.542 22 © .060 52 © .142 
23 | 3 46.699 | 23 | 3.778 | 53] 8.707 | 23 | 0.063 | 53] 0.145 
24 | 3 56.555 | 241 3.043 | 541 8.87r | 24 | 0.066 | 54] 0.748 
25.|. 4.207 155] 9.935 | a5] oxeGS | ss] o.zsr 
26| 4.27 | 56] 9.1909 | 26] o.o7r | 56] 0.153 
27). 4.435 | 57 | 9.364 | 27] o.oza) | s¥ |] o.050 
28 4.600 58 9 .528 28 0.07 58 0.160 
29 4.764. 59 9 .692 20 © .070 590 o .162 
30 | 4.928 | 60] 9.856 | 30 0.082 60 | 0.164 


TABLES 421 


TABLE X.— LENGTHS OF ARCS OF THE PARALLEL AND 
THE MERIDIAN AND LOGS OF N AND Rn 


[Metric Units.] 


s Parallel. Meridian. * 
Romane: Value of 1°. Value of 1°. ice DN. Log Rm. 

° , Meters. Meters. 
0 00 111,321 110,567 .2 6 .8046985 6.8017489 
- 30 1,361 567.3 6987 7493 
1 00 1,304 567 .6 6990 7502 
30 1,283 568 .0 6996 7519 
2 00 1253 568 .6 7003 7543 
30 1,215 569.4 7012 7573 
3 00 1,169 570.3 7025 7610 
30 1,114 571.4 7040 7654 
4 00 1,051 STZ 7057 7704 
30 110,980 574.1 7076 7761 
5 00 110,900 110,575.8 6 .8047097 6.8017824 
30 0,812 577 .6 7120 7894 
6 00 0,715 579.5 7146 7971 
30 0,610 581.6 7174 8054 
7 00 0,497 583 .9 7203 8144 
30 0,375 586.4 7235 8240 
8 00 0,245 589.0 7270 $343 
30 0,106 591.8 7307 8452 
9 00 109,959 594.7 7345 8568 
30 9,804 597.3 7385 8690 
10 00 109,641 110,601.1 6.8047428 6.8018819 
30 9,469 604.5 TATA 8954 
11 00 9,289 608.1 7520 9094 
30 9,101 611.9 7570 9241 
12 00 108,904 615.8 7620 9395 
30 8,699 619.8 7673 9555 
13 00 8,486 624.1 7729 9720 
30 8,265 628.4 7786 9892 
14 00 8,036 633 .0 7845 6 .8020070 
30 107,798 637 .6 7907 0254 
15 00 107,553 110,642 .5 6.8047970 6 .8020443 
30 7,299 647.5 8035 0639 
16 00 7,036 652.6 8102 0839 
30 6,766 657.8 8171 1047 
17 +00 6,487 663.3 8242 1258 
30 6,201 668.8 8315 1477 
18 00 5,906 674.5 8389 1701 
30 5,604 680.4 8465 1930 
19 00 5,294 686.3 8544 2165 
30 4,975 692.4 8624 2404 
20 00 104,649 110,698 .7 6.8048705 6 .8022649 
30 4,314 705.1 8789 2900 
21 00 3,972 (AIG 8874 Dilly 
30 3,622 718.2 8960 3415 
22, 00 3,264 P2540 9049 3680 
30 2,898 aN ates 9139 3950 
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TABLE X (Con.) — LENGTHS OF ARCS OF THE PARALLEL 
AND THE MERIDIAN AND LOGS OF N AND Rn 


|Metric Units.] 


SEE Value of 1°. Value of 1°. oe EN. Log Rm. 
° , Meters. Meters. 
23 00 102,524. 110,738.8 68049231 6 .8024225 
30 2,143 746.0 9323 4504 
24 00 1,754 103.2 9418 4788 
30 1,857 760.6 9514 5077 
25 00 100,952 110,768 .0 6.8049612 6 .8025370 
30 0,539 To.6 9711 5667 
26 00 0,119 783.3 9812 5968 
30 99,692 791.1 9914 6274 
27 00 9,257 799.0 6.8050017 6584 
30 8,814 807.0 0121 6897 
28 00 8,364 815.1 0227 7215 
30 7,906 823.3 0334 7536 
29 00 7,441 831.6 0443 7862 
30 6,968 840.0 0552 8190 
30 00 96,488 110,848 .5 6 .8050663 6. 8028522 
30 6,001 857 .0 0774 8857 
31 00 95,506 865.7 O888 9197 
30 5,004 874.4 1002 9539 
32 00 4,495 883.2 LA 9883 
30 3,979 892.1 1233 6.8030231 
33 00 3,455 901.1 1350 0582 
30 2,925 910.1 1468 0935 
34 00 2,387 919.2 1586 1292 
30 1,842 928.3 1706 1651 
35 00 91,290 110,937 .6 6.8051826 6.8032012 
30 0,731 946.9 1947 2375 
36 00 0,166 956.2 2069 2741 
30 89,593 965.6 2192 3109 
37. ~00 9,014 975.1 2315 3479 
30 8,428 984.5 24389 3850 
38 00 7,835 994.1 2564 4224 
30 (G235 111,003.77 2689 4599 
39 00 6,629 013.3 2814 4976 
30 6,016 023.0 2940 53854 
40 00 85,396 111,032.7 6.8053067 6.8035734 
30 4,770 042.4 3194 6115 
41 00 4,137 052.2 3321 6496 
30 3,498 061.9 3448 6878 
42 00 2,853 071.7 3576 7262 
30 2,201 081.6 3704 7646 
43 00 1,543 091.4 3832 8031 
30 0,879 101.3 3960 8416 
44 00 80,208 UL a 4089 8802 
30 79,532 121.0 4218 9188 
45 00 78,849 111,130.9 68054847 6 .8039574 
30 8,160 140.8 | 4476 9960 
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TABLE X (Con.).—LENGTHS OF ARCS OF THE PARALLEL 
AND THE MERIDIAN AND LOGS OF N AND Ra 


Latitude. 


{Metric Units.] 


Parallel. Meridian. 
Value of 1°. Value of 1°. 

Meters. Meters. 

77,466 ORG 6.8054604 
6,765 160.5 4732 
6,058 170.4 4861 
5,346 180.2 4989 
4,628 190.1 5118 
3,904 199.9 5246 
3,174 209.7 5373 
2,439 219.5 5500 

71,698 111,229 .3 6.8055628 
0,952 239.0 5754 
0,200 248 .7 5880 

69,443 258 .3 6006 
8,680 268 .0 6131 
7,913 277.6 6256 
7,140 287.1 6380 
6,361 296.6 6504 
5,578 306.0 6627 
4,790 315.4 6749 

63,996 111,324.8 6.8056870 
3,198 334.0 6991 
2,395 343.3 7111 
1,587 352.4 7230 
0,774 361.5 7348 

59,957 370.5 7465 
9,135 379.5 7582 
8,309 388.4 7697 
7,478 397.2 7811 
6,642 405.9 7924 

55,802 111,414.5 6.8058037 
4,958 423.1 8148 
4,110 431.5 8258 
3,207 439.9 8366 
2,400 448 .2 8474 
1,540 456.4 8580 
0,675 464.4 8685 

49,806 472.4 8789 
8,934 480.3 8891 
8,057 488.1 8992 

AT.1T7 111,495.7 6.8059092 
6,294 503.3 9190 
5,407 510.7 9287 
4,516 518.0 9382 

43,622 525.3 9475 
2,724 Doeno 9567 
1,823 539.3 9658 
0,919 546.2 9747 


6.8040346 
0731 
iL 
1502 
1887 
2270 
2653 
3034 
6.8043416 
3796 
4175 
4552 
4928 
5302 
0674 
6044. 
6413 
6779 
6.8047144 
7506 
7866 
$223 
8578 
8929 
9279 
9624 
9968 
6.8050307 
68050644 
0977 
1307 
1633 
1956 
2274 
2590) 
2900 
3208 
3010 
6.8053809 
4103 
4393 
4678 
4959 
5235 
5506 
5772 
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TABLE X (Con.).—LENGTHS OF ARCS OF THE PARALLEL 
AND THE MERIDIAN AND LOGS OF N AND Rm 


{Metric Units.] 


: Parallel. Meridian. fe 
Leriuger |) “value of 1°) Velueor i ROE Ns LobiRen 
© 4 Meters. Meters. 

69 00 40,012 111,552.9 6.8059834 6.8056034 
30 39,102 559.5 9919 6290 
70 00 38,188 111,565.9 6.8060003 6.8056542 
30 1,212 VPA 2 0085 6788 
71 00 6,353 578.4 0165 7029 
30 5,421 584.5 0244 7264 
72 00 4,506 590.4 0321 7495 
30 3,578 596.2 0396 7719 
73 00 2,648 601.8 0468 7938 
30 TANG 607.3 0539 8153 
74 00 0,781 O12 0608 8361 
30 29,843 617.9 0676 8563 
75 00 28,903 111,622.9 6.8060742 6.8058759 
30 7,961 627.8 0805 8950 
omn00 7,017 632.6 0867 9135 
30 6,071 (3474 5 LL 0927 9314 
te OO 5,123 641.6 0984 9487 
30 4,172 645.9 1040 9653 
78 00 3,220 650.0 1093 9814 
30 2,266 653.9 1145 9968 
79 00 1,311 657.8 1195 6.8060118 
30 20,353 661.4 1242 0258 
80 00 19,394 111,664.9 6.8061287 6.8060394 
30 8,434 668 .2 1330 0523 
81 00 7,472 671.4 1371 0646 
30 6,509 674.4 1409 0763 
82 00 5,545 677.2 1446 0873 
30 4,579 679.9 1480 0976 
83 00 3,612 682.4 1513 1074 
30 2,644 684.7 1544 1163 
84 00 1,675 686.9 iyAl 1248 
30 10,706 688 .9 1597 13825 
85 00 9,735 111,690.7 6.8061620 6.8061395 
30 8,764 692.3 1642 1459 
86 00 7,792 693.8 1661 1517 
30 6,819 695.1 1678 1567 
87 00 5,846 696.2 1692 1611 
30 4,872 697 .2 1705 1648 
88 00 3,898 697.9 1715 1679 
30 2,924 698 .6 1S 1702 
89 00 1,949 699.0 1728 1719 
30 975 699.3 1731 1729 
90 00 0 111,699 .3 6.8061733 6.8061733 
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TABLE XI.— TABLE OF LOGARITHMS OF RADII OF CURVA- 
TURE OF THE EARTH’S SURFACE IN METERS FOR VARIOUS 
LATITUDES AND AZIMUTHS 


[Based upon Clarke’s Ellipsoid of Rotation (1866).] 


Azimuth, 0° lat. dialate 2° lat. 3° lat. 4° lat. 5° lat. 6° lat. 


ee 6.80175 |6.80175 |6.80175 |6.80176 |6.80177 |6.80178 |6.80180 


177 177 178 178 179 180 182 
10 184 184 184 185 186 187 188 
15 195 195 195 196 197 198 199 
20 209 209 210 210 211 212 214 
25 227 228 228 228 229 230 232 
30 248 249 249 250 250 251 252 
35 272 272 272 273 273 274 276 
40 296 297 297 297 298 299 300 
45 322 022 022 323 324 324. 325 


50 348 348 348 348 049 350 351 
55 373 313 373 373 BYE: 374 BYES) 
60 396 396 396 396 397 398 398 


65 417 417 47 418 418 418 419 
70 435 435 436 436 436 437 437 
75 450, 450 450 450 451 451 452 
80 461 461 461 461 462 462 463 
85 468 468 468 468 468 469 469 
90 470 470 470 470 471 471 472 
Azimuth. 6° lat. Gelate 8° lat. Oats 10° lat. 11° lat. 12° lat. 


Meridian. |/6.80180 |6.80181 |6.80183 |6.80186 |6.80188 |6.80191 |6.80194 
5 182 184 186 185 190 193 196 

188 190 192 194 197 200 202 
199 201 203 205 207 210 213 
214 215 217 219 222 224 227 


232 233 235 237 239 242 244 


252 254 256 257 260 262 264 
276 277 278 280 282 284 287 
300 301 303 304 306 308 310 
325 326 328 329 dol 333 335 
351 352 353 304 356 308 359 
375 376 377 379 380 382 383 
398 399 400 401 403 404 406 
419 420 421 422 423 424 426 
437 438 439 440 441 442 443 
452 452 453 454 455 456 457 
463 463 464 465 466 467 408 
469 470 470 471 472 473 474. 
472 472 473 474 474, 475 476 
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TABLE XI (Con.).— TABLE OF LOGARITHMS OF RADII OF 
CURVATURE OF THE EARTH'S SURFACE IN METERS FOR 
VARIOUS LATITUDES AND AZIMUTHS 


[Based upon Clarke’s Ellipsoid of Rotation (1866).] 


| Azimuth. 12° Tat: 132 lat: 14° lat. 15° lat. 16° lat. 72 lat. 18° lat. 
Meridian. |6.80194 |6.80197 |6.80201 |6.80204 |6.80208 |6.80213 |6.80217 
5 196 199 203 206 210 215 219 

10 202 206 209 213 DAT, 221 225 

15 213 216 219 223 227 231 235 

20 220 230 233 236 240 244 248 

25 244 247 250, 254 257 261 265 

30 264 267 270 273 276 280 284 

35 287 289 292 295 298 301 305 

40 310 313 315 318 321 324 327 

45 335 337 339 342 344 347 350 

50 359 361 364 366 368 371 373 

55 383 385 387 389 391 394 396 

60 406 407 409 411 413 415 417 

65 426 427 429 430 432 434 436 

70 443 444 446 447 449 451 453 

75 457 458 460 461 463 464 466 

80 468 469 70 471 13 474 476 

85 474. 475 476 478 479 480 482 

90 476 AT7 478 480 481 482 484 
Azimuth. 18° lat. 19° lat. 20° lat. 21° lat. 22° lat. 28° lat. 24° lat. 
Meridian. |6.80217 |6.80222 |6.80226 |6.80232 |6.80237 |6.80242 |6.80248 
5 219 224 228 234 239 244 250 

10 225 230 234 239 244 250 205 

le 235 239 244 249 254 259 264 

20 248 252 257 262 266 271 277 

25 265 269 273 277 282 287 292 

30 284 287 292 296 300 305 309 

35 305 308 312 316 320 324 329 

40 327 330 334 338 341 345 350 

45 350 353 357 360 364 367 371 

50 373 376 379 382 386 389 392 

55 396 398 401 404 407 410 413 

60 417 419 422 424 427 430 432 

65 436 4388 440 443 445 448 450 

70 453 454 456 459 461 463 465 

75 466 468 470 472 473 476 478 

80 476 478 479 481 483 485 487 

85 482 483 485 487 489 490 492 

90 484 485 487 489 490 492 494 
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MS TABLE XI (Con.).— TABLE OF LOGARITHMS OF RADII OF 
CURVATURE OF THE EARTH’S SURFACE IN METERS FOR 
VARIOUS LATITUDES AND AZIMUTHS 


[Based upon Clarke’s Ellipsoid of Rotation (1866).] 


Azimuth. 24° lat. 25° lat. 26° lat. 2 olate 28° lat. 29° lat. 30° lat. 
Meridian. |6.80248 |6.80254 |6.80260 |6.80266 |6.80272 |6.80279 |6.80285 
5 250 256 262 268 274 280 287 

10 255 261 267 273 279 285 292 

15 264 270 276 282 288 294 300 

20 207, 282 288 293 299 305 311 

25 292 297 302 308 313 319 325 

30 309 314 319 324 330 335 340 

30 329 333 338 343 348 353 358 

40 350 354 358 362 367 372 377 

45 371 375 379 383 387 391 396 

50 392 396 399 403 407 411 415 

55 413 416 420 423 426 430 434 

60 432 435 438 442 445 448 451 

65 450 453 455 458 461 464. 467 

70 465 468 70 473 75 478 481 

75 478 480 482 484 487 489 492 

80 487 489 491 493 495 498 500, 

85 492 494 496 498 501 508 505 

90 494 496 498 500 502 504 507 
Azimuth. 30° lat. 31° lat. 32° lat. 33° lat. 34° lat. 35° lat. 36° lat. 
Meridian. {6.80285 |6.80292 |6.80299 |6.80306 |6.80313 6.80320 |6.80327 
5 287 294 300 307 314 322 329 

10 292 298 305 312 319 326 333 

A 300 306 313 329 326 333 340 

20 ela! lyf 324 330 337 343 350 

25 325 331 337 343 349 355 362 

30 340 346 352 358 364 370 376 

35 358 363 369 374 380 385 391 

40 377 382 386 392 397 402 407 

45 396 400 405 410 414 419 424. 

50 415 419 423 428 432 436 441 

55 434 437 44] 445 449 453 457 

60 451 455 458 462 465 469 472 

65 467 470 473 476 480 483 486 

70 481 484 486 489 492 495 498 

1 492 494 497 500 502 505 508 

80 500 502 505 507 510 512 515 

85 505 507 510 512 514 ally 519 

90 507 509 lak 514 516 518 521 


428 TABLES 


TABLE XI (Con.).— TABLE OF LOGARITHMS OF RADII OF 
CURVATURE OF THE EARTH’S SURFACE IN METERS FOR 
VARIOUS LATITUDES AND AZIMUTHS 


{Based upon Clarke’s Ellipsoid of Rotation (1866).] 


Azimuth. 36° lat. 37° lat. 38° lat. 39° lat. 40° lat. 41° lat. 42° lat. 


Meridian. |6.80327 |6.80335 [6.80342 |6.80350 |6.80357 |6.80365 |6.80373 

5 329 336 344 351 309 366 374 
10 333 340 348 355 363 370 378 
15 340 348 309 362 369 376 384 
20 350 357 364 371 378 385 392 


25 362 368 375 382 388 395 402 
10) 376 382 388 394 401 407 413 


35 391 397 402 408 414 420 426 
40 407 412 418 423 429 434 440 
| 45 424 429 434 439 444 449 454 
50 441 445 450 454 459 464 468 
55 457 461 465 469 A474 478 482 
60 472 476 480 484 487 491 495 
65 486 489 493 496 500 503 507 
70 498 501 504 507 510 514 517 
75 508 510 513 516 519 522 525 
80 islliss 517 520 523 525 528 Do 
85 519 §22 524 5927) 529 532 534 
90 svall 523 526 528 531 533 536 
Azimuth. 42° lat. 43° lat. 44° lat. 45° lat. 46° lat. 47° lat. 48° lat. 
Meridian. |6.80373 |6.80380 |6.80388 |6.80396 6.80404 |6.80411 |6.80419 
5 374 382 389 397 404 412 420 
10 378 385 393 400 408 415 423 
15 384 391 398 406 413 420 428 
20 392 399 406 413 420 427 434 
25 402 408 415 422 429 436 442 
3 413 420 426 433 439 446 452 
35 426 432 438 444 450 456 462 
40 440 446 451 457 462 468 474 
45 454 459 464 470 475 480 485 
50 468 473 478 482 487 492 496 
Oo 482 486 490 495 499 503 508 
60 495 499 502 506 510 514 518 
65 507 510 514 517 520 524 528 
70 517 520 §23 526 529 ey) 536 
(5 525 528 531 5384 536 539 542 
80 531 534 536 539 542 544 547 
85 534 ers 540 542 545 548 550 
90 536 5388 541 544 546 549 551 
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TABLE XI (Con.).— TABLE OF LOGARITHMS OF RADII OF 
CURVATURE OF THE EARTH’S SURFACE IN METERS FOR 
VARIOUS LATITUDES AND AZIMUTHS 


[Based upon Clarke’s Ellipsoid of Rotation (1866).] 


Azimuth. 48° lat. 49° lat. 50° lat. 51° lat. §2° lat. 53° lat. 54° ce 
Meridian. |6.80419 |6.80426 |6.80434 |6.80442 |6.80449 |6.80457 |6.80464 
5 420 428 435 443, 450 458 465 
10 423 430 438 445 453 460 467 
15 428 435 442 450 457 464 471 
20 434 441 448 455 462 469 476 
25 449 449 456 463 469 476 482 
30 452 458 465 471 477 484. 490 
35 462 468 474. 480 486 492 498 
40| 474} 479] 485| 490| 496] 501) 506 
45] 485; 490] 495] 500| 505] 510| 515 
50 496 501 506 510 515 520 524 
55 508 512 516 520 524 528 533 
60 518 522 526 530 533 537 541 
65 | 528| 531| 534| 538| 541] 545) 548 
70| 536; 539| 542) 545| 548| 551| 554 
75 542 545 548 551 554 557 559 
80 547 550 553 555 558 561 563 
85 550. 553 555 558 560 563 566 
90 551 554 556 559 561 564 566 
Azimuth, 54° lat. 55° lat. 56° lat. 57° lat. 58° lat. | 59° lat. 60° lat. 
Meridian.| 6.80464 |6.80471 |6.80479 |6.80486 |6.80493 |6.80500 |6.80506 
5 465 472 479 486 493 500. 07 
10 467 474. 481 488 495 502 09 
15 471 478 485 492 498 505 11 
20 476 483 489 496 502 509 15 
25 482 489 495 501 508 514 20 
30 490 496 502 508 514 519 25 
35 498 503 509 515 520 525 31 
40 506 512 517 522 527 532 37 
45 515 520 525 530, 534 539 48 
50 524 528 533 537 542 546 50 
55 533 537 541 545 548, 552 56 
60 541 544 548 552 555 558 62 
65 548 551 555 558 561 564 67 
70 554 557 560 563 566 569 72 
ie 559 562 565 568 570 573 Wo 
80 563 566 568 571 573 576 78 
85 566 568 570 573 575 578 80 
90 566 569 yal 574 576 578 80 


430 TABLES 


TABLE XI (Con.).— TABLE OF LOGARITHMS OF RADII OF 
CURVATURE OF THE EARTH’S SURFACE IN METERS FOR 
VARIOUS LATITUDES AND AZIMUTHS 


{Based upon Clarke’s Ellipsoid of Rotation (1866).] 


Azimuth. 60° lat. 61° lat. 62° lat. 63° lat. 64° lat. 65° lat. 66° lat. 

Meridian. |6.80506 |6.80513 |6.80520 |6.80526 |6.80532 |6.80538 |6.80544 

5 07 14 20 26 32 38 44 

10 09 15 22 28 34 40 45 

ils ia 18 24 30 36 42 47 

20 15 21 27 33 39 44 50 

20 20 26 31 37 42 48 53 

30 25 30 36 41 46 51 56 

35 31 36 41 46 51 56 60 

40 Si0/ 42 46 51 56 60 64 

45 43 48 52 56 60 64 68 

50 50 54 58 62 65 69 73 

55 56 60 63 67 70 74 77 

60 62 65 68 12 75 78 81 

65 67 70 73 76 79 82 84 

70 12 74 el 80 82 85 87 

18 75 78 80 83 85 87 90 

80 78 80 83 85 87 89 91 

85 80 82 84 86 88 90 | 92 

90 80 83 85 87 89 91 | 93 
Azimuth. 66° lat. 67° lat. 68° lat. 69° lat. 70° lat. 71° lat. 72° lat. 
Meridian. |6.80544 |6.80550 |6.80555 |6.80560 |6.80565 |6.80570 |6.80575 
5 44 50 55 61 66 70 75 

10 45 51 56 62 66 71 76 

15 47 53 58 3 68 T dal 

20 50 55 60 65 70 74 78 

25 53 58 62 67 12 76 80 

30 56 61 65 70 74 7 82 

35 60 64 69 1 aE 81 84 

40 64 68 72 76 80 83 87 

45 68 72 76 79 83 86 89 

50 73 76 79 83 86 89 92 

55 Te 80 83 86 89 91 94 

60 81 84 86 89 91 94 96 

65 84 87 89 92 94 96 98 

70 87 90 92 94 96 98 |6.80600 

75 90 92 94 96 98 |6.80600 01 

80 91 93 95 97 99 O01 02 

85 92 94 96 98 |6.80600 Ol 03 

90 93 95 Q7 98 02 03 
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TABLE XII.—VALUES OF LOG m FOR COMPUTING SPHERL 
CAL EXCESS. (Merric System.) 


SS cd ey Ee 


Latitude Log m Latitude Log m Latitude Log m 
° , a Se ae ° / 
18 00 = 1. .40639— I0 33 OC 1.40520—I10 48 00 1.40369 — 10 
18 30 636 33 30 516 48 30 304 
19 00 632 34 00 SII 49 00 359 
LQ) Se 629 ee 506 a) ge 304 
~ 20 00 626 35 00 Sor 5° 00 349 
20 30 623 35 3° 496 50 30 344 
2I 00 619 36 00 491 51 00 339 
Bit BO) 616 36 30 486 51 30 334 
22 00 612 37 00 482 52 00 329 
22 30 608 37 3° 477 2 30 324 
23 00 605 38 00 472 53 00 319 
23 30 601 38 30 467 53 30 314 
24 00 597 39 00 462 54 00 309 
24532 594 SORS° 457 94°32 304 
25 00 590 40 00 452 55 00 299 
25 30 586 40 30 446 55 3° 295 
26 00 582 4I 00 441 56 00 290 
26 30 578 4I 30 436 56 30 285 
27 00 573 42 00 431 57 00 280 
27 30 560 42 30 426 57 30 276 
28 00 565 43 00 421 58 00 271 
28 30 560 ty Be) 416 58 30 266 
29 00 556 44 00 411 59 00 262 
29 30 552 44 30 406 59 30 257 
30 00 548 45 00 400 60 00 253 
30 30 544 45 30 395 60 30 249 
3I 00 539 46 00 390 61 00 244 
31 30 534 46 30 385 61 30 240 
32 00 530 47 00 380 62 00 235 
32 30 =I .40525 A730) 40375 62 30 1.40231 


(The above table is computed for the Clarke spheroid of 1866.) 
TABLE XIVe.—LOGF (—20) 


Lat. |Log. F.| Lat |Log. F.| Lat. |Log. F.| Lat. | Log. F.| Lat. | Log. F.| Lat. | Log. F. 
18° | 7.738 | 24° | 7.823 | 30° | 7.866 | 36° | 7.877 | 42° | 7.860 |'48° | 7.814 
19 | 7-750] 25 | 7-832 | 3r | 7-870 | 37 | 7.876 | 43 | 7.854 | 49 | 7.804 
20 | 7.772 | 26 | 7.841 | 32 | 7.873 | 38 | 7.874144 | 7.848 | 50 7.792 
20) 7-797 27, | 7-849 | 33° | 7-875. | 39° | 7-872'1 45 | 7-840 | 51 | 7.780 
22 | 7.800 | 28 | 7.855 | 34 | 7.877 | 40 | 7.869 | 46 7-832 G2 7.707 
23 | 7-812 | 29 | 7.861 | 35 | 7.877] 41 | 7-864} 47 | 7.824 | 53 | 7-753 
rT! 
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TABLE XIII.—CORRECTION TO LONGITUDE FOR DIFFER- 
ENCE BETWEEN ARC AND SINE 


log s (—). log difference. log dd (+) log s (—). log difference. log dd (+). 
3 .876 © .000 OOOT 2.385 4.871 © .000 0098 3 .380 
4.026 02 Des 4 .882 103 3.391 
4.114 03 2.62 4 .892 108 3.401 
4.177 04 2 .686 4.903 II4 3-412 
Ai OI 05 OF fay 4.913 IQ 3.422 
4.265 06 2.774 4.922 124 3 -431 
4.298 07 2 807 4 .932 130 3 -441 
4.327 08 2 .836 4.941 136 3.450 
4.353 09 2 .862 4.950 142 3 -459 
4.376 IO 2.885 4.959 147 3 .468 
4.396 II 2.905 4.968 153 3-477 
4.415 12 2.92 4.976 160 3.485 
4-433 13 2.942 4.985 166 3 -494 
4-449 14 2.958 4.993 172 3-502 
4.464 15 2.973 5 .002 179 3-511 
4.478 16 2.987 5 .o10 186 3-519 
4.491 17 3.000 5.017 192 3.526 
4.503 18 3) (OUD 5 .025 199 3 -534 
4.520 20 3 .035 5 .033 206 3-542 
4.548 23 3-957 5 .040 213 3-549 
4 57° 25 3-979 5 047 221 3 -556 
4.5901 27 3.100 5 .054 228 35503 
4.612 30 Bina 5 .062 236 SS 
4 .631 33 3 140 5 .068 243 3-577 
4 .649 36 3-158 5-075 251 3-584 
4.667 30 B.r7 5 082 259 3-591 
4 .684 2 3 203 5.088 267 oe 
4.701 45 3-210 5 095 275 3 .604 
4.716 48 3.225 5 .102 284 3.611 
4.732 52 3.241 5.108 292 Sony 
4.746 56 B255 5-114 300 3 .62 
4.761 59 3.270 Be 120) 300 B02 
4.774 63 3 .283 5.126 318 3 .635 
4.788 67 3-297 5 .132 327 3-641 
4.801 71 3.310 5 .138 336 3 .647 
4 813 75 3.322 5-144 345 3 -653 
4 825 80 3 334 5 150 354 3 -659 
4.834 84 3 343 5 156 364 3 .665 
aBAG 89 3.358 5 .16r 373 3 670 
4 860 94 3 369 5 167 383 3 -676 
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TABLE XIV.—LOGARITHMS OF FACTORS FOR COMPUTING 
GEODETIC POSITIONS 


Lat. Log A Log B Log C Log D Log E 
Cun? —1ir0 —10 —I0 —I0 — 20 
18 00 = [8.509 5862 8.512 2550 © .g1816 2.1606 By yen 

Io 5836 2474 © .92243 2.1041 5 Re 
20 58ir 2397 © .92667 2.1675 5 -7358 
30 5785 2320 © .93088 2.1709 5 -7379 
40 5759 2243 © .93505 2.1742 5 -7400 
50 5733 2105 2 93919 2.1775 5 +7422 
Ig 00 5707 2086 © .04330 2.1808 5.7443 
IO 5081 2006 © .04737 2.1840 5-74.04 
20 5654 1927 © .95142 2.1872 5.7486 
30 5627 1847 © .95544 2.1903 5 -7508 
40 5600 1766 © .95943 2.1934 GO 
50 5573 1684 © .96339 2.1965 5 -7552 
20 00 5546 1602 © .96733 2.1996 5 7574 
Io 5518 I519 © .97123 2.2026 5 -7597 
20 5490 1435 0.97511 2.2055 5 -7619 
30 5462 I351 © .97896 2.2084 5.7642 
40 5434 1267 0.98279 2 Price 5.7664 
50 5406 1182 0.98659 2.2142 5 -7088 
2I 00 5377 1096 © .99037 2.2170 BS fpf iene 
Io 5348 IOIO © .99412 2.21908 5 7734 
20 5320 0924 0.99785 2.2226 ise) 
30 5290 0836 I .00156 2.2253 5 -7780 
40 52 Oe 0748 I 00524 2.2280 es 
50 5232 0660 I .00890 2.2307 5-782 
22 00 202 0571 TOre53 2.2333 5-785 
be) Pee ae I ,Or615 2.2359 5.7875 
20 5142 0391 1.01974 2.2385 5 -7899 
30 5112 0301 I .02331 2.2411 Bee 
40 5082 ©0210 I .02086 2 .2436 5-794 
50 5051 o118 I .03039 2.2401 5 +7972 
23 00 020 8.512 0026 I .03390 2.2485 5 -7997 
; Io Si 8.511 9934 I..03739 2.2510 ey 
20 4959 9840 I .04086 2.2534 Dee 
30 4927 9747 I .04431 2 2537 5 ee 
40 4896 9653 I .04775 2.2581 5 . a 
50 4865 9558 I .o5116 2.2604 5 81 
24 00 8 463 I .05456 2.2627 5.8146 
: Io shee Are) I .05704 2.2050 5 8172 
4 .06130 2.2072 5 8107 
20 4769 9271 I B 3 
30 4737 9174 T .06464 2.26094 5 8223 
40 4704 9077 1.06797 2 ee 5 ee 
50 4672 8979 I .07128 74 BAGS 5 pes 
60 18.509 4639 ~=—s-'! 8.511 8881 I .07457 242750 5.83 
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26 


27 


28 


29 


30 


31 


Log A 


8.509 4639 
4606 
4573 
4540 
45°7 
4473 


4439 
4406 
4372 
4337 
4303 
4269 


4234 
4200 
4165 
4130 
4094 
4059 


4024 
3988 
3952 
3917 
3881 
3845 


3808 


3772 
3735 
3699 
3662 
3625 
3588 
3551 
3514 
3476 


3439 
3401 


3363 
3325 
3287 
3249 
3211 
3173 
8.509 3134 


TABLE XIV (Continued) 


Log B 


8.511 8881 
8783 
8684. 
8584 
8484 
8383 


8283 
8181 
8079 
7977 
7874 
7772 


7667 
7563 
7458 
7353 
7248 
7142 


7036 
6929 
6822 
6714 
6607 
6498 


6389 
6280 
6171 
6061 
595° 
5840 


5729 
5617 
5505 
5393 
5281 
5168 


5°54 
4941 
4827 
4713 
4598 
4483 
8.511 4368 
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Lo I oo 


HAH eH ee Ln oe Oe oe (on oe oe eo oe | HHH A He 


HR He A eA He 


Log D 


-2759 
.2780 
.2801 
.2822 
.2842 
.2862 


NSN NNHNN 


.2882 
.2902 
.2922 
2941 
.2960 
2978 


Oo HHH NHN 


-2997 
3015 
-3933 
3051 
-3069 
-3086 


NY NH HNN 


3104 
.3121 
3137 
-3154 
3170 
3187 


bw» NHN HD 


3203 
3218 
-3234 
3249 
3264 
3279 


Rw NH HN DN 


.3294 
.3309 
3323 
-3337 
.3351 
-3395 


NHN N WN 


3379 
“3392 
-3495 
3418 
-3431 
3444 
-3456 


wBHNNH NNN 


Annnnon UMnaAnn on Anannnn ANNAN ono 


Annan 


AMNnnnnn AMnnnin uo 
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TABLE XIV (Continued) 


Lat Log A Log B Log C Log D Log E 
> --—:- [| | 

32 00 [8.509 3134 =: |8.5 11 4368 I .20108 2.3450 5.9484 

be) 3096 4252 I .20387 2.3469 5.9514 

20 3°57 4136 I .20666 2.3481 5 -9544 

30 3018 4020 I 20944 2.3493 5 -9575 

40 2980 3903 I .21220 2.3504 5.9605 

50 2940 3780 I .21496 23 5n) 5 .9636 

33 00 2901 3669 Teeny 72 235247) 5 .9667 

ae) 2862 3551 I .22047 2 .3539 5 .9698 

20 2823 3433 2282 0 2.3550 5 9729 

30 2784 3315 I .22504 273505 5.9760 

40 2744 3197 I .22866 Zea cei 5 -9791 

50 2704 3078 I .23138 B Giger 5 9822 

34 00 2665 2959 I .23409 2.3592 5 9853 

10 2625 2840 I .23680 2.3602 5 .9885 

20 2585 2720 I .23950 2.3612 5 -9916 

30 2545 2600 I 24219 2.3622 5.9948 

40 2505 2480 I .24488 2 .3632 5 -9980 

50 2465 2360 I .24756 2.3642 6 .oo1t 

35 00 2425 2239 I .25024 2.3051 6 .0043 

Io 2384 2118 I .25291 2.3660 6 .0075 

20 2344 1997 I .25557 2.3669 6.0107 

30 2304 1875 I .25823 2.3678 6.0140 

40 2263 1754 I .26088 2.3687 6.0172 

50 2222 1632 I .26353 2 .3695 6 .0204 

36 00 2182 I510 1.26617 2.3704 6 .0237 

10 2141 1387 I .26881 Pipes 6 .0269 

20 2100 1265 I .27145 2.3720 6 .0302 

30 2059 II42 I .27407 2.3728 6 .0334 

40 2018 101g I .27670 2 Bg) ais 6 .0367 

50 1977 0895 I .27932 2.3743 6 .0400 

37 00 1936 0772 I .28193 2.3750 6.0433 

10 1895 0648 I .28454 2.3758 6 .0466 

20 1853 0524 1.28715 2.3765 6 .0499 

30 1812 0400 1.28975 D) Agfa. 6 .0533 

40 L770 0276 I .29234 2.3779 6.0566 

50 1729 OI51 I .290494 2.3785 6 .0600 

38 00 1687 =|8.511 0027 I .29753 2.3792 6 .c433 

Io 1646 =|8.510 9902 I .30011 2.3798 6 .0667 

20 1604 9777 I .30269 2.3804 6.0701 

30 1562 9652 I .30527 2.3810 6 .0734 

40 1521 9526 T .30785 2.3816 6.0768 

50 1479 9401 I .31042 2.3822 6 .0802 

60 18.509 1437 ~=—«'18.510.9275 I .31299 2.3827 6 .0836 


40 


41 


42 


43 


44 


45 


| fe 


8.509 1437 
1395 
1353 
I3II 
1269 
1227 


1184 
I142 
IIOO 
1057 


IOI5 
0973 


0930 
0888 
0845 
0803 
0760 
0718 


0675 
0632 
0590 
0547 
0504. 
0461 


0419 
0376 
0333 
0290 
0247 
0204 


o162 
Orr9 
0076 
8 5090033 
8 .5089990 
9947 


TABLE XIV (Continued) 


8.510 9275 
9149 
9023 
8897 
8771 
8644 


8517 
8391 
8264 
8137 
8010 
7883 


7755 
7628 
7500 
7373 
7245 
7117 


6989 
6861 


6733 
6605 


6477 
6348 


62zZ0 
6092 
5963 


5835 ° 


5706 
5578 


5449 
5320 
5192 
5063 
4935 
4806 


4677 
4548 
4420 
4201 
4162 
aR 
8.510 3905 
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Lo on oe oe 


HHHH HH HH HH HH HH HH HH 


HHH HHH HW 


oH HNHHNND wHwHHNHN DD NNN KH ND 


NNNNHNHN DN 
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TABLE XIV (Continued) 


Lat Log A Log B Log C Log D Log E 
eel Se ee eer 
46 00 [8.5089647 = |8.510 3905 I .41906 2.3024 6.2350 
10 9604 3776 I .42157 2.3023 6.2308 
20 9561 3048 I .42409 2.3922 6.2436 
30 9518 3519 I .42660 2.3921 6.2475 
40 9475 3391 I 42911 2 .3920 6.2514 
50 9433 3262 I .43163 2.3918 6.2553 
: 6.2592 
47 00 939° 3134 I .43414 2.3917 
10 9347 3005 I .43666 2.3915 ee 
20 9304 2877 I .43917 2.3913 ee Ve 
30 9261 2749 I .44169 2.3011 .2710 
40 9219 2621 I .44421 2 .3909 6.2750 
50 9176 2493 I .44673 2 .3906 6.2790 
236 I .44926 2.3904 6 .2830 
aes a se é I .45178 2.3001 6.2870 
Io goot 2 ae - 
20 9048 2108 I 45431 2 .389 201 
30 gQoo0s 1981 I .45683 2 .3895 Sees 
40 8963 1853 I .45937 ey Bee 
50 8920 1725 I .46190 2.3889 .303 
.3886 6 .3071 
00 8878 1598 I .46443 D & 
us Io 8835 1470 I .46696 2 .3882 6 .3112 
20 8793 1343 1 .46950 2.3878 6 .3153 
30 8750 1210 I .47204 2 .3875 6.3194 
40 8708 1088 I .47459 By, evi 63235 
50 8666 0962 AT 7S 2.3866 Baer 
8 
86 08 I .47908 2 .3862 6 .331 
5° 3 8c8i Bae I .48223 2.3858 6.3359 
20 8539 0581 I ae 2.3853 Ake 
30 8497 0455 1.48734 oe noe 
40 8455 0328 t .48989 LUE e 
50 8413 0202 I .49246 2 .383 35 
: 2 2 .3833 6.3569 
Sar ae ape : ae 2 3828 6.3612 
10 8329 —_|8.509 9950 -49 59 es Be 
20 8287 9825 I .5001 oe a 
30 8245 9699 I .50273 yee aes 
a ee | ee 
50 8161 9448 I .50759 -3905 2 A 
cram ete ghee eee | eee 
Io 8078 (oe) 3792 aS 
66 2.3786 3912 
20 8036 9074 I .515 6 086 
os dee sae : oe : ee 6 .4000 
ae fos 8701 I .52347 2.3766 mes 
2 Om .40 
53 00 7871 8577 1.52608 3759 es 
8 1.52869 2.3751 413 
Io 7829 453 5 4 eae REC 
20 7788 8329 I .5313 ie: es 
30 7747 8206 T 53393 2.373 ae 
06 8083 I .53656 2.3729 42 
Br ies 7960 I .53919 2eay2n Pease 
S . 
ae 8.508 7624 — |8.509 7838 1.54183 2.3713 4355 
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TABLE XVI.—COORDINATES OF CURVATURE (METERS) 


Latitudes. 
Long 
26° 272 28° 29° 
Y x Ww x Ww x we 
Ly 1668 .7 ©) gil 1654 .3 oO. 1639 .4 Oat 1624.0 Oui 
2 3337-3 0.4 | 3308.5 0.4 | 3278.8 ©.4 | 3248.0 0.5 
3 5006 .o I.0| 4962.8 TON | 4OrS.2 TON AS 7.21.0 I.0 
4 6674 .6 i ay 6617 .I Tee OSS TRO 1.8 | 6496.1 it as) 
5 8343 -3 Ay) 8271 .4 Pe alii 8197.0 2.8 8120.1 2.9 
6 | roorr.9 Bad || CLA 7 3.9 | 9836.4 AL) || OVjAek ott 4.1 
7 | 11680.6 Fo || aie) fo) Bah |) aarti 7) SoG || maexelss 5 0 
39 \)3:3340-2 O78) 13234n2 Hse) || LeQaETUSS 578 Ye || BRIS cat he 
Q | 15017.9 8.6 | 14888 .5 8.8 | 14754.5 9.1 | 14616.1 9.3 
IO | 16686.6 10.6 | 16542 .8 10.9 | 16393 .9 Te 2ea|eLO24 Olen Te 
Long 30° Spe 32° 335 
aa 1608 .I O.1 1591 .8 Ooi 1574.9 OnE 1557.6 Ont 
2 3216.3 0.5 3183 .5 Oy || Gace ©.5 | 3115.2 0.5 
3 4824.4 aed 4775 -3 EB git 4724.8 i alt 4672 .8 i oat 
4 6432 .6 I.9 6367 .1 I.9 6299 .7 I.9 6230 .3 2.0 
5 8040.7 2.9 7958 .9 BO || LO BEN TO veo Bait 
6 | 9648.8 4.2 | 9550.6 4-3] 9449.5 4.4 | 9345-5 4.4 
rf 11257 .0 Oye) Sita) 171 5.8 | 11024.4 6.0 | 10903 .1 6.0 
8 | 12865 .1 Gs | PGA 7.6 | 12599 .4 7.8 | 12460.7 Gh 0) 
Omn4473-2 Oaks || TARAS <6) Ooi | WANG) & 9.8 | 14018.3 | 10.0 
TOME EE OCS cae ua | et Teese a ul Jae Toe OS 7A Ore 2 (edie S67 ON eT 23 
Long. 34° 55) 36° ae 
ae 1539 .8 Cait 1521.5 Oi 1502 .8 o.I 1483 .6 o.1 
2 3079 .6 0.5 | 3043.0 OnSm lle 30055) Oids 2067 .I 0.5 
53 4619 .3 is i 4564 .5 Te D 4508 .3 Ta 4450.7 Te? 
4 6159 .I 2.0 | 6086.0 270n|-s OOLL AE BoM 5934 .2 Zn 
Bee 7coS 9m | 3.2 | 1760725 © |) 3.2.) 7513-8) | 3-2.) 7407-8 | 3.03 
6 9238.7 Ai i || Gis) 0) 4.6 | gor6.6 4.6 | 8901.4 4.7 
7 | 10778.5 6.1 | 10650.5 6,2 || 1O519).3 6.3 | 10384 .9 6.4 
Sm el235Or8 870) 121721.0 Site |i 202208 8.2 | 11868.5 8.3 
9 | 13858.0 TO} EZ OO3n5 10.3 | 13524.8 1) At |) Wee Yd ae TORS 
10 | 15397 .9 Top aeL 520520 12.7 | 15027.0) | 12).8 | 148325).0 | 13).0 
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TABLE XVI (Con.).—COORDINATES OF CURVATURE (Meters) 


et 


Latitudes. 
Long. 
38° 39° 40° a 
Be y x Y ie Y x VY 
itl 1463 .9 OE 1443 .8 OnE 1423 .3 Ord 1402 .3 o.1 
2 2927.8 On5 2887 .6 @05, 2840.5 0.5 2804 .6 Ons 
3 4391 -7 eee 4 son T.2 || 4269.3 I.2 | 4206.9 ae 
4 5855 .6 Om Shi 2 2eet 5693 .O ar 5609 .2 Qi 
5 | 173T9.O MN) 32BU P7280! E303 | e7ttOngS [e333 | BOL EsS eos. 
6 8783 .5 4.7 | 8662.9 4.8 | 8539.6 AES |e OAEa 4.8 
Vm ETO2A TRA 6.4 | 10106.7 6.5 | 9962.8 6.5 9816.0 6.6 
G3 || angie 28 8.4 | I1550.5 8.5 | 11386.1 8.5 | 11218 .3 8.6 
Ow st 75e2 TO .6 | 12094 .3 10.7 | 12809 .3 10.8 | 12620 .6 10.8 
IO | 14639 .1 13.1 | 14438.1 TIE 2i) LAZZ200 13.3 | 14022 .9 13.4 
Long. 42° 43° 44° 45° 
ai 1380 .9 Or aL cit 8 O.I ai Ost 
2 2701 .8 S), on 0.5 .6 0.5 3 0.5 
3 4142.7 Te DP 2 4 Tee 5 I .2 
4 5523-5 2 2 2) DP 2 252 .6 2E2 
5 6904 .4 3 3 3.4 .0 3.4 8 3.4 
6 8285 .3 4. a 4.9 8 4.9 me) 4.9 
7 9666 .2 OF 4 6.6 FF 6.6 a 6.6 
&) || niveayp an 8. 4 8.6 5 8.6 2 8.6 
Q | 12428.0 THO) dls °.9 3 IO .9 4 10.9 
IO | 13808 .8 TQ 5 345 mI nes 25 Ts 
| 
Long. 46° 47° 48° 49° 
ul” 1201.1 oO. 1267 .6 Oi 1243.8 Ont 1219 .6 0.1 
2 2582 .2 Ons 25853 Ons 2487 .6 0.5 2439 .2 0.5 
3 Bo788e 1952) |S 3 50240) Lage) 3731 .4 E-2 3658 .7 TA 
4 5164.4 ne 5070.5 Bre 4975 .2 Bit 4878 .3 Ber, 
Be 0455.05 3-4 | 6338.2 3-4 | 6219.0 3-3 | 6007.9 3-3 
6 | 7740.0") 4.9 | 7605.8" | 4.8) ya6a.8 | 4.8) yar7 ec 4.8 
7 9037 .6 OO) | S8rerc 6.6 | 8706.6 6.6 8537.0 6.6 
8 | 1032847 TAO || Geers ore 8.6] 9950.4 31.6 |) O750'-0 8.6 
9 11619 .8 10.9 | 11408.7 IO.9 | III94.2 10.9 | 10976.2 10.8 
EO | 12910.9 | 13.5 | 12676.4 | 13.5 || 12434 15 13.4 | 12195 .8 13.4 
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TABLE XVII.—COORDINATES OF CURVATURE (METERS) 


Latitudes. 
Long. 
25° 30° 35° 
x ¥% x Yj x iy 
5° 504 645 9 307 482 288 IO 523 456 261 II 421 
10 I 008 603 37 215 963 658 42 074 QII 379 | 45 656 
15 I 5II 190 83 685 I 443 193 94 591 | I 364 214 | 102 619 
20 2 1OLE 722 148 656 I 919 982 167 977 | r 813 632 | 182 168 
25 2 509 518 232 038 2 393 116 262 089 | 2 258 507 | 284 102 
30 3 003 900 333 718 2 861 694 376 749 | 2 697 724 | 408 168 
Long. 40° 45° 50° 
5° 426 757 II 972 393 996 12 160 358 224 | 11 978 
10 852 171 47 852 786 492 48 504 714 847 | 47 859 
I5 I 274 904 107 525 I 175 904 10g 162 | r 068 277 | 107 482 
20 I 693 628 190 805 I 561 o19 193 635 | I 416 934 | 190 581 
25 2 Myf (OP 297 430 I 940 103 301 690 | I 759 262 | 296 785 
30 2 513 790 427 063 aint (See) 432 918 | 2 093 731 | 425 619 


APPENDIX 
SPHERICAL EXCESS 
Formula [61a] for spherical excess may be derived as follows: 
Starting with the identical equation 
e sinz(A+B+C — 180°) cosi(A +B—C + 180°) 


ee rer eC hc) Cone Cease) 


we obtain, by applying formule for cos x sin y and cos x cos y 
in terms of the half sum and half difference, 
Pde sin} (A + B) — sin } (180° — C) 
4  cos$(A + B) — cos (180° — C) 
S sity AS B) cos C 
~ cos# (4 + B) +sinéC 


Substituting from Delambre’s Equations values of sin 3 (A + B) 
and cos 3 (A + B), 

Eo COS Gia 0) = COS2 C cos 3 C_ 

4 cos#(a+6) + costc sin¢C 


tan 


Applying to this the formule for cos x + cos y and cos x — 


cos y, we have 
e sint(a—b+c)sint(—-a+6+4+0¢) Cl 


cot 


4 cost(atb+c)cost(a+b—c) 2 
atb+e 
2 


tan 


Substituting s = and also putting for cot }C its 


equivalent in terms of the sides, 


tan” = V(tan $s tan # (s — a) tan 4 (s — b) tan 3 (s — c)) 
4 


which is Lhuillier’s theorem. 
443 
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Replacing each tangent by two terms of its series, and squaring, 
we have 


é 
tana 
4 


(St eR BAe $4 ONC S Gs oa) 


in which a, }, c now represent the sides in linear units. 


The square of the area of a plane triangle = A? = s(s — a) 
(s — 6) (s — c). 
Therefore 
tent = 2 + me (5 — a)? +(s— 8)? +s 9? +89 
A? 
= pias (a2 + 62+ ?). 


192 “+ 
Taking the square root 


e’+e+e 
(1+ ed ae matey 
Expanding, 
e€ A Or be = G? 
n> a4 ae) 
Therefore 
car Nes A: ids t<), 
4 R? 24 R? 
- A gn pb? 2 
or my a ( = ae} [61a] 


CLARKE’S FORMULA 


Given ¢, \ of station A (Fig. 156) and the distance s and the 
(interior) angle a to station B; to find ¢’, \’ of station B and 
the (interior) angle a’. 

In Fig. 156 the heavy curve joining A and B is the plane 
(elliptic) curve cut from the surface of the spheroid by the vertical 
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plane at A and passing through B (plane AHB). The normal 
at Bends at K. The dotted curve is the curve cut by the plane 
BKA. Theangle a’ is the angle at B from BP to the right, to the 
dotted curve; it is less than the angle to the full line by the small 
angle ¢. The angle at B between the planes BKP and BKA 
is a’ + ¢. 

We will first find the angle at H subtended by the plane arc 
s = AB. Join B and H. Suppose P’ to be any point on AB 


Fic. 156. 


and let s represent the distance from A to P’, and o the cor- 
responding angle at H between HA and HP’. Let HP’ =,, 
HA = N, the normal, and $n’ the angle between HP’ and the 
plane of the equator; (this is nearly but not quite equal to its 
latitude). The codrdinates of P’ (in the meridian plane of P!) 
will be 

x = ros by 


y = rsin oy’ — Ne’ sin 6. 
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Substituting in the equation of the ellipse 

r? cos? oq . (rsin dn’ — Ne*sin ¢)? _ 

Tiger 1 DO ae mg Poa 
Multiplying by a? = N2(1 — e? sin? ¢), then squaring the sec- 
ond term and multiplying, we have 
r2sin?¢y’ 2e2rNsin dy’ sing 4 e*N? sin? ¢ 

Te te Ee res 


= N? — Ne? sin? } 


r* cos? dy’ + 


in which 1 — e? has been put for 6?/a?._ Substituting 1 — sin? ¢y’ 
for cos? ¢y’, and rearranging the terms 
re? sin2dy 2e7Nsingy’ sing  e2N?sin?¢ 
= I — é I — e 


= lV”, 


2 
€ : : 
or, re — N2= — Tr (r sin dy’ — N sin ¢)?. 


Writing this in the form 


oe 
2 


2 
= E — bs (r sin oa’ — Nsin 6)*| 


tee 
and expanding, 


uy 


2N r 


r= — (rsin gn’ — Nsing)? +- . 


e fae ae, ; oe a 
= Nay ne —2rsingg sng+N sint@)): 


Putting r = N in the small terms 
Nee. : A 
r=N— Rao éy —sin®¢)?. 


To obtain the value of ¢q’ solve the spherical triangle formed 
by the three lines HA, HB, HP, the sides of which are go° — ¢, 
go° — gy’, and o. The angles are A) at the pole, a at A, and 
a’ +¢at B. Then by trigonometry, 


: } : f 
sin @g = sin ¢coso + cos ¢@Ssin oa COS a. 
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Substituting in the equation for 7, 


2 


r=N— 


Wee 
: — G2" G (sin $ cos « + cos ¢ sin « cos a — sin $)?. 


Collecting the sin ¢ terms and substituting for cos « two terms of 
its series, squaring, and substituting o = sin o, we may find, 


Ta reere* (® cos? ¢ coe? co Hs é fe ) 
==] —— = (a? cos? cos?a — 2—sing@cosP@cosa+t::-> 
N 21 — e? 2 
=1+Po?+Qc7+4+- ; 
- : I e* 2 2 
in which = —-— > COS? a COS? d, 
21-2é 
I e? , 
and QO =-- 5° CoS asin 2 ¢. 
4 I—e 
A 
sy 
PAs 
4 
Bar 
N 
> 
H 
FIG. 157. 


Referring to Fig. 157, we have from the differential triangle 


(ds)? = (dr)? + (rdo)? 
or ds = ((dr)® + (rdo)?)? 


ds dr \?\2 
and a G te (4) ) 
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o TONG 
ae eee 
“rd "(Ea 
=for asia tee io) Oo 


s=N f+ Pot+---)dot fo GN 2g2 +..-+) de, 
0 


Integrating, 


prot ce ts Pit +. - 
moto (r $2 P)ot +: 


Placing ¢ = in the small terms, and neglecting P?, 


Seer e ; q 
Amie axa = pO Oe 

Reduced to seconds this is 
a S Ga sma 


Sl ereae Th a rae cos? ¢ cos? a. [63a] 


o 


To determine ¢, the angle between the plane curves, consider 
the spherical triangle determined by BA, BH, BK. Figure 
158 shows this triangle as it appears looking down from B. 
By the law of sines 


sin(a’ +¢) sn ABK 


sne’ sin ABH 
In the plane triangle ABH 
HB sin HAB 
HA sinHBA 
I HB 


or 


sin HBA HA-sinHAB 
sn(¢+a’) HBsinABK rsiny’ 


5 — 5 = 5 ) 
sin a’ HAsnHAB Nsinu 
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in which » = go° — the depression angle to B and yu’! = go° — 
the depression angle to A. Expanding sin (¢ + a’) and putting 
bh = p’ (nearly), we have 


(= 
/ 
ip SP © CO GY SS Sa 
N 
I On 9 ‘ : 
Eetess * 07+ COS? @ COS 
OD ante » 
Since a is nearly equal to a’, 
COS a I e 
x ree 0 COS COSA, 
sin a@ 21 =e 
I e aE at . 
and ¢(=--- 07 + Sin 2a COS? &, 
Ami aaaCe 


“3 Co sini 
or — 


Meridian 


Fic. 159. 


The difference in longitude is found simultaneously with the 
angles by the formule 


f cos  (y — @) a 
/ ag ° 
tan # (a’ +¢ + Ad) = Sec: haa co 
sis (YY — @) 


Q@ 
Ve = —— _____,, —-. 
tan} (a! + ¢ — Ad) = Scots 
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In order to find the difference in latitude we make the assump- 
tion that 


Son — ¢ 
ae (nearly). 


Clarke (Geodesy, p. 275) shows the error to be ¢g e?o* sin? 2a sin 2 ¢. 
S is the distance between the parallels of A and B. 

If we revolve the plane of the meridian of B (Fig. 156) into 
the plane of the meridian of A we shall have Fig. 159. If we 
find ¢u’ — ¢ by the same process used in finding o we obtain 


ees =( Pee eG eet 
$u Ca ag \ Tica ee wee iC O" = COSA N 9 
The angle ¢y’ — ¢ may be found from the spherical formula, 


i ey See Ss eS) o 
tan 4 (¢y ¢) = neue soe pos 


= ktan<- 
2 
whence 4 (dy — ¢) = tan (: tan ’). 


ee Os 
Substituting for > its series, and for tan (: tan :) its series, 
2 


sin 4 (a’ + ¢ — a) 


~ “sing (a! +E +a) 


s = s(x +2(-#) 
( 


o 
I + F008? 2 (a’ — a)): 
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The true difference of latitude, ¢’ — ¢, may be found by dividing 
S by the radius of curvature of the meridian for the middle 
latitude, Ry. The error in this assumption is 


a\? 
“AG -€? COS 2 ¢. 


The final formula for latitude is 


Ss sin} (a’ + ¢ — a) 


’ ee ee ee Ge aera pan aN, 
? ieee ecrie! sind (a! 126 4a) (1 +S costs (a «)) 


A 


Aberration, 124, 120, 154 


INDEX 


Angle, equations, 360, 383 
horizontal, 82, 89, or 
of swing, 98 


Absolute, determination of gravity, 266 prism, 71 
length of tape, 54 vertical, ror 
Abstract of angles, 194 Arcs, I 


Accidental error, 85, 353, 357 
Accuracy, of azimuths, 152 


base-line, 51 
horizontal angles, 97 
latitude, 151 


meridian, 178, 244 
oblique, 247 
Peruvian, 246 
Russian, 246 
vibration, 278, 281 


longitude, 142 Area, 1, 179, 194, 196, 206 
time observations, 136 method, 261 
Acetylene, lamp, 31 Astronomical, codrdinates, 107 
Adding machine, 311 observations, 107 
Adjustment, figure, 367 transit, 110 
level, 306 Astronomy, 2 
level circuits, 390 Attraction, 254, 267, 204 
microscope, 81 Automatic, gauge, 315, 318 
observations, 351, 355 signal lamp, 32 
station, 194, 267 Average error, 392 
theodolite, 80 Azimuth, 109, 152 
transit, 120 back, 216 
traverse, 389 correction, 122, 124, 128, 259 
triangulation, 367 geodetic, 258, 259 
zenith telescope, 145 star, 134 
Agate, 271 spherical, 224 
Air, chamber, 304 spheroidal, 224. 
pump, 274 
Albers projection, 344 B 
Alidade, 80 
Alignment, correction, 54 Back-azimuth, 216 
curve, 189 -mirror, 31 
of base, 49 -reading, 76 
Alloy, 43, 44, 50, 271, 303 Bamberg transit, 115 
Alt-azimuth, 105 Barometer, 18 
Altitude, ro9 Base apparatus, 42 


453 


454 


Base bar, 42 
invar tape, 43 
steel tape, 42 
Base-line, 4, 7, 37; 42 
Deming, 10 
Epping, 8 
Fire Island, 8 
Holton, 42 
marking, 47 
Massachusetts, 8 
measurement of, 49 
net, 40 
precision of, 52 
Stanton, 10 
Bearing, 79 
Bench marks, 313 
Bessel’s spheroid, 250 
Bilbyanlsoesy: 
Board of Surveys and Maps, 3, 5, 302 
Bolt, 23 
Bonne’s projection, 338 
Borda, 282 
Boss’s catalogue, 146 
Bouguer, 203 
Boundaries, 1, 227 
Bowie, W., 261 
Box heliotrope, 31 
Broken-telescope transit, 115 
Bronze casting, 23, 47 
Bureau of Standards, 54, 59, 63, 140, 
313 


C 


California, 6, 9, 185, 197 

Canada, 207, 270, 296 

Cartography, 2 

Catenary, 55, 58 

Center, of instrument, 70, 79 
reduction to, 97 

Central meridian, 338, 341 

Centrifugal force, 266, 268 

Certificate, 63, 64 

Chain, of triangles, 12, 94, 152, 247 

Check, base, 7 


INDEX 


Check, on solution, 376 
term, 376 
Chronograph, 113, 116 
Chronometer, 109, 121, 274 
correction, 130 
Circle of curvature, 177 
Circuits, electrical, 118 
level, 390 
Circumpolar, star, 122, 153, 161 
Clairaut’s Theorem, 270 
Clarke’s spheroid, 250 
formule, 222, 443 
Classes of triangulation, 3 
Clearance, 23 
Closure, error of, 4, 97, 194, 370 
Coast and Geodetic Survey, 7, 33, 42, 
TI2GtAO, 2OL200y 2 EO O a ho. 
384 
theodolite, 72, 73, 79 
Coefficient, of expansion, 43, 44, 54, 80 
of refraction, 20, 328, 331, 335 
Coincidences, 275 
Collimation, 81, 112, 116, 121, 124 127 
error, 84 
Collimator, vertical, 103 
Comb, 74, 82 
Comparator, 47, 60 
Compensation, depth of, 260 
Compound events, 352 
Compression, of the earth, 182, 266, 295 
Condition equations, 262, 366 
Conditioned observations, 366 
Conditions, in a figure, 14, 17, 368 
Conformal projection, 341 
Conic projection, 336 
Constant error, 353 
Control, 4 
Contours, of geoid, 243 
Convergence, meridians, 216, 236 
level surfaces, 322 
Correction, 365 
absolute length, 54 
alignment, 54 
azimuth, 259 
chronometer, 130 


Correction, collimation, 127 

curvature, 308 

grade, 49, 53 

level, 313 

orthometric, 324 

rate, 129 

run of micrometer, 77 

Sag, 55 

temperature, 54 

to observed quantities, 365 

to period of pendulum, 282 
Correlates, 377 
Correlatives, 377 
Cowie, George D., 140 
Cross-hairs, 66, 71, 80, 105, 112 
Current observations, 2 
Curvature, correction, 154 

of earth, 1, 19, 257, 298 

of spheroid, 253 

mean, 175, 178 

radius of, 168, 169, 172, 176, 255 
Curve of error, 357, 359 
Curves, on spheroid, 185 
Cut-off cylinder, 60 
Cylindrical projection, 346 


D 


Dalby’s Theorem, 223 
Datum, for levels, 315 
geodetic, 206, 251 
Davidson quadrilaterals, 6, 197, 22 
Declination, 109, 148 


Deflection of plumb line, 185, 243, 255 


Deming base-line, 9 
Density of earth, 257, 259 
Depth of compensation, 260 
Derrick, 35 
Description of station, 25 
Direction, 11, 98 
instrument, 65, 68, 71, 91 
measurement of, gt 
method, 155, 384 
probable error of, 97 
Distance, angles, 11 


INDEX 


Distortion, of map, 336, 338 
Distribution of stations, 7, 18 
Diurnal aberration, 129, 154 
Dividing engine, 65, 66 
Divisions, of micrometer, 77 
Doolittle’s Abridged Method, 376 
Drag, on centers, 89, 91 

on tape, 50 
Drill hole, 23 
Drum, 75, 80, 82 
Dutton, C. E., 260 
Dummy pendulum, 273 
Dynamic number, 324 


E 

Earthquakes, 3 
Eccentric, angle, 97 

distance, 98 

station, 97, 194 
Eccentricity, of circles, 85 

of ellipse, 167 

of signal, 368 
Eckhardt, E. A., 140 
Ecliptic, 109 
Electric light, 31 
Elevation, 323, 320 
Ellipse, 166, 176, 255 
Ellipsoid, 165, 242 
Ellipticity, 182 
Elongation, 57 
Eétvéos, torsion balance, 297 
Ephemeris, 110 
Epping base-line, 9 
Equal area projection, 344 
Equator, 109 
Equinox, 109 
Equipotential surface, 242, 317, 321 
Errors, 356 

azimuth, 94 

classes of, 353 

closure, 4 

collimation, 84. 

graduation, 84 

horizontal angles, 82 
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456 


Errors, Legendre’s Theorem, 199 
leveling, 313 
observation, 351 
plane coérdinates, 236, 240 
run, 76 
Euler’s Theorem, 175 
Europe, 270, 296, 338, 350 
Exponential law of error, 362 


Ip 


Figure, adjustment, 367 
in triangulation, 9 
of earth, 242, 266 
strength of, 9 
Fillet chronograph, 118 
Finder circle, 121 
Fire Island base, 8 
Flash apparatus, 274 
Flexure, of pendulum support, 276 
of transit, 110, 116 
Focus, 166 
Formule, 407 
Forward, 
azimuth, 216, 227 
reading, 75 
Friction, on tape, 40 
Frictionless pulley, 47 
Function, precision of, 399 
Fundamental point, 231 


G 


Gas pipe tower, 37 
Gauge, tide, 315 
Gauss’s method of substitution, 374 
Geodesy, defined, 1 
Geodetic, datum, 206, 251 
levels, 309 
line, 186, 196 
positions, 206, 222 
surveying, 1, 
Geoid, 242, 254, 301, 315 
Geology, 2 
Geometric figures, 9 


INDEX 


Glass fibres, 80 
Gnomonic projection, 344 
Grade correction, 49, 53 
Graduation, 66, 68, 87, 89 
errors, 84 
on tapes, 44 
Gravitation, 254 
constant, 256 
Gravity, I, 107, 254, 266, 293, 296 
Grazing sights, 95 
Great-circle, chart, 345 
track, 345, 349 
Greenwich, catalogue, 146 
Guillaume, C. E., 43, 59 


H 


Hanging Jevel, 116 
Harrebow-Talcott method, 143 
Hassler, H.R. 338 
Hayford, J. F., 260 
Height of station, 182, 194 
Heliotrope, 18, 27, 95 
box, 31 
ring, 28 
Steinheil, 28 
Helmert, F. R., 260, 296 
Hildebrand theodolite, 70, 71 
Himalayas, 295 
Hodgson, C, V., or 
Hookup, 140 
Horizon, 108 
Horizontal refraction, 95 
Hour, angle, tog 
circle, 109 
Hydrographic, maps, 2, 336 
surveys, 2 


Tlumination, 113 
Impersonal micrometer, 113 
Inclination error, 83 

India, 270, 206 

Initial station, 206, 207, 262 


INDEX 


Instruments, horizontal angles, 65 
leveling, 303 
pendulum, 271 
Interference bands, 276, 278 
Interferometer, 271, 276 
Internal focus, 80 


International, Geodetic Association, 
149, 301 
Bureau of Weights and Measures, 
43, 59 


Invar, 43, 273, 304, 305 
Invariable pendulum, 271 
Inverse geodetic problem, 224 
Isostasy, 259 


Jaderin, Edw., 42 
Judson, Lewis V., 60 


K 


Key method, 137 
Kimura, H., 149 


L 


Lambert, W. D., 58 
Lambert’s projection, 341 
Laplace azimuth, 259, 264 
equation, 259 
stations, 152, 258, 259 
Latitude, astronomical, 109 
determination, 143 
difference, 208, 223, 247 
geocentric, 166 
geodetic, 166 
level, 147 
reduced, 166, 181 
reduction to sea-level, 150 
Law, of error, 362 
of pendulum, 266 
Least squares, 351, 362 
Legendre’s Theorem, 196, 198, 199 
Length, of base, 40 


Length, of line, 6 
of tape, 54 
Level, correction, 124, 155 
geodetic, 303 
latitude, 147 
pendulum, 274 
precise, 303 
rod, 305 
stride, 80, 112, 120, 124, 161 
surface, 321 
trier, 145 
trigonometric, 327 
Lights for triangulation, 31 
Local deflection, 185, 196, 246 
Locating, boundaries, 227 
meridian, 227 
oblique, 229 
parallel, 228 
Longitude, 109, 136 
difference, 214, 223 
Loxodrome, 346 


M 


Magnetic observations, 2 107 
Manometer tube, 274 
Marking stations, 23 
Massachusetts base-line, 8 
Mast, of tripod signal, 27 
Mean square error, 393 
Measuring, angles, 88, 91 
base, 49 
horizontal, 88 
platforms, 48 
vertical, ror 
Meinesz, 296 
Mendenhall, T. C., 271 
Mercator’s projection, 346 
Meridian, 109 
arc, 178 
Meridional parts, 348 
Meter, Clarke’s value, 251 
standard, 59 
Method of Least Squares, 351 
Meunier’s Theorem, 170 
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Mexico, 207 
Micrometer, tor, 143, 152, 161 
divisions, 76 
microscope, 68, 71 
run of, 76, 81 
transit, 113 
Micrometric method, 161 
Microscope, 68, 71 
adjustment 8- 
Mirror, 27 
back, 31 
size of, 31 
Missouri River Commission, 42 
Mistakes, 355 
Modulus, of elasticity, 57 
of logarithms, 282, 348 
Mount Shasta, 6 
Ellen, 7 
Helena, 6 
Nautical mile, 348 
Naval observatory time signals 140, 
280 


N 


Negative lens, 80 
Nevada, 6, 197 
New England, triangulation, 8 
New Mexico, 9 
Newton’s law, 254 
Night observations, 31, 94, 95 
Normal, 166, 243 
equations, 250, 263, 363, 365 
reduced normal equations, 375 
North American Datum, 207 


O 


Oblique arcs, 247 
Observations, 123, 136, 143, 152, 155, 
278 
Oceanography, 2 
Order, of triangulation, 3 
of leveling, 302 
Ordnance Survey, Great Britain, 222 
Origin, 230, 231, 236 
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Orthometric, correction, 313, 318 
elevation, 324 

Oscillation, 266, 275 

Osculating plane, 186 

Ovaloid, 242 


P 


Parabola, 56 
Parallel of latitude, 336 
Pendulum, 142, 261, 266, 355 
apparatus, 271 
Period of pendulum, 281 
Periodic errors, 84 
Personal equation, 123 
error, 113, 136, 267 
Peruvian arc, 246, 293 
Phase of signal, 27 100, 194, 368 
Pier, 110, 120 
Pivot, 112 
in equality, 126 
Plane, codrdinates, 230 
Curves, 190, IQI 
triangles, 196, 198, 200 
Plumb line, 243, 309 
deflection of, 185, 243 
Polar distance, 109 
Pole, 108 
of quadrilateral, 370 
variation of, 142, 149, 163 
Polyconic projection, 338 
Position, 91 
check, 5 
Potential, 297, 318 
energy, 318 
function, 298, 319 
Potsdam, 270 
Precise leveling, 301 
Precision, 351 
measures, 391, 395 
of base-line, 52 
of functions, 399 
Primary triangulation, 4 
Prime vertical, 109, 228 
component, of deflection, 258 


Principal triangulation, 3 
Prism, 105 

angle, 71 

level, 303, 304 
Probable error, 394 

of base, 52 

of direction, 97 

of side of triangle, 11 
Probability, 352, 360 

curve, 357 
Projections, 336 
Prototype meter, 59 
Puissant Formule, 208 
Putnam, G. R., 270 


Q 


Quadrant, 182 
Quadrilaterals, 13, 
adjustment of, 370 
area of, 179 
Davidson, 6 
on spheroid, 179 


R 


Radio, 137 
Ramsden, 65 
Rannie, J. L., 95 
Rate correction, 124, 129 
Reciprocal observations, 328 
Reconnoissance, for base, 37 
for triangulation, 18 
Rectangular coédrdinates, 338 
spherical codrdinates, 350 
Reduced, latitude, 166, 181 
normal equations, 375 
Reduction, to center, 97 
to sea-level, 54 
to station, 327 
Reel, for tape, 43 
Refraction, 19, 101, 185, 196, 368 
angle of, 20 
coefficient, 20, 328, 331 
differential, 148 
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Refraction, horizontal, 95 
Rejecting observations, 94 
Relay, 118 


Relative determination of gravity, 266 


Mil 
Repeating circle, ror 
instrument, 65 
Repetition, of angles, 88 
method, 159 
Residual, 356 
Reticle, 112 
Reversing apparatus, 116 
Rhumb line, 346 
Right ascension, 1o9 
Ring heliotrope, 27 
River crossing, 311 
Run, of micrometer, 76 
Russian arc, 246 


Sag correction, 55 
Scaffold, of tower, 35 
Scale-error, 344 
Sea-level, 315 
determination of, 315 
reduction to, of angle, 182, 196 
of azimuth, 163 
of base, 54, 228, 236 
of gravity, 293 
of latitude, 150 
Secondary triangulation, 4 
Section, of base, 51 
of levels, 311 
Seismology, 2 
Selecting stars, 122 
Set-back, 51 
Set-up, 51 
Shot apparatus, 358 
Side, or sine, equation, 370, 383 
Sidereal time, 109, 121, 130, 137 
Signals, 26, 68, 89, 91, 97, 152 
Signal lamp, 32 
Slide, 71, 80 
Sodium light, 276 


460 


Sphericai, codrdinates, 350 
error, 236, 240 
Excess, 13, 194, 196, 442 
triangles, 195, 196, 198, 200 
Spheroid, oblate, 165, 206, 250 
Sphereidal, excess, 200 
triangles, 1y5, 200 
Spring balance for tape, 46 
Stadia, 308 
Standard, rr2 
datum, 244, 262 
parallels, 341 
weight, 47 
Standardization, of tape, 59 
Stanton base-line, 9 
Star factors, 123 
Station, 18 
adjustment, 36> 
description of, 25 
error, 108, 151, 228, 243, 253, 254 
marks, 23, 327 
Steel tower, 37 
Steinheil heliotrope, 27, 28 
Sterneck, 271 
Strength factor, 12 
Strength of figure, 9 
Stride level, 80, 112, 120, 124, 161 
Stiickrath, 296 
Subsidiary triangulation, 3, 220 
Substitution, 374 
Sub-surface mark, 23, 47 
Swing, 98 
Systematic error, 353 


a 
Tables, 411 
Talcott’s method, 143, 228 
Target, 27 


Telegraph, 136 
Temperature, correction, 54 

of pendulum, 272 

of rod, 305, 310 

of tape, 42, 43, 50 

of theodolite, 79, 93 
Tension, 55, 57 
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| Tension, apparatus, 46 
correction, 57 
Terminal points of base, 47 
Terrestrial physics, 2 
Tertiary triangulation, 4 
Test of theodolite, 86 
Texas, triangulation, 9, 185 
| Theodolite, adjustment, 80 
test of, 86 
Thermometers, base-line, 47, 50, 58 
hydrogen, 59 
leveling rod, 305 
pendulum, 273 
Thread interval, 307 
Tidal observations, 2, 315 
Tide gauge, 315 


Time, determination of, 10g 
stars, 134 
Topographic correction, 294 
deflection, 254, 257, 260 
maps, 260, 336 
surveys, 2 
Topography, deflection of plumb line, 
254 
Torsion, 298 
balance, 297 
Towers, 18, 19, 32, 37, 65, 89 
Transit, instrument, 110 
micrometer, 113, 137 
observations, 123, 279 
Traverse, 5, 240 
Triangulation, 3 
length of lines, 6 
Tripod, for base, 49 
of instrument, 65, 302 
signal, 26 
twist of, 37, 80, or 
Tri-rectangular triangle, 196 
Turning points, 306 
Twist, of triangulation, 31, 94, 152 
of tripod, 37, 80, or 


U 


Uncompaghre Peak, 7 
United States Geological Survey, 305 


Vv 


Variation, of pole, 142, 149, 163 
Vernal equinox, 109 
Vertical, 107 
angles, ror 
circle, 102, 108 
collimator, 103 
curved, 150, 325 
Vertex, 346 
Vibration, 37 
Vienna. 270 


W 


Washington, triangulation, 185 
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| Weight, 356, 363 
| of tape, 44, 55 
on theodolite, 71 
Weighted mean, 357 
Wind, effect on base measurement, 49 
Witness mark, 25 
Wooden Tower, 33 
Woodward bar, 60 
Woodward, R. S., 60 


Zenith, 108 
distance, 109 
telescope, 143 
Zero mark, of tape, 44, 49 
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